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CeRhgGey is a Ce-based ferromagnetic material exhibiting a quantum critical behavior under pres-
sure. We derive effective exchange interactions, using the framework of density functional theory
combined with dynamical mean-field theory. Our results reveal that the nearest-neighbor ferromag-
netic interaction along the c-axis is isotropic in spin space, leading to a formation of spin chains. On
the other hand, the inter-chain coupling is highly anisotropic: The in-plane moment weakly interacts
ferromagnetically in the a—b plane to stabilize the ferromagnetic state, whereas the z-component
couples antiferromagnetically, contributing to its destabilization. The magnetic anisotropy of the
interchain interactions as well as of the local 4 f wavefunctions characterizes the magnetic properties
underlying the ferromagnetic transition and the quantum critical behavior in CeRhgGey.

I. INTRODUCTION

Cerium based ferromagnets are materials of high fun-
damental interest. The highly localized 4f electrons of
cerium can show Kondo lattice behavior where the local-
ized spin is screened by conduction electrons and forms
a Kondo singlet, leading to a correlated paramagnetic
ground state [1]. This behavior is controlled by the
strength of the hybridization between the localized mo-
ment and the conduction electrons. In the case of weak
hybridization, the localized 4 f electrons can interact via
the Ruderman-Kittel-Kasuya—Yosida (RKKY) interac-
tion which is mediated by conduction electrons. The re-
sult can be magnetically ordered states.

A particularly interesting possibility in the case of
cerium magnetism is a ferromagnetic ground state which
is realized in a small but growing number of compounds
such as CeRuPO [2], CeRuzAl;B [3] and CePt [4]. The
fact that ferromagnetic ordering temperatures T¢ are
typically small means that there often are experimentally
accessible tuning parameters like pressure that allow sup-
pression of T¢ to zero temperature, providing access to
a quantum phase transition instead of the usual thermal
phase transition. The properties of materials near such a
quantum critical point are highly nontrivial and interest-
ing [5]. Ferromagnetic quantum critical points are often
first order [6, 7], as in UGey [8] or in UCoAl [9]. Here,
we plan to study CeRhgGey which is a rare example of a
Kondo lattice system with ferromagnetic order at ambi-
ent pressure and a second-order ferromagnetic quantum
critical point that is accessible at elevated pressures.

CeRhgGey exhibits a ferromagnetic transition at Tc =
2.5K [10]. This compound has attracted significant in-
terest due to the emergence of a ferromagnetic quantum
critical point (QCP) under pressure [11, 12]. To realize
a QCP associated with a ferromagnetic transition, mag-
netic anisotropy plays a key role [12], as it helps to avoid
a first-order transition. In this paper, we apply a re-
cently developed first-principles method for calculating
the magnetic susceptibility and derive low-energy effec-

tive interactions. We demonstrate that the exchange in-
terations responsible for the ferromagnetic transition is
highly anisotropic, stabilizing the in-plane ferromagneitc
moment of 4f electrons.

CeRhgGey crystallizes in a LiCogPy4-type structure
with space group P6m2 (No. 187) [13] as illustrated in
Fig. 1. The Ce atoms occupy the la site with a three-
fold rotational symmetry, corresponding to the point
group Dsp. A clear anomaly in the specific heat in-
dicates a phase transition at T = T¢ = 2.5K [10].
Magnetization measurements confirm the onset of ferro-
magnetism, with a spontaneous moment of 0.34 ug/Ce.
Neutron scattering and puSR experiments reveal that the
ordered moment lies within the a-b plane as shown in
Fig. 1(c) [14]. In the paramagnetic state, the mag-
netic susceptibility follows the Curie-Weiss law with an
effective moment of 2.35up/Ce. The electronic and
magnetic properties of CeRhgGey have been further ex-
plored using angle-resolved photoemission spectroscopy
(ARPES) [15], quantum oscillation measurements [16],
chemical substitution at the Ce site [17] and the Ge
site [18], and thermopower measurements [19].

Theoretically, two contrasting approaches exist for de-
scribing 4f electron magnetism, depending on whether
the 4f electrons are treated as itinerant or localized.
In the case of CeRhgGey, quantum oscillation measure-
ments have shown that the Fermi surface is well described
by models assuming localized 4f electrons [16]. Consis-
tently, ARPES measurements have also detected signa-
tures characteristic of a localized 4f state [15]. These
experimental findings indicate that the localized picture
provides a suitable starting point for understanding the
electronic and magnetic properties of CeRhgGey.

We employ a method based on dynamical mean
field theory combined with density functional theory
(DFT+DMEFT). Our calculation procedure which suc-
cessfully reproduced the antiferro-quadrupolar ordering
in CeBg [20] is the following. First, we perform a DFT
calculation in which the 4f electrons are treated as itin-
erant. Based on this electronic structure, we introduce
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FIG. 1. The crystal structure of CeRhgGes. (a) Side view
showing coordination of Ce and Rh. (b) View along ¢ showing
the symmetry of the Ce site. (c) Spin configuration obtained
in our DFT+DMFT calculation.

the local Coulomb repulsion among the 4f electrons via
DMFT, leading to 4f electrons with localized nature.
We then calculate the momentum-dependent multipo-
lar susceptibilities associated with the local 4f degrees
of freedom. By identifying the divergence in the sus-
ceptibility, we determine the transition temperature and
the corresponding order parameter. Using this approach,
we will demonstrate that the ferromagnetic transition
in CeRhgGey can be reproduced within the localized 4 f
electron framework.

This paper is organized as follows. Section II
presents the electronic structure obtained from DFT and
DFT+DMFT calculations. Magnetic properties are dis-
cussed in Section III. In Section IV, we examine the origin
of the ferromagnetism. Finally, a summary is provided
in Section V.

II. ELECTRONIC STRUCTURE

Figure 2 (a) shows the electronic band structure cal-
culated with fully relativistic density functional theory
calculations using the full potential local orbital (FPLO)
basis [21] in combination with a generalized gradient ap-
proximation exchange correlation functionals [22]. We
used the crystal structure reported in Ref. [13]. The lat-
tice parameters are a = 7.154 A and ¢ = 3.855A. The
path along the high symmetry points of the hexagonal
space group of CeRhgGey is shown in Fig. 2 (¢). Fig. 2 (b)
shows the species resolved densities of states. We use
projective Wannier functions within FPLO [23, 24] to
obtain a tight binding model with 108 orbitals (includ-
ing spin degrees of freedom) consisting of Ce 4f, Ce 5d,
Rh 4d, and Ge 4p. Comparison of black and blue lines
in Fig. 2 (a) indicate that the fit is excellent in a wide
energy range around the Fermi level.

We performed magnetic calculations within LDA and
GGA. The quantization axis of the magnetic moment was
chosen parallel to the a axis or the ¢ axis. In both cases,
the total energy Fiot takes minimum at m = 0. This
result demonstrates that the ferromagnetic state is not
reproduced within LDA and GGA.

Figure 3 compares the crystalline electric field (CEF)
energy levels of 4f electrons obtained from GGA calcu-
lations and experiment. The local symmetry at the Ce
site is described by the point group Ds; under which
the j = 5/2 manifold splits into three Kramers doublets:
|£1/2), |£3/2), and |+5/2). Experimentally, the ground
state is |£1/2), with the first and second excited states
being |+3/2) and |£5/2), respectively [14]. The exci-
tation energies are A; = 5.8meV and Ay = 22.1meV,
as determined from the temperature dependence of the
magnetic susceptibility. In contrast, our DFT calcula-
tions yield the opposite level ordering. Furthermore, the
energy scale of the splitting is around 100 meV, which is
5 times larger than the experimental one. The CEF lev-
els in DFT do not reproduce the experimental magnetic
anisotropy. To address this discrepancy, we incorporate
the experimentally determined CEF level scheme directly
into our tight-binding Hamiltonian.

We treat the Coulomb repulsion in the 4f orbitals
within the DFT+DMFT framework [25-27]. We exclude
the total angular momentum j = 7/2 states of the 4 f or-
bitals, which lie approximately 0.3eV above the j = 5/2
states due to the spin-orbit coupling. For the remain-
ing 100 orbitals, we construct the single-particle Green’s
function matrix G(k,w) as

Glk.w) = [(w + )l — F(k) ~ Siocle) + Enc] - (1)

Here, all quantities with hats represent 100 x 100 matri-
ces. [ is the identity matrix, and u is the chemical po-
tential. H(k) is the tight-binding Hamiltonian obtained
from DFT, where the on-site energies of the 4f orbitals
are adjusted to reproduce the experimental CEF energy
level scheme. Yp¢ is the double-counting correction that
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FIG. 2. (a) Fully relativistic bandstructure of CeRhgGey (blue) with a 108 band tight binding fit (black). (b) Corresponding
density of states of CeRhgGes. The maximum of the very sharp Ce 4f density of states of 76.2 states/eV/f.u. is not shown.
(c) Brillouin zone of CeRhgGey with the high symmetry paths shown in (a). (d) Single-particle excitation spectrum A(k,w) in
DFT+DMFT calculated at T'= 0.01eV. (e) Corresponding k-summed spectrum A(w).
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FIG. 3. CEF level schemes of 4f electrons in CeRhsGey (a)
proposed in experiment [14] and (b) obtained by our DFT
calculations.

accounts for correlation effects already included in DFT.
Following Ref. [20], we represent it as

Spo = —er [FXS], (2)
where |f)f| is the projection operator onto the 4f sub-

space. The parameter €; is determined along with inter-
action parameters.

The local self-energy (w) is defined on the 4f orbitals.
We employ the fully rotationally invariant Slater inter-
actions, characterized by four Slater integrals F} with
k = 0,2,4,6. These are converted from two intuitive
parameters: the direct Coulomb interaction U and the
Hund’s exchange coupling Jy [28]. To compute 3(w), we
solve the atomic problem within the Hubbard-I approx-
imation, which neglects hybridization with the conduc-
tion electrons. These calculations were done using the
open-source software DCore [29], which is implemented
with TRIQS [30] and DFTTools [31] libraries. The ex-
act diagonalization of the atomic problem was solved
using pomerol [32]. The number of k points in the
DFT+DMFT calculations is 24 x 24 x 42.

Figure 2(d) shows the single-particle excitation spec-
trum A(k,w) calculated with parameters U = 6.92¢eV,
Ju = 08¢V, and ¢; = —2.7eV. These values were cho-
sen to ensure consistency between our results for A(k,w)
and experiments. The Hund’s coupling Jg is adopted
from Ref. [33]. The 4f° peak in A(k,w) has been ob-



served at w = —A_ with A_ = 2.7eV in photoemmision
experiments [15]. The lowest excitation energy from the
4f! to the 4f? configurations, A, = 3.1eV, has been
reported for elemental Ce [34] and confirmed by BIS ex-
periments [35]. We determined the values of U and ey
to reproduce both A_ and A, in our spectrum. The
resultant spectrum in Fig. 2(e) exhibits no 4f spectral
weight at the Fermi level, meaning that the 4f electrons
are fully localized. The conduction band near the Fermi
level primarily consists of Rh-4d and Ge-4p states.

IIT. MAGNETIC PROPERTIES

To investigate the phase transitions in CeRhgGey, we
calculate the momentum-dependent static susceptibility,
defined as

1 —1q- ;—
Xm1m2m3m4 (q) = N Ze q (Rz RJ)

i
B
X / d7-<0i,m1m2 (T)Oj,m37n4>7 (3)
0

where m = —5/2,---,+5/2 denotes the z component
of j = 5/2 orbitals, N is the number of lattice sites, the
argument 7 indicates the imaginary-time evolution in the
Heisenberg picture, and the operator O; y,m/ is given by

Oi,mm’ = ijnfzm/ (4)

We evaluate Xim,momsm,(g) using the strong-coupling-
limit (SCL) formula, which is derived from the Bethe-
Salpeter (BS) equation within DMFT [20, 36]. Unlike
the full BS equation, the SCL formula does not require
computation of the vertex function, significantly simpli-
fying the calculation. When applied to CeBg, the SCL
formula yields quantitative agreement with the results
obtained from the full BS equation [20], demonstrating
its reliability in systems with localized 4 f electrons.

The momentum-dependent susceptibilities in the SCL
formula are given by

t(a) = [tl - Ta)] (5)

where all quantities with hat are matrices indexed by the
combined indices (mims) and (msmy). Xioc denotes the
local susceptibility calculated from the atomic system,
and I(q) represents the intersite exchange interactions.
To evaluate [ (q), we employ the two-pole approximation
(SCL3) [20, 36], which captures the virtual excitations
around the 4f! configuration. We use excitation ener-
gies Ay = 3.1eV and A_ = 2.7eV, corresponding to
excitation from 4f! states to 4f2 and 4f° configuration,
respectively, as discussed in Sec. II.

Figure 4(a) shows the eigenvalues xx(g) of the sus-
ceptibility matrix y(q). A total of 36 eigenvalues are
classified into 9 groups. The number of modes in each
group and the relevant CEF levels are summarized in

TABLE I. Classification of eigenmodes xa(q) of the suscep-
tibility. The order follows the result in Fig. 4(a). “States”
shows the CEF states related to the fluctuations. “Irrep”
shows the irreducible representations of the fluctuations in
point group D3, where the totally symmetric representation
is expressed by A7, and the superscript + and — indicate the
time-reversal even and odd, respectively.

Dimension States Irrep

3 |£1/2) Ay @B

8 |+1/2), |+£3/2) E'* @ E"*

1 all A

3 |+£3/2) Al @ AL @ AL~
8 |£1/2), |£5/2) A/t @ AL* @ E'*
8 |+3/2), |£5/2) E'* @ E"*

1 all AlF

3 |4+5/2) A @ E"

1 all AT

Table I. We determined the symmetry of the eigenmodes
by analyzing the eigenvectors. The group with the largest
susceptibility corresponds to fluctuations within the CEF
ground-state doublet |+1/2). This Kramers doublet car-
ries magnetic degrees of freedom, which are classified
into A" and E’~ representations in the point group
D3p,. Groups with dimension 8 involve hybridization be-
tween two CEF doublets. The corresponding density
operators, such as flT/Qfg,/Q, can be classified into pairs

of the electric (+) and magnetic (—) multipole opera-
tors [37]. Groups with dimension 1 consist of the totally
symmetric representation A5". Among them, the lowest
fluctuation mode, which exhibits nearly zero suscepti-
bility, corresponds to charge fluctuations. The remain-
ing modes are higher-order electric multipoles, including
quadrupole and hexadecapole.

We focus on the leading fluctuations, which originate
from the CEF ground-state doublet |£1/2). The cor-
responding eigenvectors of the susceptibility matrix are
well described by the Pauli matrices acting within the
|£1/2) subspace. To capture the magnetic fluctuations,
we introduce the magnetic dipole operator projected onto
the |£1/2) states as

mm/
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FIG. 4. Momentum dependencd of (a) the eigenvalues of the susceptibility matrix, xa(g) and (b) the magnetic susceptibility
Xe(g) within |+1/2) states computed at T" = 0.01eV. (¢) The temperature dependence of the inverse of of the ferromagnetic
susceptibility, 1/x¢(0) with £ = z,y. The vertical dashed lines indicate the energy of the CEF level splitting Ay and Az given
in Fig. 3(a). The solid lines show the fitting by the high-T" and low-T" expressions in Eqs. (11) and (13), respectively. The inset
shows a zoom-up of the low-temperature region. (d) The momentum-dependent effective interaction I¢(q) between magnetic
dipoles in |£1/2) states.

where £ = z,vy, z and the matrix Mg is defined by The susceptibility corresponding to the fluctuation of
M;¢ can be evaluated by
000000
000000 Xﬁ(q> = Z (Mf):nlmzxmlm2m3m4(q>(M§)m3m4'
Y :i 000100 7) g
20010001 (10)
000000
00000O Figure 4(b) shows x¢(q) on the g-path. These quantities
000 0 0O closely follow the leading eigenvalues x(g) presented in
0000 00 Fig. 4(a), confirming that x¢(q) effectively captures the
R 1 looo =00 dominant magnetic fluctuations. The strongest fluctua-
M, =— : ) (8)  tions appear in y,(q) and x,(q) at g = 0, correspondin
y \/5001000 pp Xa\q Xy\4 =" p g
000 0 00 to ferromagnetic fluctuations of the in-plane magnetic
000 0 00 moment M, and M,. Furthermore, x,(q) is significantly
enhanced in the g, = 0 plane (I'-M-K-T") compared to
0000 00 the ¢, = 1/2 plane (A-L-H—-A). This indicates that the
000 000 c-axis bond favors ferromagnetic configuration.
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Figure 4(c) shows the temperature dependence of the
inverse of the ferromagnetic susceptibility at ¢ = 0,
1/x2(0). In the high-temperature region (T > A,),
the six states of j = 5/2 are effectively degenerate due
to thermal fluctuations. As a result, x¢(q) follows the
Curie-Weiss law represented by

i C
hlgh — 6 11

where the Curie constant Cg is evaluated under the as-
sumption of no CEF splitting as

1 ~ 1

m

(12)

A fit to the numerical data yields the Curie-Weiss tem-
perature of © = 7.5meV. In the low-temperature region
(T < Ay), on the other hand, only the lowest CEF dou-
blet is thermally occupied. In this limit, x¢(q) can be
represented by

low _ CQ
=

and the Curie constant Cs is evaluated only with the
|£1/2) states as

(13)

Cy

M| —

S (B = 5 (14)

m=%£1/2

Fitting the low-temperature data gives a ferromagnetic
transition temperature of T¢ = 0.28 meV =~ 3.2K. It is
important to note that this first principle result for T is
very close to the experimental value of T¢ = 2.5 K. This
overestimation by approximately 0.7K or 30% is con-
sistent with previous findings for CeBg, where the SCL
method similarly overestimated the transition tempera-
ture of the antiferro-quadrupolar ordering [20].

We now turn to the intersite interactions. To iso-
late the effective interaction between |£1/2) states,
we project the full momentum-dependent interaction
I mamsms (@) onto the dipole channel using the same
transformation as in Eq. (10). The resulting quan-
tity I¢(q) represents the exchange interaction within the
ground-state doublet. Figure 4(d) shows I¢(q) along the
representative g-path. Its g-dependence is closely follows
that of x¢(q), in agreement with Eq. (5), which indicates
that the g-dependence of x¢(q) originates entirely from
I:(q). The magnitude of the ferromagnetic interaction is
approximately 0.7 meV, which is comparable to the fer-
romagnetic transition temperature 7¢.

To gain real-space insight into the magnetic interac-
tions, we computed I¢(q) over the entire Brillouin zone
and performed a Fourier transform to obtain the inter-
site interactions I¢(7,7). This quantity defines the ef-
fective Heisenberg Hamiltonian for the projected dipole
moments M;e, given by

1 ..
H = 75 ZgMzgfg(Z,j)Mjg
]

(15)
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FIG. 5. The inter-site interaction I¢(i,j) between the mag-
netic moments in the |£1/2) states as a function of the dis-
tance |riy;| = |[R; — R;|. (a) A linear-scale plot and (b) a
log-log plot with the line showing I¢ (i, j) o |ri;| 5. The ver-
tical dashed lines show the Ce-Ce distances with the labels
ninens indicating r = ni1a + n2b + nsc.

Figure 5(a) shows I¢(i,7) as a function of intersite dis-
tance |R; — R;|. Explicit values of I¢(,j) are presented
in Table II. The strongest interaction occurs along the
c-axis, corresponding to the nearest-neighbor sites. This
bond exhibits a sizable ferromagnetic exchange that is
isotropic in spin space. The next-nearest-neighbor inter-
actions, located in the a—b plane, exhibit pronounced spin
anisotropy. Specifically, the in-plane components M, and
M, are coupled ferromagnetically, while the out-of-plane
component M, shows antiferromagnetic coupling. Fig-
ure 5(b) presents a log-log plot of |I¢(i,7)|, revealing a
power-low decay I¢(i,j) ~ |R; — R;|~3. This behavior
is characteristic of the Ruderman—Kittel-Kasuya—Yosida
(RKKY) interaction, confirming its role as the primary
mechanism driving the magnetic ordering in CeRhgGey.
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Single-particle excitation spectrum A(k,w) of CeRheGes at w = 0.

(a)—(e) show the k. = nm/4c plane with

n=0,1,2,3,4, and (f) shows the k;, = 0 plane. The hexagon indicates the Brillouin zone in (a)—(e), and a full Brillouin zone

is shown in (f).

ninang | Iy [meV] I, [meV]
001 0.223 0.223
100 0.019 —-0.008
002 —0.004 —0.004
101 0.009 —0.002

TABLE II. Values of intersite interactions I¢ (7, ) correspond-
ing to Fig. 5(a). Only £ = z, z components are shown because

of L(i ) = I, (i, j).

IV. DISCUSSION

The magnetic structure obtained by our calculations is
illustrated in Fig. 1 (c). The effective interaction respon-
sible for this structure can be described as follows. By
retaining interactions up to the second nearest neighbors
in Eq. (15), we obtain the effective Heisenberg model of
spin S =1/2 as

Hoe—Je Y 8-S
@)l
—Jap Y [SFST+SYSY —rSES7]

(ig) Le

(16)

where the first and the second summations represent
nearest-neighbor pairs along the ¢ axis and within the
a—b plane, respectively. From the numerical results in
Table. II, we obtain J. = 0.45meV, Ju;/J. = 0.087, and
r = 0.41 (note that J’s are twice of I¢). The first term
represents strong coupling of the Ce moments along the
c-axis, leading to the formation of ferromagnetic chains.
These chains are aligned by weaker inter-chain interac-
tions within the a—b plane (the second term), which col-
lectively stabilize the ferromagnetic configuration shown
in Fig. 1(c). Although the in-plane components of the
moment are coherently aligned, the c-axis component
is influenced by geometrical frustration arising from the
inter-chain antiferromagnetic coupling. This frustration
suppresses out-of-plane magnetic order and is reflected
in the momentum dependence of the interaction I,(q),
whose maximum appears at the M point of the Brillouin
zone [Fig. 4(d)].

In Ref. [12], the strange-metal behavior around the
QCP is analyzed by the Heisenberg Hamiltonian, as-
suming XXZ-type anisotropy with weak S* interaction.
Our microscopic derivation of the effective Heisenberg
model supports their starting point, which leads to lin-
ear dispersion of the magnetic excitations. Furthermore,



the weak inter-chain coupling guarantees a second-order
phase transition, enabling the emergence of the QCP un-
der pressure [12].

Finally, we discuss the origin of the ferromagnetic tran-
sition in CeRhgGeys. The g-dependence of the RKKY
interaction is governed by the Fermi surface of conduc-
tion electrons. Figure 6 displays the Fermi surface eval-
uated from A(k,w) at w = 0. As shown in Figs 6(a)—(e),
the Fermi surface is isotropic in k;—k, plane. The cut
at the k, = 0 plane in Fig 6(e) reveals a Fermi surface
spans the entire k, range, indicating a deformed cylin-
drical shape—characteristic of two-dimensional systems.
These features are consistent with previous DFT results
assuming localized 4f electrons [16]. It is known that
the two-dimensional free electrons exhibit a plateau in
the static susceptibility xo(q) for |g| < 2kp, followed by
a decay for |q| > 2kr, where kp is the Fermi wavenumber.
We suggest that the weakly three-dimensional cylindri-
cal Fermi surface gives rise to the peak at I" point in our
numerical results.

V. SUMMARY

We investigated the ferromagnetism in CeRhgGey us-
ing DFT4+DMFT method, treating the Ce 4f electrons
as localized. The intersite exchange interactions, evalu-

ated using the strong-coupling-limit (SCL) formula, re-
vealed dominant ferromagnetic coupling along the c-axis,
forming spin chains that are isotropic in spin space. In
contrast, the inter-chain coupling is anisotropic: ferro-
magnetic for the in-plane moment and antiferromagnetic
for the out-of-plane moment. These interactions give rise
to a magnetic structure in which the magnetic moment
is aligned within the a—b plane.

The calculated transition temperature is in reasonable
agreement with the experimental value, although the
mean-field nature of the intersite interaction in DMFT
tends to overetimate the transition temperature. Our re-
sults provide theoretical support for anisotropic exchange
interactions between localized 4f moments, offering a
foundation for understanding the anomalous metallic be-
havior observed near the ferromagnetic QCP under pres-
sure.
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