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Multipolar fluctuations from localized 4 f electrons in CeRh2As2
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The heavy-fermion superconductor CeRh2As2 exhibits a nonsuperconducting phase transition that precedes
the emergence of superconductivity. The nature of the corresponding order parameter remains under debate, with
competing proposals involving magnetic dipoles or electric quadrupoles. We derive the momentum-dependent
multipolar susceptibilities and effective interactions among the localized 4 f electrons, based on the framework
of density functional theory combined with dynamical mean-field theory. Magnetic fluctuations within the
crystalline-electric-field (CEF) ground-state doublet are dominated by q = (1/2, 1/2, 0), corresponding to a
two-dimensional checkerboard configuration of the magnetic moment Mz along the c axis. Hybridization
between the CEF ground-state and the first-excited doublet gives rise to leading magnetic octupole fluctuations of
z(x2 − y2) symmetry, followed by electric quadrupole fluctuations of x2 − y2 and {yz, zx} symmetries. By taking
into account the anisotropic magnetic-field dependence of the transition temperature T0, we conclude that an
antiferromagnetic order of Mz at q = (1/2, 1/2, 0) is consistent with the experiments, owing to the enhancement
of T0 caused by fluctuations of the field-induced quadrupole of {yz, zx} type under an in-plane magnetic field.

DOI: 10.1103/nw88-plgx

I. INTRODUCTION

Cerium-based materials exhibit superconductivity, mag-
netism, and multipolar ordering. Their distinctive properties
often originate from the large total angular momentum j =
5/2 arising from the strong spin-orbit coupling. The ab-
sence of local inversion symmetry can further give rise to
exotic electronic states such as odd-parity order parameters.
CeRh2As2 is one such material that has recently attracted
considerable attention.

CeRh2As2 is a heavy-fermion superconductor with a
critical temperature TSC ≈ 0.3 K and a large Sommerfeld co-
efficient of 700–1200 mJ/mol K2 [1,2]. Its crystal structure
is of CaBe2Ge2 type, belonging to the nonsymmorphic space
group P4/nmm (D7

4h, No. 129). This structure is closely re-
lated to the well-known ThCr2Si2-type structure in space
group I4/mmm (D17

4h, No. 139), but lacks local inversion
symmetry at the Ce site, as illustrated in Fig. 1(a). A no-
table feature of this compound is that the superconducting
state persists up to Hc2 ≈ 14 T for a magnetic field along
the c axis, which is anomalously high relative to the energy
scale of TSC ≈ 0.3 K [1]. The superconducting phase is di-
vided by a first-order phase transition at H ≈ 3.9 T into a
low-field phase (SC1) and a high-field phase (SC2) [1–4],
as schematically illustrated in Fig. 1(b). Moreover, antifer-
romagnetism (AFM) coexists with the superconductivity in
SC1, forming SC1+AFM phase, as suggested by nuclear
quadrupole resonance (NQR) [5] and muon spin relaxation
(μSR) [6]. The superconducting properties of this material
have been extensively investigated through nuclear magnetic
resonance (NMR) and NQR [5,7–10], optical conductivity
[11], thermal conductivity [12], angle-resolved photoemission
spectroscopy (ARPES) [13,14], inelastic neutron scattering
[15], an external pressure [16,17], point contact spec-

troscopy [18], and electronic structure calculations [19–23].
Theoretical investigations address superconductivity influ-
enced by, for example, the nonsymmorphic structure and the
Rashba spin-orbit coupling caused by non-centrosymmetry of
correlated sites [24–39].

Another intriguing property in CeRh2As2 is a non-
superconducting phase transition at T0 ≈ 0.5 K, detected in
specific heat, thermal expansion, and resistivity measurements
[1,2,40,41]. The phase in the range TSC < T < T0 is referred
to as phase I. The absence of anomalies at T0 in the AC mag-
netic susceptibility and in NQR and NMR spectra suggests
a nonmagnetic origin of the transition [5,9], although recent
experiments for a high-quality sample indicate the emergence
of antiferromagnetic moments in phase I [6,42,43]. A striking
aspect of this transition is its strongly anisotropic response
to the magnetic field: T0 is strongly suppressed by H ‖ c
[1,2,43], while T0 is enhanced by the in-plane magnetic field
[3,42] as shown in Figs. 1(b) and 1(c). The magnetic-field
enhancement of the transition temperature is reminiscent of
CeB6, in which the antiferro-quadrupolar order is stabilized
by the field-induced magnetic octupoles, although no such
anisotropy is present there [44,45]. Resistivity measurements
in CeRh2As2 further suggest a transition into another phase,
termed phase II, under magnetic field H ⊥ c [3]. Furthermore,
a non-Fermi-liquid behavior has been observed in the param-
agnetic state above T = T0 [46,47].

Two scenarios have been considered as the origin of
phase I. Hafner et al. proposed a quadrupole density wave
(QDW) order that may emerge due to a nesting of the Fermi
surfaces obtained from the renormalized band structure cal-
culations [3,48]. The crystalline-electric-field (CEF) splitting
divides the sextet of j = 5/2 into three doublets, with the
ground-state and first-excited doublets separated by �1 =
30 K. Quadrupole degrees of freedom become active only
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FIG. 1. (a) Crystal structure of CeRh2As2 and schematic T − H
phase diagrams based on experimental results in the magnetic field
applied along (b) the c axis [2] and (c) the in-plane direction [3].

when the first-excited doublet is involved, which can occur
under sufficiently strong hybridization. Indeed, the Kondo
temperature is estimated to be TK ≈ 30 K [1], comparable to
�1. The x-ray absorption spectra indicate the formation of
a quasiquartet [49]. Symmetry analyses have also discussed
possible quadrupolar order parameters [50].

On the other hand, Schmidt and Thalmeier discussed an
antiferromagnetic order [51,52]. In their scenario, the ob-
served anisotropy with respect to the applied magnetic field
is attributed to fluctuations of quadrupole moments induced
by the magnetic field. By introducing interactions between
xy-type quadrupoles, they demonstrated that the anisotropy
of the experimental phase diagram can be reproduced within
an antiferromagnetic ordering of in-plane moments. We note,
however, that the antiferromagnetic and quadrupolar interac-
tions are introduced ad hoc.

In this paper, we address the order parameter in phase I of
CeRh2As2, taking the electronic structure and strong correla-
tions among 4 f electrons into account. Our strategy consists
of two steps. First, we derive the multipolar susceptibili-
ties and effective interactions using density functional theory
combined with dynamical mean-field theory (DFT + DMFT).
A few candidate order parameters are listed at this stage.
Next, we examine the anisotropy of the transition temperature.
Combining a phenomenological argument with the DFT +
DMFT results, we identify an order parameter that simultane-
ously exhibits strong fluctuations and reproduces the observed
anisotropy. In this way, we propose a two-dimensional antifer-
romagnetic order of magnetic moments parallel to the c axis
with q = (1/2, 1/2, 0) for the primary candidate, and an anti-
ferromagnetic order of in-plane moments with q = (0, 0, 1/2)
as a subleading candidate.

FIG. 2. (a) Fully relativistic band structure of CeRh2As2 calcu-
lated using the FPLO package. The black lines represent the DFT
result and the red lines represent the tight-binding bands obtained
from projective Wannier functions. (b) Density of states. The black
and green lines show the total and Ce 4 f contributions, respectively.
(c) The high-symmetry points in the Brillouin zone.

This paper is organized as follows. Section II presents
a construction of a low-energy model based on DFT
calculations and discusses the single-particle excitation spec-
trum by the DFT + DMFT method. In Sec. III, we derive
the momentum-dependent multipolar susceptibilities and ef-
fective interactions. Taking the anisotropy of the transition
temperature into account, we identify the order parameter
in Sec. IV. Relations to experimental results and previous
theoretical proposals are discussed in Sec. V. The paper is
summarized in Sec. VI.

II. ELECTRONIC STRUCTURE

A. DFT calculations

We begin by calculating the electronic structure of
CeRh2As2. The structure parameters are provided in Ref. [1].
We employ the full-potential local orbitals (FPLO) package
[53,54] with the generalized gradient approximation to cal-
culate a fully relativistic band structure. The Brillouin zone
is discretized into 48 × 48 × 24 k points. 4 f electrons of Ce
ions are treated as itinerant. Figure 2 shows the DFT band
structure (black lines) and density of states. This calculated
electronic structure is in close agreement with the previous
full-potential linearized augmented-plane-wave (FLAPW) re-
sults for CeRh2As2[19]. To construct a low-energy model,
we employ symmetry-protected maximally projected Wannier
functions [55,56], yielding a 124-band tight-binding model
consisting of Ce 4 f , 5d , and 6s, Rh 4d and 5s, and As 4p or-
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FIG. 3. The CEF level schemes of j = 5/2 of 4 f electrons.
(a) The experimental one [3] and (b) the DFT result. �1 and �2

denote the energy of the �6 and �
(2)
7 states, respectively, relative to

the �
(1)
7 state.

bitals. The resulting tight-binding bands [red lines in Fig. 2(a)]
reproduce the DFT dispersion accurately.

We discuss the crystalline-electric-field (CEF) states of
4 f electrons. The j = 5/2 sextet splits into three Kramers
doublets under the CEF with point-group symmetry C4v . From
the magnetic susceptibility and specific-heat measurements,
the CEF level scheme shown in Fig. 3(a) has been proposed
[3]. The ground state is the �7 doublet, which is denoted by
�

(1)
7 . The first-excited state is the �6 doublet, separated by

�1 = 30 K. The second-excited state is another �7, labeled
�

(2)
7 , lying �2 = 180 K above the ground state.

Our DFT results yield the CEF level scheme shown in
Fig. 3(b). The two low-lying doublets are inverted compared
to the experimental scheme. The energy splitting obtained is
�1 = −290 K (the negative sign indicating the reversed order
of �

(1)
7 and �6). Since the CEF states play a dominant role in

subsequent calculations of multipolar fluctuations, we artifi-
cially adjust the CEF potential to reproduce the experimental
CEF level scheme.

B. DMFT calculations

We treat the strong correlations among 4 f electrons in the
DMFT [57,58]. For simplicity, we omit the j = 7/2 states
of 4 f electrons, which lie �SOC � 0.33 eV above the j =
5/2 states due to the spin-orbit coupling. The single-particle
Green’s function for the remaining 108 orbitals is given by

Ĝ(k, iωn) = [(iωn + μ)Î − ĤDFT(k) − ĤCEF

− �̂loc(iωn) − ε f P̂f ]−1, (1)

where the hat denotes a matrix having site, spin, and orbital in-
dices within a unit cell. Î is the identity matrix. ĤDFT(k) is the
tight-binding Hamiltonian obtained by the DFT calculations,
where the CEF potential for 4 f electrons is removed. ĤCEF is
the CEF potential that reproduces the experimental CEF level
scheme in Fig. 3(a). We adopt this simple approach, although
enforcing charge self-consistency between DFT and DMFT
would improve the CEF level scheme [59,60], which could
allow us to avoid the manual adjustment of the CEF potential.
�̂loc(iωn) is the local self-energy in the DMFT. ε f is the
energy of the 4 f levels. P̂f denotes a projection operator onto

FIG. 4. (a) The single-particle excitation spectrum A(k, ω) and
(b) the k-integrated spectrum A(ω) computed using the DFT +
DMFT method.

4 f orbitals. This term works as a double-counting correction
between DFT and DMFT calculations.

We compute the self-energy �̂loc using the exact
diagonalization within the Hubbard-I approximation. Here,
we adopt the fully rotationally invariant Coulomb interaction
with the conventional parametrization [61]. The interaction
parameters together with ε f are chosen to reproduce the
experimental spectrum as follows. The 4 f level is set to
ε f = −1.65 eV to reproduce the ARPES experiments, which
show the 4 f 1 → 4 f 0 excitation at �− = 1.5 eV below the
Fermi level [14]. The direct Coulomb interaction is taken as
U = 5.8 eV with the Hund’s coupling J = 0.8 eV [62], to
reproduce the 4 f 1 → 4 f 2 excitation energy �+ = 3.1 eV for
elemental cerium [63].

Figure 4 shows the single-particle excitation spectrum thus
obtained in DFT + DMFT calculations. The itinerant 4 f band
near EF in the DFT [Fig. 2(a)] is now located around −1.5 eV
and 3.1 eV, indicating a localized nature of 4 f electrons. The
resultant band structure near EF agrees with the DFT results
for LaRh2As2 [64]. In particular, our results well reproduce
the van Hove singularity near the Fermi level at the X point
observed in the ARPES measurements [13].

III. MULTIPOLAR SUSCEPTIBILITIES
AND INTERACTIONS

A. Method

We consider spin, charge, and orbital fluctuations within
the DMFT. The momentum-dependent susceptibility is de-
fined by

χim1m2, jm3m4 (q) =
∫ β

0
dτ

〈
Oim1m2 (q, τ )Ojm3m4 (−q)

〉
, (2)

where Oim1m2 (q) is the Fourier transform of the local density
operator,

Oim1m2 (R) = f †
im1

(R) fim2 (R). (3)
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Here, R are the lattice vectors locating the origin of each unit
cell, i labels the site in the unit cell, and m1 denotes the z
component of j = 5/2.

In DMFT, χ (q) can be computed by solving the Bethe-
Salpeter equation for the two-particle Green’s function [57].
In this paper, we employ an alternative approximate formula
that avoids the explicit calculation of the two-particle vertex
[65]. In this strong-coupling limit (SCL) formula, χ (q) is
given by

χ̂ (q) = [
χ̂−1

loc − Î (q)
]−1

, (4)

where the hat denotes a matrix with respect to the combined
indices im1m2 and jm3m4. Here, χ̂loc is the local susceptibil-
ity evaluated from the effective impurity problem in DMFT,
and Î (q) describes the effective intersite interactions. The
latter is computed from Ĝ(k, iωn) together with a function
φ(iωn), which effectively replaces the vertex function. We
adopt the two-pole approximation for φ(iωn) (referred to as
the SCL3 scheme), in which φ(iωn) is represented in terms
of two poles located at �− and �+, corresponding to the
excitation energies from the 4 f 1 configuration to 4 f 0 and
4 f 2, respectively [65]. This scheme successfully reproduces
the antiferro-quadrupolar order in CeB6 and the ferromag-
netism in CeRh6Ge4 [66,67]. A related approach based on the
Hubbard-I approximation has also been developed [68,69].

Here, we comment on the influence of the j = 7/2 states
eliminated in the DMFT calculations. The inclusion of j =
7/2 is necessary to reproduce the 4 f 2 multiplet structure more
accurately, which appears above 3 eV in A(k, ω) in Fig. 4.
Within the SCL formula with the two-pole approximation, the
4 f 2 configuration is represented by a single pole located at
ω = �+, thereby neglecting the splitting of the 4 f 2 config-
uration. Consequently, incorporating the j = 7/2 states does
not affect the results in the present scheme.

After all components of χim1m2, jm3m4 (q) are obtained, we
diagonalize it as follows:

χ (ξ )(q) =
∑

i j

∑
m1,...,m4

u(ξ )
im1m2

(q)χim1m2, jm3m4 (q)u(ξ )
jm3m4

(q)∗.

(5)

Here, eigenmodes are labeled with the superscript ξ . The
eigenvalues χ (ξ )(q) represent the magnitude of the fluctua-
tions and the eigenvectors u(ξ )

im1m2
(q) represent the correspond-

ing magnetic and orbital configuration.
The character of the fluctuations is identified as follows.

We first construct the symmetry-adapted multipole basis
(SAMB) O(γ ) using open-source software MultiPie [70] as

O(γ ) =
∑
imm′

z(γ )
imm′Oimm′ . (6)

Each basis γ belongs to one of the irreducible representations
in the crystallographic point group. We then project the eigen-
vector u(ξ )

im1m2
(q) onto the SAMB by

c(ξ )
γ (q) =

∑
im1m2

z(γ )∗
im1m2

u(ξ )
im1m2

(q). (7)

At high-symmetry q points defined in Fig. 2(c), the coef-
ficients c(ξ )

γ (q) become finite exclusively in one irreducible

TABLE I. Atomic multipoles of 4 f electrons. The column “Ir-
rep” indicates the irreducible representation of the C4v point group.
The second and third columns show the four multipoles in the �7

doublet system and the additional 12 multipoles that appear in the
�7 − �6 pseudoquartet system, respectively. The notation follows
Ref. [71].

Irrep �7 ⊗ �7 �7 ⊗ �6

A+
1 Q0 Q3z2−r2

A+
2

B+
1 Qx2−y2

B+
2 Qxy

E+ {Qyz, Qzx}
A−

1

A−
2 Mz Mz(5z2−3r2 )

B−
1 Mxyz

B−
2 Mz(x2−y2 )

E− {Mx, My} {Mx(x2−z2 ), My(y2−z2 )},
{Mx(5x2−3r2 ), My(5y2−3r2 )}

representation. In contrast, at generic q points, the coeffi-
cients belonging to different irreducible representations can
take finite values. We therefore label each eigenmode ξ by
the irreducible representation γ that has the largest weight
|c(ξ )

γ (q)|2.

B. Multipoles

We perform a symmetry analysis of possible fluctuation
modes using multipoles, which enables systematic charac-
terization of symmetry-broken states [45] and the associated
cross-correlated responses [71]. In the group theory, the oper-
ators within the �7 doublet are decomposed as follows:

�7 ⊗ �7 = A+
1 ⊕ A−

2 ⊕ E−, (8)

where the superscript + (−) indicates the time-reversal-even
(odd) component, which appears by a symmetric (antisym-
metric) product between two irreducible representations [72].
These operators are summarized in Table I (the second col-
umn). A+

1 corresponds to the charge operator Q0, and A−
2

and E− correspond to magnetic dipoles Mz and {Mx, My},
respectively.

We next consider multipoles that appear by mixing of the
ground-state doublet �

(1)
7 and the first-excited doublet �6. The

symmetries of the multipole operators are represented as

�7 ⊗ �6 = B±
1 ⊕ B±

2 ⊕ E±, (9)

where the superscript ± indicates that both electric and mag-
netic operators exist. The third column of Table I summarizes
these operators. The operators in B+

1 , B+
2 , and E+ are elec-

tric quadrupoles of Qx2−y2 , Qxy, and {Qyz, Qzx}, respectively.
The remaining quadrupole, namely, Q3z2−r2 , appears as a
higher-order charge distribution in A+

1 representation. The
magnetic operators in B−

1 , B−
2 , and E− correspond to mag-

netic octupoles. In addition, octupole operators also appear as
higher-rank operators of Mx, My, and Mz.
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FIG. 5. Eigenvalues χ (ξ )(q) of the susceptibility for T =
0.01 eV. The numbers on the right indicate the number of eigen-
modes included in the group.

Thus, within the �
(1)
7 doublet, there are four multipoles

(charge and magnetic dipoles), while the �
(1)
7 − �6 pseudo-

quartet system additionally hosts five electric quadrupoles and
seven magnetic octupoles. The two Ce sites in a unit cell allow
either ferroic (F) or antiferroic (AF) configurations. Hereafter,
we represent the combined atomic multipoles and the site
degrees of freedom, for example, by Mz(F) and Mz(AF). For
reference, we provide a symmetry classification based on clus-
ter multipoles in Appendix A.

C. Results for susceptibilities

Figure 5 shows the eigenvalues χ (ξ )(q) on the q path that
connects the symmetry points in the Brillouin zone. There are
72 modes, which are composed of 62 = 36 atomic degrees of
freedom times two Ce atoms in a unit cell. The structure of
this graph can be understood in terms of the CEF states. The
six fluctuation modes in the top group are due to fluctuations
within the ground-state doublet �

(1)
7 , which has 22 − 1 = 3

local degrees of freedom, except for the charge fluctuation.
The second group with 16 + 2 fluctuation modes arises from
mixing between the ground-state and first-excited doublets.
The third group is the fluctuations within the thermally excited
�6 state.

We focus on the first group in Fig. 5. Figure 6 shows
χ (ξ )(q) with symmetry characters distinguished by colors and
symbols. The six fluctuation modes correspond to ferroic
(F) or antiferroic (AF) configurations of the magnetic dipole
(Mx, My, Mz) on the two Ce sites in a unit cell. The lead-
ing instabilities occur in Mz at q = QA ≡ (1/2, 1/2, 1/2) and
q = QM ≡ (1/2, 1/2, 0) with nearly equal intensity, indicat-
ing a weak interlayer coupling between Ce sites. Moreover,
F and AF configurations are degenerate within numerical
accuracy, suggesting that two Ce sites in a unit cell are effec-
tively uncorrelated. These results indicate a two-dimensional
checkerboard magnetic structure shown in Fig. 7, with only
weak interlayer coupling along the c axis.

We next discuss the fluctuations in the second group that
arise from the mixing of �

(1)
7 and �6. Figure 8 shows an

enlarged plot of the eigenvalues χ (ξ )(q) in the second group

FIG. 6. Eigenvalues χ (ξ )(q) of the susceptibility that correspond
to fluctuations within the �

(1)
7 doublet.

with additional symmetry labels. Electric and magnetic modes
are plotted separately in Figs. 8(a) and 8(b), respectively. The
largest fluctuation arises in the magnetic modes [Fig. 8(b)]
with the octupole Mz(x2−y2 )(AF) in B−

2 symmetry at q = QZ ≡
(0, 0, 1/2). Magnetic dipoles {Mx, My}(AF) follow this fluctu-
ation. In the electric modes [Fig. 8(a)], the leading fluctuations
are the quadrupoles Qx2−y2 (AF) in B+

1 representation at q =
QZ and {Qyz, Qzx} in E+ representation at q = QA.

D. Results for multipolar interactions

We derive the effective interactions between multipoles.
This quantity allows us to access lower temperatures (Sec.
III E) and to discuss the magnetic-field dependence of the tran-
sition temperature (Sec. IV). The multipolar interactions are
obtained by transforming Î (q) into the SAMB representation.
For a given basis γ , the effective interaction is computed as

I (γ )(q) =
∑

i j

∑
m1,...,m4

z(γ )
im1m2

(q)Iim1m2, jm3m4 (q)z(γ )
jm3m4

(q)∗.

(10)

Figure 9(a) shows interactions between the magnetic dipoles
in the ground-state doublet �

(1)
7 , whereas Figs. 9(b) and

9(c) show the interactions between the electric quadrupoles

FIG. 7. Two-dimensional checkerboard-type magnetic structure
exhibiting the largest fluctuations in DFT + DMFT calculations.
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FIG. 8. Eigenvalues χ (ξ )(q) of the susceptibility within the sec-
ond group that correspond to fluctuations between the �

(1)
7 and �6

states. (a) Electric modes and (b) magnetic modes.

and magnetic octupoles, which arise from the mixing be-
tween the ground-state and first-excited doublets. The q
dependence closely follows that in χ (γ )(q). The magnitude
of the interaction is of the order of 1 meV. We remark
that the interactions involving quadrupoles and octupoles
are stronger than those between dipoles. In particular, the
electric quadrupole Qx2−y2 (AF) at q = QZ and the magnetic
octupole Mz(x2−y2 )(AF) at q = QZ exhibit especially strong
interactions. This implies that fluctuations of the induced
higher-order multipoles are expected to play some significant
role.

E. Temperature dependence

So far, we presented results for a fixed temperature of T =
0.01 eV. We now discuss the temperature dependence of the
susceptibilities and determine the transition temperature. As
indicated in Eq. (4), χ̂ (q) consists of two contributions: the
local susceptibility χ̂loc and the effective intersite interaction

FIG. 9. The effective multipolar interactions I (γ )(q) for (a) mag-
netic dipoles, (b) electric quadrupoles, and (c) magnetic octupoles.

Î (q). Previous work on CeB6 has shown that the temperature
dependence is dominated by χ̂loc, allowing Î (q) to be treated
as effectively temperature independent [66].
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of the CEF excited states in Fig. 3(a).

Figure 10 shows the temperature dependence of the eigen-
values χ

(ξ )
loc of χ̂loc. The leading eigenmodes are sixfold

degenerate, corresponding to the magnetic dipoles within the
CEF ground-state doublet at the two Ce sites in the unit cell.
At high temperatures T > �2, the behavior follows the Curie-
Weiss law,

χ
(ξ )
loc ≈ Chigh

T − 

, (11)

with the Curie constant Chigh = 1/6. In contrast, at low tem-
peratures T < �1, the susceptibility follows the Curie law,

χ
(ξ )
loc ≈ Clow

T
, (12)

with Clow = 1/2. The lines in Fig. 10 indicate these asymp-
totic behaviors.

At high-symmetry q points, the multipole basis γ can be
chosen to coincide with the eigenmode ξ since different ir-
reducible representations do not mix. In this case, the matrix
equation (4) decouples into an equation for each eigenmode ξ

as

χ (ξ )(q) = 1(
χ

(ξ )
loc

)−1 − I (γ )(q)
. (13)

Using Eq. (12) and the value of I (γ )(q) evaluated at a
given temperature, we can estimate the transition temperature
from the divergence of χ (ξ )(q). For the leading fluctuation
mode, namely, the magnetic dipole Mz at q = QA, we obtain
I (γ )(q) = 0.93 meV. The transition temperature is estimated
to be 5.4 K, which is an order of magnitude larger than the
experimental value T0 ≈ 0.5 K. Although DMFT commonly
overestimates transition temperatures, the typical discrepancy
is only a factor of 1.3–1.6 [66,67]. The much larger deviation
in the present case may indicate the influence of the Kondo
effect in CeRh2As2, as suggested in Refs. [1,49]. In partic-
ular, the Hubbard-I approximation employed in this study
neglects the Kondo effect and hence yields a transition tem-
perature higher than a rigorous result within DMFT, especially
for U/W � 1, where U and W denote the local Coulomb

interaction and the bandwidth, respectively [65]. The use
of more advanced impurity solvers, such as continuous-time
quantum Monte Carlo (CT-QMC) [73], is expected to reduce
this discrepancy.

In Fig. 10, the susceptibilities of quadrupoles and octupoles
saturate to a constant value at low temperatures. This behavior
arises because these multipoles are generated through hy-
bridization between the CEF ground-state and the first-excited
doublet, and therefore follow the van Vleck mechanism. An
exception is the Q3z2−r2 quadrupole belonging to A+

1 represen-
tation. Its fluctuation is rapidly suppressed as the temperature
is lowered below T = �1, similar to the fluctuations within
the CEF excited doublet �6.

IV. ANISOTROPY OF T − H PHASE DIAGRAM

The T − H phase diagram in CeRh2As2 is highly
anisotropic, as schematically shown in Figs. 1(b) and 1(c):
Phase I is suppressed by the external magnetic field along
the c axis, while it is enhanced by the field in the a − b
plane. Schmidt and Thalmeier attributed this anisotropy to the
role of field-induced quadrupole Qxy under antiferromagnetic
order of {Mx, My} [51]. Their discussions are based on the
assumption that Mx and Qxy both have antiferroic intersite
interactions of comparable magnitude. Using the effective
interactions presented in the previous section, we examine
possible order parameters that can account for the anisotropy
of the phase diagram.

A. Phenomenology

The enhancement of the transition temperature in a mag-
netic field has been investigated in the context of the
quadrupolar ordering in CeB6. Following Ref. [44], we
present a phenomenological description of the field depen-
dence of the transition temperature. We show below that the
transition temperature depends on fluctuations of the induced
multipoles, even in the presence of the CEF splitting.

We consider the Landau free energy F (φ1, φ2, m) as a
function of the primary order parameter φ1, the magnetic
moment m coupled to the external magnetic field, and the
field-induced multipole φ2. Near the critical temperature,
F (φ1, φ2, m) can be expanded up to the fourth order as fol-
lows:

F (φ1, φ2, m) = F0 + 1
2χ−1

1 (T )φ2
1 + Bφ4

1 + 1
2χ−1

2 (T )φ2
2

− Hm + 1
2χ−1

m (T )m2 − gmφ1φ2, (14)

where F0 denotes the contribution independent of φ1, φ2, and
m. The second and third terms describe a symmetry breaking
for φ1. The coefficient χ1(T ) is the susceptibility for φ1 in the
paramagnetic state with H = 0. This ensures the usual relation
∂2F/∂φ2

1 |φ1=0 = χ−1
1 (T ) [74]. We neglected the fourth-order

terms in φ2 and m since we consider only the symmetry break-
ing of φ1. The first term on the second line corresponds to the
Zeeman energy, which induces a uniform magnetic moment m
along the field direction. The last term describes the coupling
among φ1, φ2, and m. The coupling is allowed when the
product mφ1φ2 is invariant under the symmetry operation of
the crystal. The explicit combinations for φ1, φ2, and m will
be presented later.
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Minimization of F with respect to φ1, φ2, and m yields
coupled equations that determine the thermodynamic values
of φ1, φ2, and m. The transition temperature T1(H ) is given by
the temperature at which the symmetry-broken solution for φ1

vanishes. In the lowest order of g, this condition reads[
χ−1

1 (T ) − g2H2

χ−1
2 (T )χ−2

m (T )

]
T =T1(H )

= 0. (15)

An explicit form of T1(H ) depends on the form of χ1(T ) and
χ2(T ). We consider two cases below.

We first discuss the case of CeB6, following Ref. [44]. The
primary order parameter φ1 and the induced moment φ2 cor-
respond to the electric quadrupole and the magnetic octupole,
respectively. Both multipoles are active in the CEF ground-
state quartet. In this case, the corresponding susceptibilities
follow the Curie-Weiss law represented by

χ−1
1 (T ) = T

C
− I1, (16)

χ−1
2 (T ) = T

C
− I2. (17)

Here, χ1 and χ2 differ in the intersite interactions I1 and I2,
whereas the Curie constant C is common to both. By defi-
nition, the primary order parameter has a larger interaction,
I1 > I2. Substituting these expressions into Eq. (15) and solv-
ing the resulting quadratic equation for T1(H ), we obtain, to
the lowest order in g,

T1(H )

T1(0)
� 1 +

[
1

1 − I2/I1

]
g2C2χm[T1(0)]2h2, (18)

where T1(0) = CI1. We introduced the dimensionless mag-
netic field h = H/T1(0). The coefficient of the h2 term is
always positive, meaning that the induced moment enhances
the T1(H ) under the magnetic field. The magnitude of the
enhancement depends on the ratio I2/I1. To highlight the influ-
ence of the induced multipole, we introduce an enhancement
factor defined by

α1 = 1

1 − I2/I1
. (19)

In CeB6, the antiferro-quadrupolar phase of Qxy type (phase
II) is enhanced under the magnetic field through the induced
octupole of Mxyz type [44]. This behavior is ascribed to the
relation I2/I1 ≈ 1, which has been proven analytically [75]
and demonstrated numerically [66,76].

In the case of CeRh2As2, the situation differs due to the
CEF splitting. Suppose that the primary order parameter φ1

is the magnetic dipole within the CEF ground-state doublet,
then χ1(T ) follows the Curie-Weiss law as in Eq. (16). In
contrast, the induced quadrupole arises from mixing between
the ground-state and excited doublets. As a result, χ2(T ) does
not follow the Curie-Weiss law, but instead saturates to a
constant at low temperatures, as shown in Fig. 10. Replacing
χ2(T ) with χ2(0) in Eq. (15) and using Eq. (16), we obtain

T1(H )

T1(0)
= 1 + I1χ2(0)g2C2χm[T1(0)]2h2. (20)

The enhancement factor α2 is therefore given by

α2 = I1χ2(0). (21)

In the next section, we discuss the order parameter of phase I
in CeRh2As2 based on the value of α2.

B. Application of DFT + DMFT results

We now incorporate our DMFT results into the above
phenomenological description to discuss the experimentally
determined anisotropic T − H phase diagram. In this analysis,
we assume that the primary order parameter φ1 corresponds
to the magnetic dipole within the CEF ground-state doublet,
and then the induced moment φ2 is the electric quadrupole.
The combinations of φ1, φ2, and m that are allowed from the
symmetry are summarized in Table II. Here, φ1 and φ2 share
the same ordering vector q, whereas m is uniform. Figure 11
illustrates the configurations of three candidates for the mag-
netic structure and the induced quadrupoles under magnetic
fields H ‖ c and H ⊥ c.

For the magnetic moment Mz along the c axis, a mag-
netic field H ‖ c induces the quadrupole of Q3z2−r2 , whereas
a field H ‖ a induces Qzx. This follows from the fact that
the product φ1φ2m, corresponding to Mz(q)Q3z2−r2 (−q)Mz(0)
or Mz(q)Qzx(−q)Mx(0), is invariant under spatial inversion,
translation, and time-reversal operations. For the in-plane
magnetic moment My, the magnetic field H ‖ c induces Qyz,
while the field H ‖ a induces Qxy. For the magnetic dipole ori-
ented along the [110] direction, denoted by Mx+y, the induced
quadrupole is rotated by 45◦ and the in-plane field induces
Qx2−y2 .

From the DMFT results in Sec. III, we evaluated the
magnetic transition temperatures T1, the ratio of the intersite
interactions, I2/I1, and the enhancement factor α2 defined in
Eq. (21). The results are summarized in Table II. In this anal-
ysis, we selected specific q points that yield relatively large
transition temperatures. We note that α2 = 0 in the case with
the induced quadrupole Q3z2−r2 because its local fluctuation
is suppressed at low temperatures, which can be confirmed
in Fig. 10. For the other types of induced quadrupoles, α2

is finite since χ2(0) remains finite owing to the van Vleck
contribution. For positive values of I2/I1, the enhancement
factor α2 tends to become large, reflecting the growth of the
fluctuation χ2(0) of the induced quadrupole.

In the experiments, the transition temperature is suppressed
for H ‖ c and enhanced for H ⊥ c, as schematically shown in
Fig. 1. This behavior can be explained by a small enhance-
ment factor α2 for H ‖ c and a large α2 for H ⊥ c. Two
cases are consistent with the experimental anisotropy. The
first case is a primary magnetic dipole Mz with q = QA or
QM, which exhibits the largest fluctuations as shown in Fig. 6.
Figures 11(a)–11(c) show this magnetic structure and the cor-
responding field-induced quadrupoles under H ‖ c and H ⊥
c. For H ‖ c, no enhancement of the transition temperature is
expected because the fluctuations of the induced quadrupole
Q3z2−r2 belonging to A+

1 representation are suppressed with
decreasing temperature, as demonstrated in Fig. 10. In con-
trast, for H ⊥ c, the transition temperature can increase due
to the enhanced fluctuations of the induced quadrupole Qzx,
which are strengthened by the antiferroic interactions I2 > 0.

The other case is the in-plane dipole ordering Mx+y(AF)
with q = QZ, illustrated in Fig. 11(d). Under H ‖ c, the in-
teraction between the induced quadrupole Q(x+y)z is ferroic,
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TABLE II. Candidates of the magnetic dipole order parameter φ1 in phase I and the corresponding field-induced electric quadrupole φ2.
The column “F/AF” indicates ferroic and antiferroic configurations within a unit cell, where “F/AF” in an entry indicates that F and AF are
degenerate. The enhancement factor α2 is defined in Eq. (21). Mx+y = Mx + My and Q(x+y)z = Qyz + Qzx represent linear combinations of the
multipoles belonging to E representation.

φ1 F/AF q T1 [K] Direction of m φ2 I2/I1 α2 Direction of m φ2 I2/I1 α2

Mz F/AF QA 5.4 [001] Q3z2−r2 0.94 0 [100] Qzx 0.96 0.22

F/AF QM 5.1 0.82 0 0.71 0.20

AF QZ 3.7 −0.48 0 −0.32 0.12

My F/AF QA 3.9 [001] Qyz 1.3 0.16 [100] Qxy 1.3 0.16

AF QZ 3.6 −0.32 0.12 −0.53 0.11

Mx+y F/AF QA 3.9 [001] Q(x+y)z 1.5 0.17 [11̄0] Qx2−y2 −0.70 0.12

AF QZ 3.6 −0.31 0.12 1.6 0.15

(h)

(f)(e)

(c)(b)

AF

H ∥ a

(a)

H ∥ cc

AF

x
y

z

H ∥ c H ∥ [11̄0]

H ∥ c H ∥ a

(d)

(i)(g)

F AF

AFAF

Mz | QM Q3z2−r2 | QM Qzx | QM

Mz+y(AF) | QZ Q(x+y)z(AF) | QZ Qx2−y2(AF) | QZ

My | QA Qyz | QA Qxy | QA

FIG. 11. Candidate magnetic structures and the induced quadrupoles under magnetic fields H ‖ c and H ⊥ c. (a)–(c) Mz order with q =
QM, (d)–(f) Mx+y(AF) order with q = QZ, and (g)–(i) My order with q = QA. The red and blue bonds represent the antiferroic and ferroic
quadrupolar correlations, respectively. The labels such as Mz | QM indicate the ordered state of Mz at q = QM.

115141-9



NUMA, MATSUDA, KIRIKOSHI, AND OTSUKI PHYSICAL REVIEW B 113, 115141 (2026)

(a) (b)

FIG. 12. The magnetic structure for (a) Mx+y(AF) and (b)
Mx+y(F) with q = QZ.

I2 < 0, leading to a suppression of its fluctuations [Fig. 11(e)].
In contrast, for H ⊥ c, the induced quadrupole Qx2−y2 exhibits
large (even larger than that for Mx+y) antiferroic interactions
I2 > 0, which enhance its fluctuations [Fig. 11(f)]. The differ-
ence in the effective interaction of the induced quadrupoles,
therefore, accounts for the anisotropy observed in the phase
diagram. We note that the configuration Mx+y(AF) differs
from Mx+y(F). They are shown in Fig. 12. These two magnetic
structures are inequivalent because no mirror symmetry in the
a − b plane passes through the Ce site. We also remark that the
case with Mx and My moments leads to an anisotropy that is
inconsistent with experiments since the effective interactions
between the induced quadrupoles Qxy are ferroic.

Finally, a comment on the checkerboard magnetic struc-
ture with an in-plane moment is in order. As an example,
we consider the My order with q = QA, which is illustrated
in Fig. 11(g). The checkerboard magnetic structure of My is
proposed in Ref. [51]. The induced quadrupole is Qyz for
H ‖ c and Qxy for H ⊥ c, as shown in Figs. 11(h) and 11(i),
respectively. Table II shows that both induced quadrupoles
are subject to antiferroic interactions of the same magni-
tude. Therefore, the anisotropy of the experimentally observed
T − H phase diagram is not expected in this case.

V. DISCUSSION

A. Magnetic ordering scenario for phase I

Based on the susceptibilities in Sec. III and the expected
anisotropy of the transition temperature in Sec. IV, we pro-
pose two candidates for the order parameter in phase I: The
primary candidate is the two-dimensional checkerboard con-
figuration of Mz, as illustrated in Fig. 7, and the subleading
one is the in-plane dipole ordering, as illustrated in Fig. 12.
We now focus on the former. This configuration is consistent
with the inelastic neutron scattering experiments, which re-
port intensities at q = QM [15]. This translation vector can
be accounted for by nesting of the quasi-two-dimensional
Fermi surface in DFT calculations with localized 4 f electrons.
Our results support antiferromagnetic ordering as proposed by
μSR [6].

Upon the onset of this magnetic structure, the fourfold ro-
tational symmetry is broken. As a consequence, the maximal
magnetic space group in the ordered phase becomes CPm′ma
(No. 67.13.589 in Opechowski-Guccione notation) [77,78]. In

(a) (b)

FIG. 13. Checkerboard-type magnetic structures at q = QM, as
viewed from the z direction, with (a) ferroic and (b) antiferroic
configurations in the unit cell (indicated by the enclosed thick dashed
lines). The red dots and blue crosses indicate +Mz and −Mz, respec-
tively. Sites connected by thin solid (dashed) lines lie in the z = 0
(z = 1/2) plane. The labels follow the notation in Fig. 11.

particular, the related magnetic point group is mmm1′, i.e.,
a gray magnetic point group that still contains time-reversal
symmetry. Importantly, this implies that all spatially aver-
aged (q = 0) time-reversal-odd quantities vanish, even though
finite-q magnetic order is present.

There are two degenerate configurations, Mz(F) and
Mz(AF), as illustrated in Fig. 13. From a symmetry point
of view, the reduction of the magnetic point group from
4/mmm1′ to mmm1′ allows an additional electric quadrupole
component in the magnetically ordered phase [79]. Since the
present magnetic structure has mirror symmetries perpen-
dicular to the [110] or [11̄0] directions, the xy-type electric
quadrupole Qxy (in the original crystal coordinate system) is
permitted. Here, we introduce a domain parameter η as the
intensity difference: η ≡ |Mz(F)|2 − |Mz(AF)|2. This domain
parameter transforms as Qxy and therefore couples linearly
to the shear strain εxy. Consequently, a symmetry-allowed
coupling term of the form λεxyη appears in the Landau
free energy, implying that uniaxial strain applied along the
[110] direction lifts the degeneracy between the two domains.
Therefore, when the system is cooled through T0 under such
strain, domain selection occurs in the ordered state, enabling
statistical control of the checkerboard domains.

B. Quadrupolar ordering scenario for phase I

We consider here a quadrupolar ordering scenario that
becomes feasible when the CEF excited doublet participates
in the low-energy physics, for instance, by the Kondo effect.
Once a pseudoquartet is formed, the susceptibilities arising
from hybridization between the CEF ground state �

(1)
7 and the

excited state �6 acquire significance. We therefore examine
the quadrupole scenario based on the DFT + DMFT results
shown in Fig. 8.

Hafner et al. proposed a quadrupolar density wave of
Q3z2−r2 with an incommensurate translation vector q =
(qx, 0, 0) [3]. This state corresponds to the A+

1 representation
in our notation. In Fig. 8(a), however, the A+

1 fluctuation
is not enhanced along the � − X line relative to other
quadrupole modes. Furthermore, the local fluctuations of the
A+

1 quadrupole rapidly vanish for T < �1, indicating that the
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(a) (b) (c)

FIG. 14. Configurations corresponding to large fluctuations aris-
ing by hybridization between �

(1)
7 and �6. (a) The magnetic octupole

Mz(x2−y2 )(AF) at q = QZ, (b) electric quadrupole Qx2−y2 (AF) at q =
QZ, and (c) electric quadrupole {Qyz, Qzx} at q = QA. The different
colors stand for the sign of the magnetic density in (a) and the sign
of the charge density in (b) and (c).

incommensurate QDW is not favored within our localized
4 f model. On the other hand, Harima proposed antiferro-
quadrupolar order of Qxy [50], which corresponds to B+

2 (AF)
at q = Q� ≡ (0, 0, 0). In Fig. 8(a), this quadrupole mode ex-
hibits pronounced fluctuations not at q = Q� , but rather at
q = QA. In our results, fluctuations at q = Q� remain gener-
ally weak, implying antiferroic correlations between Ce sites
along the c axis.

From the DFT + DMFT results in Fig. 8, the leading in-
stability in the pseudoquartet system is the magnetic octupole
Mz(x2−y2 )(AF) at q = QZ, followed by the electric quadrupoles
Qx2−y2 (AF) at q = QZ and {Qyz, Qzx} at q = QA. Figure 14
illustrates the magnetic and electric configurations corre-
sponding to these fluctuations. Applying the method described
in Sec. IV, we investigated how the magnetic field affects the
transition temperature. We found, however, that none of these
candidates yields the anisotropy consistent with the experi-
ments. Further details are presented in Appendix B.

C. Magnetic structure in SC1 + AFM phase

Here, we comment on two magnetic configurations in
the SC1 + AFM phase proposed from NQR experiments [5],
assuming that the susceptibilities computed in the normal
state remain applicable to the superconducting phase. One
is the staggered AFM configuration depicted in Fig. 15(a),
which corresponds in our notation to Mz(AF) with the trans-
lation vector q = Q� . In our results (Fig. 6), however, the
fluctuations at q = Q� exhibit no pronounced enhancement,
which does not support the AFM configuration in Fig. 15(a).
The other configuration proposed in the NQR study [5] is
a helical structure of in-plane magnetic moments, illustrated
in Fig. 15(b). This structure can be expressed as a lin-
ear combination of E−(F) and E−(AF), namely, Mx(AF) −
Mx(F) − My(F) − My(AF) with q = QA. In Fig. 6, the corre-
sponding fluctuations appear as the second leading instability.
Thus, within our DFT + DMFT calculations, the helical mag-
netic structure shown in Fig. 15(b) appears as a subleading
candidate.

(a) (b)

FIG. 15. Magnetic structures in the SC1 + AFM phase proposed
from NQR experiments [5]. (a) An AFM structure at q = Q� and
(b) a helical structure at q = QA. The arrows indicate the magnetic
dipole.

D. Origin of the multipolar fluctuations

Finally, we discuss the origin of the fluctuations. Our SCL
formula describes both superexchange and Ruderman–Kittel–
Kasuya–Yosida (RKKY) interactions, depending on whether
or not the correlated electrons themselves form the Fermi
surface, respectively, as demonstrated analytically [65]. In the
present calculations, the 4 f electrons are well localized and
the fluctuations obtained above are therefore attributed to the
RKKY interaction. The RKKY interaction, which arises from
fluctuations mediated by conduction electrons, is governed by
the Fermi surface of conduction electrons. Figure 16 shows
the single-particle excitation spectrum A(k, ω) at ω = 0 for
several cuts in the Brillouin zone. The resulting Fermi surface
is consistent with the previous DFT results for CeRh2As2,
where the Ce 4 f electrons are treated as core states [15]. As

FIG. 16. The single-particle excitation spectrum A(k, ω) at ω =
0 for (a) kz = 0, (b) kz = π/c, and (c) ky = 0. The arrows indicate
representative translation vectors, QM, QA, and QZ. Here, QA con-
nects the Fermi surfaces at kz = 0 and kz = π/c. The white dashed
lines in (a) and (b) indicate half of the Brillouin zone area.
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TABLE III. Cluster multipoles and their symmetry in CeRh2As2. The “Atomic” column lists the atomic multipoles, and “Irrep(a)” gives
the irreducible representation based on the site symmetry. The “F/AF” column denotes ferroic (F) and antiferroic (AF) configuration within
the unit cell. The last two columns show the symbol of the cluster multipoles and the irreducible representation in the point group D4h.

Irrep(a) Atomic F/AF Cluster Irrep(c)

A+
1 Q0, Q3z2−r2 F Q0, Q3z2−r2 A+

1g

AF Qz A+
2u

B+
1 Qx2−y2 F Qx2−y2 B+

1g

AF Gxy B+
2u

B+
2 Qxy F Qxy B+

2g

AF Gx2−y2 B+
1u

E+ {Qyz, Qzx} F {Qyz, Qzx} E+
g

AF {Qx, Qy} E+
u

A−
2 Mz, Mz(5z2−3r2 ) F Mz, Mz(5z2−3r2 ) A−

2g

AF M0, M3z2−r2 A−
1u

B−
1 Mxyz F Mxyz B−

1g

AF Mxy B−
2u

B−
2 Mz(x2−y2 ) F Mz(x2−y2 ) B−

2g

AF Mx2−y2 B−
1u

E− {Mx, My}, F {Mx, My}, E−
g

{Mx(x2−z2 ), My(y2−z2 )}, {Mx(x2−z2 ), My(y2−z2 )},
{Mx(5x2−3r2 ), My(5y2−3r2 )} {Mx(5x2−3r2 ), My(5y2−3r2 )}

AF {Tx, Ty} E−
u

{Myz, Mzx}
{Tx(5x2−3r2 ), Ty(5y2−3r2 )}

pointed out in Ref. [15], this Fermi surface exhibits a nesting
property at q = QM, as indicated by the arrow in Fig. 16(a),
which accounts for the strong intensities observed in neu-
tron scattering experiments. Similarly, the translation vector
q = QM connects regions of strong spectral weight between
the kz = 0 and kz = π/2 cuts, as indicated in Figs. 16(a) and
16(b). The vector q = QZ corresponds to a connection of the
Fermi surface in the ky = 0 cut shown in Fig. 16(c).

The fluctuations at the three translation vectors QM, QA,
and QZ can be understood in terms of the Fermi-surface
structure discussed above. In contrast, which multipole com-
ponents are enhanced can only be determined numerically.

VI. SUMMARY

We derived the momentum-dependent multipolar suscepti-
bilities using the DFT + DMFT method, assuming localized
4 f electrons. The energy of the 4 f level and the interaction
parameters were determined from photoemission spectra. The
susceptibilities comprise 72 eigenmodes, classified into 36
atomic multipoles, each associated with ferroic or antiferroic
configurations of two Ce sites in the unit cell. The symmetry
of these eigenmodes was identified using a complete set of
symmetry-adapted multipole bases.

Among all the fluctuation modes, the susceptibility corre-
sponding to the two-dimensional checkerboard configuration
of the Mz magnetic moment is the largest. This mode is
consistent with the inelastic neutron scattering experiments
[15]. Once higher-order multipoles arising from the hy-
bridization between the CEF ground-state and first-excited

doublets are included, additional candidates appear as pos-
sible order parameters in phase I if one relies solely on
the susceptibility amplitudes. However, most of these can-
didates can be ruled out by requiring consistency with the
characteristic anisotropy of the experimental T − H phase
diagram. We thus concluded that the Mz dipole with q =
QM ≡ (1/2, 1/2, 0) is the most plausible, as it exhibits both
the largest susceptibility and the correct anisotropic response
to the magnetic field. The increase of T0 under H ⊥ c is
attributed to the enhanced fluctuations of the field-induced
quadrupole {Qyz, Qzx}, whereas no enhancement is expected
for H ‖ c because the field-induced quadrupole Q3z2−r2 is
not locally active. A subleading candidate is the antiferro-
magnetic order of the in-plane moment Mx+y with q = QZ ≡
(0, 0, 1/2). Orderings of higher-order multipoles, including
electric quadrupoles, do not reproduce the observed magnetic-
field anisotropy in our DFT + DMFT results.

These results demonstrate an effective use of first-
principles approaches in identifying the order parameter of
multipolar order in realistic materials.
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TABLE IV. Candidates of the quadrupole or octupole order parameter φ1 in phase I, and the field-induced multipoles φ2. The enhancement
factor α1 is defined in Eq. (19). The dash in the column for α1 means that Eq. (19) is not applicable because of I2(q)/I1(q) > 1. See, also, the
caption of Table II.

φ1 F/AF q Field direction φ2 I2/I1 α1 Field direction φ2 I2/I1 α1

Mz(x2−y2 ) AF QZ [001] Qx2−y2 0.85 6.5 [100] Qzx −0.17 0.86

Qx2−y2 AF QZ [001] Mz(x2−y2 ) 1.2 – [100] Mx(y2−z2 ) 0.15 1.2

Mx(5x2−3r2 ) 0.63 2.7

Qzx F/AF QA [001] Mx(y2−z2 ) 0.40 1.7 [100] Mz(x2−y2 ) −0.16 0.86

Mx(5x2−3r2 ) 0.62 2.6 Mz(5z2−3r2 ) −0.14 0.87
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APPENDIX A: SYMMETRY CLASSIFICATION OF
CLUSTER MULTIPOLES

In the main text, the ferroic and antiferroic configurations
within a unit cell are denoted by F and AF, respectively. When
two multipoles are aligned in an AF manner, the symmetry of
the resultant cluster multipole is different from the symmetry
of the atomic multipole. Here, a cluster multipole refers to the
combined object composed of multipoles within the unit cell.
Classifying the symmetry of such cluster multipoles allows us
to predict responses of the ordered state to external fields [71].

Table III shows the symmetry classification of the cluster
multipoles derived using MultiPie [70]. The atomic multipoles
correspond to those listed in Table I. For the F configu-
ration, the symmetry of the cluster multipoles is the same
as the atomic multipole, apart from the additional subscript
g indicating invariance under spatial inversion. For the AF
configuration, the spatial inversion is odd, indicated by the
subscript u.

APPENDIX B: ANISOTROPY OF QUADRUPOLAR
ORDERING IN PSEUDOQUARTET MODEL

Section IV discusses the anisotropy of the magnetic-field
enhancement of the transition temperatures for the magnetic
dipole order. Here, we apply the same analysis to the elec-
tric quadrupoles and magnetic octupoles, which arise from
hybridization between the CEF ground-state and first-excited
doublets.

Table IV shows the quadrupole and octupole counterparts
of Table II. The three multipoles exhibiting the largest fluc-
tuations in Fig. 8 are included. When φ1 corresponds to the
electric quadrupole, the induced moment φ2 is the magnetic
octupole, and vice versa. The ratio I2/I1 is obtained from the
results shown in Fig. 9. The enhancement factor α1 is eval-
uated using Eq. (19), with the assumption that the two CEF
doublets are degenerate and give rise to the Curie-Weiss be-
havior of the susceptibilities. We find, for all three cases, that
the ratio I2/I1 is smaller for H ⊥ c than for H ‖ c, resulting
in a smaller enhancement factor for H ⊥ c. This tendency is
opposite to the experiments, where the transition temperature
T0 is enhanced (suppressed) for H ‖ c (H ⊥ c). Therefore, the
DFT + DMFT results do not support the electric-quadrupole
and magnetic-octupole scenario in the pseudoquartet CEF
system for phase I.
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