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Note 1. Structural analysis of LiGaCr,0Og at 20 K

The crystallographic parameters of LiGaCr4Og polycrystalline samples used in this study at 293 K was reported in Ref. [1].
Here, we investigated the structural change in the paramagnetic region by measuring the powder X-ray diffraction (XRD) patterns
at 20 K using a commercial X-ray diffractometer (SmartLab, Rigaku). Figure S1 shows the observed powder XRD pattern and
the result of the Rietveld analysis based on a structural model with the cubic space group F43m. The crystallographic parameters
obtained by assuming the occupancy of each site to be 1 are summarized in Table S1.

TABLE S1. Crystallographic parameters of LiGaCr4Og polycrystalline samples at 20 K. The lattice constant is a = 8.24031(2) A.

R, =5.13%, Ry, = 6.13%,S = 1.260

X y z Occupancy 100U, (A2)
Li 4a 0 0 0 1 1
Ga  4d 3/4 34 34 1 0.62(4)
Cr 16e 0.37526(15) X 1 0.54(3)
(0] 16e 0.1376(2) 1 0.78(5)
02 16e 0.6275(4) 1 0.78(5)
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FIG. S1. Refinement result of the powder XRD patterns of LiGaCryOg at 20 K. The red filled circles and the black solid line show the
experimental data points and the calculated pattern, respectively. The vertical bars indicate the positions of the structure Bragg peaks. The
blue line shows the difference in the experimental and calculated intensities.



Note 2. Magnetization data up to 7 T obtained in MPMS

Figure S2 summarizes the magnetization data of LiGaCr,Og polycrystalline samples obtained using a SQUID magnetometer
(MPMS; Quantum Design). Figure S2(a) shows the temperature dependence of the magnetic susceptibility y measured at 1 T
and 7 T. y rapidly drops at Ty = 14 K at 1 T, indicating an antiferromagnetic (AFM) phase transition. Figure S2(b) shows the
magnetization curve measured up to 7 T. A slightly upturn behavior is seen at around 2 T, suggesting a weak spin-flop transition
or a crossover. Note that the coexistence of tetragonal and cubic phases are reported in the zero-field AFM state below T [2].
The applied magnetic field may favor one of them, resulting in a change in the slope of the M—B curve.
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FIG. S2. (a) Temperature dependence of the field-cooled magnetic susceptibility y of LiGaCr,Og measured in a magnetic field of 1 T (blue)
and 7 T (cyan). (b) Magnetization curves of LiGaCr,Og measured at 4.2 Kup to 7 T.



Note 3. Details of magnetization measurement technique in the EMFC system

In many frustrated magnets, the energy scale of the overall AFM exchange interactions reaches several hundreds of kelvin.
Therefore, magnetization measurements in ultrahigh magnetic fields above 100 T are indispensable to understand their under-
lying physics. Over the past 30 years, the electromagnetic induction method using the single-turn coil (STC) system has been
improved step by step [3-9], and now precise magnetization measurements up to 150 T are available [10]. However, the in-
duction method in much higher fields using the electromagnetic flux compression (EMFC) system remains very challenging
because of (i) the difficulty in the magnetic-field generation itself, (ii) the complete destruction inside the magnet coil by a single
shot, and (iii) the poor reproducibility of the magnetic-field waveform. Thus, it is impractical to experimentally subtract the
uncompensated dB/dt component from the dM/dt waveform by the conventional way adopted in the non-destructive pulsed
magnet and the STC system, i.e., performing the measurement twice with sample-in and sample-out conditions under the same
magnetic-field waveform.

For detecting dM/dt signal in the EMFC system, we adopted two types of handmade self-compensated M pickup coils,
coaxial-type [Fig. S3(a)] and straight-type [Fig. S3(b)]. These shapes have an advantage compared to the parallel-type
[Fig. S3(c)] in that the special inhomogeneity of the generated magnetic field in a radial direction can be suppressed. In-
deed, it has been experimentally demonstrated that at above 100 T the field generation space is already smaller than 2 cm in a
diameter, and its special inhomogeneity significantly increases in a radial direction [11, 12]. The M pickup coils were made of
a polyimide-amide enameled copper wire (AIW wire, TOTOKU Electric Co. Ltd.) with an outer diameter of 0.06 mm and a
withstand voltage of ~1 kV, which were wound around a long Kapton tube. The typical designs are as follows: 21 turns (or 29
turns) for an inner coil with a diameter of 1.3 mm and 13 turns (or 18 turns) for an outer coil with a diameter of 1.7 mm for
the coaxial-type, and 10 turns for both left and right coils with a diameter of 1.7 mm for the straight-type (see also the photos
in Fig. S4). It was confirmed that these M pickup coils achieve a high compensation ratio of more than 99.9 % and can survive
without dielectric breakdown until they are mechanically destroyed by the implosion of a liner at around the maximum field of
400-600 T. The magnetic field was simultaneously measured by another B pickup coil wound outside the M pickup coil.
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FIG. S3. Schematics of self-compensated M pickup coils with three different geometries: (a) coaxial-type, (b) straight-type, and (c) parallel-
type.
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FIG. S4. Photographs of self-compensated M pickup coils: (a) coaxial-type, (b) straight-type.



In order to cool the sample down to ~5 K, the M and B pickup coils were installed in a double-layerd liquid-*He flow cryostat
made of glass-epoxy (G10), as illustrated in Fig. S5. The LiGaCr,Og powder samples were packed inside the Kapton tube
wound with the M pickup coil in a length of 3 mm and was fixed between sticks made of G10 from both sides. To monitor the
sample temperature, a RuO, tip thermometer was glued to the Kapton tube in the vicinity of the sample.
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Liquid-He in LiGaCr,Og powder sample
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FIG. S5. Cross-sectional view of the liquid-*He flow cryostat equipped with the M and B pickup coils, RuO, thermometer, and sample.



Note 4. All the magnetization data obtained in the EMFC system

We performed the magnetization measurement on LiGaCr,Og using the EMFC system in total three times. Here, the coaxial-
type M pickup coil was employed for the 1st and 2nd experiments, while the straight-type for the 3rd. The temporal evolutions
of the magnetic field (gray) and the induction voltage detected by the M pickup coil (red) for each experiment are shown in
Figs. S6(a)-S6(c), where the measurement temperature was ~8 K, ~5 K, and ~7 K, respectively. In the main text, we show
the data of the 2nd experiment as representative (Figs. 3C and 3E). As denoted by triangles in the insets, the observation of
double-hump dM/dt anomalies around 160-170 T are reproduced in all the experiments, indicating that the two-step transition
is intrinsic. We note that the background component is much larger and its turnaround behavior occurs at a lower magnetic
field in the dM/dt waveform for the 3rd experiment, making the intrinsic dM/dt anomalies blurred. Thus, we conclude that the
coaxial-type M pickup coil is superior to the straight-type for detecting the intrinsic M signal sensitively up to as high magnetic
fields as possible.

In addition, we also performed the magnetization measurement on LilnCr4Og as a reference sample, which is known to exhibit
a first-order phase transition to the 1/2-magnetization plateau phase at 100 T [8, 9], in order to quantitatively estimate the absolute
value of the magnetization jump for LiGaCr4Oyg as discussed in the next section. The coaxial-type M pickup coil was employed
in this measurement. The temporal evolutions of the magnetic field (gray) and the induction voltage detected by the M pickup
coil (blue) at 5 K are shown in Fig. S3(d). As denoted by a triangle in the inset, a sharp dM/dt peak is observed at 100 T, which
is consistent with the previous observations obtained in the STC system [8, 9]. Here, additional dM/dt anomalies are observed in
a high-field region around 250 T (at 53.2 us), presumably indicating a phase transition. The interpretation of these observations
is out of the scope of this paper.

(a)4oo_....,....,....,....,....,..20 (b) 300 e 50
R ——, N} o T [ 250y LiGaCr0, 40
300 1 T=8K =4 15 L ; ] T=5K
N 1,= (1stExp. 200F nf 2nd Exp.
- 200 115 (1stExp) s [ 200f (2nd Exp.) 30 S
— r r —B — — - r —B —
= 200 - r b —— dMidt - 10 g = i r —— dMidt g
@ [ 150 110 Q o [ 150F 100 €
: : \| —_ 100_ » -
100—100'..|....|....|.. 5 =45 \</ [ qooBf ety \</
‘ 515 520 525 i 435 440 445 110
] R 4o O Ho
PRI B R R BRI N FV....I....I....I....I..
0 10 20 30 40 50 0 10 20 30 40
t(us) t(us)
(C)500_....,....,....,....,.. (d) 500 e 30
a00F ﬂ 10 400f 0Ty LNCEO,
mopy weco |0 20 ey ] 20
— 300F  F (3rd Exp.) =3 — - 200¢ —8B ] =3
L_/ r 200} «Q)) L—/ N 10 — dM/dt i g
@ 500k | — o @ 200:‘100- ] 110 2
150 = - 1 =
r r S 100: B i g 1 S
Lk 50 51 52 53 54 1
100 100t s 500 - ]
s 420 425 o= ] 0
O- L | T Ty v by by v v b by 1y 0
0 10 20 30 40 0 10 20 30 40 50
t (us) t(us)

FIG. S6. Temporal evolutions of the magnetic field (gray) and the induction voltage detected by the M pickup coil (red or blue) obtained in
the EMFC system. The measurements were performed for LiGaCr4Og in (a)—(c) and for LiInCr4Os in (d). In all the panels, the inset displays
an enlarged view around phase transitions, as denoted by upward triangles in dM/dt data.



Note 5. Analysis of the magnetization data obtained in the EMFC system

We here introduce the procedure to obtain the M—B curve of LiGaCr4Og (Fig. 3E) from the raw data (Fig. 3C), which is
equivalent to Fig. S6(b).

[Step 1] First, we derive the experimental dM/dB waveform [(dM/dB)cp] for LiGaCr4Og and LilnCrsOg by dividing dM/dt
measured by the M pickup coil by dB/dt measured by the B pickup coil. The obtained (dM/dB)cx, waveforms for LiGaCr4Og
and LiInCr4Og are shown in Figs. S7(a) and S7(d), respectively.

[Step 2] We approximate a linear background in the (dM/dB).x, waveform in the field region of 150-200 T for LiGaCr4Og
and 90-110 T for LilnCr4Og as shown by the black dashed line in the insets of Figs. S7(a) and S7(d), respectively. Then, we
obtain quasi-intrinsic dM/dB waveforms [(dM/dB)s,m] by subtracting the linear background from the (dM/dB)ey, waveforms
[Figs. S7(b) and S7(e)].

[Step 3] By integrating (dM/dB)s.m as a function of B, M—B curves are obtained as shown in Figs. S7(c) and S7(f). Here, AMg,
and AM, represent the magnitudes of a magnetization jump accompanied by a phase transition to the 1/2-magnetization plateau.
The vertical axes are shown by the same units to enable the quantitative comparison of the experimentally-detected increases in
the total magnetic moments. For LilnCr4Og, the magnitude of the magnetization jump at 100 T is estimated to be 0.6 + 0.1 ug/Cr
by the previous magnetization measurements in the STC system [8, 9]. The corresponding change in Fig. S7(f) is AMy, ~ 93,
while AMg, = 47 in Fig. S7(c) as for LiGaCr4Og. Here, the difference in the number of turns between the inner and outer
coils of the employed coaxial M pickup coil was 8 for LiGaCr4Og and 11 for LiInCr,Og. Assuming that the sensitivity of the
magnetization detection is proportional to the difference in the number of turns, the magnitude of the magnetization jump in the
field region of 150-200 T for LiGaCr4Og can be calculated as (0.6 + 0.1) x (47/93) x (11/8) = 0.42 + 0.07 ug/Cr.

[Step 4] We extrapolate the linear M—B curve obtained in the HSTC system as drawn by the black dashed line in Fig. 3E, which
can be expressed as Miinear(B) [ /Cr] = 0.0048B [T]. The final M—B curve in the field region of 150-200 T is derived by adding
the M—B curve obtained in Step 3 to the linear component Mjipear(B).

(3)6\40""I""I""I""I"" (b)/a 4 T T T T T T (C) 60 T T T T T T
= [ LiGaCr,05 | = [ 1
> ] S m i
g - ¥e) = -
5 30- 8 S |

i £ o ]
m - oy N— —
S 20} § = ]
S AT TR T S i

0 50 100 150 200 250
B(T)

60""I""I""I"" (f) rrrrrrTTTTTTT T

S 60r 1] 5 1 1 5 100F —
g ] S 401 ] = ]
< 4ol ] S ] > ]
g I - 5.0 1 & 5or AM;,
o 120 EZO— — = g
S 20f S | ] = ]
S " LilnCr,0 S | 1 1
S -...4.8|....|.... %, 0-....|44 LNl ] Lot AT

0 100 200 300 80 90 100 110 120 80 90 100 110 120

B(T) B(T) B(T)

FIG. S7. Procedure for analyzing the magnetization data obtained in the EMFC system for [(a)—(c)] LiGaCr,Og and [(d)—(f)] LiInCr4Os. See
the text for details.



Note 6. Details of magnetostriction measurement technique in the EMFC system

For the magnetostriction measurement, we employed the original high-speed strain gauge using fiber-Bragg-grating (FBG)
technique and optical filter method implemented in ISSP [13, 14]. In order to efficiently perform the experiment, we have
recently extended the FBG measurement system to enable simultaneous measurements of two channels, as schematically shown
in Fig. S8(a). Here, C-Band ASE Broadband Light Source (TLA-0016, Amonics Ltd.) is employed. The light source is
immediately separated into two branches, and two independent optical filters are applied. The filtered light source illuminates
the FBG glued to the sample after passing through an optical circulator. The reflected light from each FBG is guided by the
optical circulator and detected with independent InGaAs avalanche photodetectors (APD) (Thorlabs APD430C, conversion gain:
1.8x10° V/W, bandwidth: 400 MHz). Finally, the data are acquired using a single oscilloscope (Lecroy HDO4034A, bandwidth:
350 MHz). The development of multi-channel measurements is a major advance in view of the difficulty of performing repetitive
experiments with the EMFC system.

In the present work, we performed the FBG experiment twice in the EMFC systems (Shots I and II). In each shot, we placed
two LiGaCr4Og samples (rod shape with ~0.8 mm in a diameter and ~1.5 mm in a length formed using Stycast 1266) on the
probe [Fig. S8(c)] and measured their magnetostriction simultaneously. We show all the data in Supplementary Note 7 and their
measurement conditions in Table S2 (shown in the next page). Data #3 and #5 were obtained in Shot I, and Data #4 and #6 in
Shot IT. We show Data #3 ~ #5 in Fig. 4 in the main text. The sample was located at the center position in the axial direction with
respect to the magnet coil for Data #4 and #5, whereas the sample was 10 and 5 mm away from the center in the axial direction
for Data #3 and #6, respectively. We also placed two B pickup coils made of AIW wire to measure the magnetic field at each
sample position and one RuQ; tip thermometer.

In the optical filter method, the shift of the Bragg wavelength is converted to the change in the intensity of the optical signal
(for details, see Ref. [13]). Here, we used two types of optical filters, (A) 1560SPF and (B) 1551BPF (Koshin Kogaku TFM/FC),
both of which allow the tuning of the cut-off wavelength by +£10 nm around A = 1555 nm. Transmission spectra of Filters (A)
and (B) are displayed in Fig. S8(b). The former allows high sensitivity of AL/L ~ 1 x 10~ and a narrow dynamic range of
AL/L ~ 6 x 107, whereas the latter allows low sensitivity of AL/L ~ 5 x 107 and a broad dynamic range of AL/L ~ 3 x 1073.
We used Filter (A) for Data #3 and #6 and (B) for Data #4 and #5. Note that we used Filter (A) to obtain Data #1 and #2 in the
STC system (Fig. 3F in the main text).
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FIG. S8. (a) Block diagram of the renewed high-speed strain monitoring system using the FBG in combination with the optical filter method,
enabling simultaneous measurement of two channels. (b) Transmission spectra of the optical filters (A) and (B). (c) Photograph of two
FBGs glued to two rod-shaped LiGaCr,Og polycrystalline samples placed in a cut-open Kapton tube with ¢2.5. This setup was used for the
experiment of Shot I.



Note 7. All the magnetostriction data obtained in the EMFC system

Figure S9 shows the raw data of the relative sample-length change AL/L obtained by the FBG strain gauge as well as the time
dependence of the field strength in the EMFC system. All the measurements were performed at ~5 K. The observed AL/L—t
curves are significantly affected by oscillation noise above 200 T, which should be caused by the shock wave propagating inside
the sample immediately after the ultrafast magnetostructural transitions at B.; and B, [13]. For Data #3, as the oscillating
amplitude remains almost constant between 200 T and B, no additional phase transition accompanied by an upturn behavior
of AL/L is likely to occur. For Data #4 and #5 with Bp,x =~ 600 T, on the other hand, a AL/L increase much larger than
the negative AL/L behavior caused by the mechanical vibration is reproducibly observed, signaling the occurrence of a phase
transition from the 3-up-1-down to a higher-field spin-canted phase.

We note that no oscillation noise is observed in Data #1 and #2 obtained using the STC system, as shown in Figs. 3D and 3F in
the main text. This would be because (i) the transition to the 3-up-1-down phase occurs only halfway through due to insufficient
Binax, and (ii) the transition occurs near By, where the dB/dt becomes small.

TABLE S2. Experimental conditions for all the FBG data obtained in the EMFC system.

Data | Shot Sample positionz  Bn.  Filter
#3 I 10 mm 360T A
#4 1I 0 mm 580 T B
#5 I 0 mm 620T B
#6 I 5 mm 40T A
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FIG. S9. Temporal evolutions of the magnetic field (left axis) and the relative sample-length change AL/L (right axis) obtained in the EMFC
system for (a) Data #3, (b) Data #4, (c) Data #5, and (d) Data #6. The measurement temperature was ~5 K for all data. The thick (thin) lines
correspond to the data before (after) the timing of the mechanical breakdown of the probe, which is indicated by black arrows.
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Note 8. Analysis of the magnetostriction data obtained in the EMFC system

We present the analysis method to subtract the extrinsic oscillation component from the experimental AL/L data.
We first analyze Data #3 with By,,x = 360 T. We fit the experimental [AL/L (#)]exp curve using the following equation for the
damped oscillation

[AL/L ()]s = & + B(t — 10) + Ae™"™) cos w(t — to), (S1)

in a time range of #; <t < fyax, Where 1 and #,,x are the time at which the magnetic field reaches 200 T and By,.x, respectively:
11 = 44.448 [us], tmax = 45.868 [us]. The obtained fitting curve is shown by a blue line in Fig. S10(a). The values of fitting
parameters, a, S, f, A, v, and w, are summarized in Table S3. The agreement between [AL/L (t)]exp and [AL/L (#)]g is good,
indicating that the estimation of the oscillation component using the damped oscillation Eq. (S1) is reasonable. Accordingly, we
can extract the intrinsic magnetostriction behavior [AL/L (t)]in: in fy < t < fiax as shown by a green line in Fig. S10(a) using the
following equation

[AL/L 0)]int = [AL/L (D]exp — Ale 7™ cos e(t = 1) = 1. (52)

The resultant AL/L—B curve is shown in Fig. S10(b).

Based on the above analysis, we analyze Data #4 and #5 with Bp,x ~ 600 T as shown below. We adopt two AL/L—B curves
shown in Figs. S11(b) and S12(b) in the main text. Note that we avoid detailed analysis for Data #6 because we cannot obtain
clear fitting results as well as it is hard to judge whether additional phase transition occurs in a high-field regime.
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FIG. S10. (a) Temporal evolutions of the magnetic field (upper panel) and the relative sample-length change AL/L (lower panel) obtained in
the EMFC system for Data #3. The blue line shows the fitting curve based on Eq. (S1), and the green line shows the estimated intrinsic AL/L
component. (b) AL/L-B curve before and after subtracting the extrinsic oscillation component for dashed and solid lines.

TABLE S3. List of the fitting parameters in Eq. (S1) adopted to the experimental AL/L—t curve in a time rage of #; < ¢ < f,. Note that #, = f;;«
for Data #3 (see the text for details).

Data a Bs7'] to [us] A v [s71] w[s7"]
#3 0.40 2.19x 10° 44584 0311 498 x 10° 7.64 x 10°
#4 -0.16 0 (fix) 45937 0.764 498 x 10° (fix) 6.73 x 10°
#5 -0.37 0 (fix) 44411 1.065 498 x 10° (fix) 5.30x 10°
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[Data #4]

Having confirmed that 1/2-magnetization plateau persists from 200 T to at least 360 T from Data #3, we fit the experimental
[AL/L (t)]exp curve using Eq. (S1) in a time range of ¢; < t < 1,, where # is the time at which the magnetic field reaches 360 T:
t1 = 45.804 [us], t, = 46.570 [us]. Here, we fix 8 = 0 because of the difficulty in its estimation and y = 4.98 X 10° [s71] following
the value obtained for Data #6. The obtained fitting curve is shown by a blue line in Fig. S11(a), and the fitting parameters are
summarized in Table S3. Finally, we extract the intrinsic magnetostriction behavior [AL/L ()] in #y < t < tyax as shown by a
green line in Fig. S11(a) using Eq. (S2). The resultant AL/L—-B curve is shown in Fig. S11(b).
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FIG. S11. (a) Temporal evolutions of the magnetic field (upper panel) and the relative sample-length change AL/L (lower panel) obtained
in the EMFC system for Data #4 with B;,,x = 580 T. The blue line shows the fitting curve based on Eq. (S1), and the green line shows the
estimated intrinsic AL/L component. (b) AL/L-B curve before and after subtracting the extrinsic oscillation component for dashed and solid
lines.

[Data #5]

Similar to the analysis in Data #4, we fit the experimental [AL/L (f)]exp curve using Eq. (S1) in a time range of t; < 7 < 15:
t) = 44.276 [us], t, = 44.974 [us]. Here, we fix § = 0 because of the difficulty in its estimation and y = 4.98 X 10° [s71] following
the value obtained for Data #6. The obtained fitting curve is shown by a blue line in Fig. S12(a), and the fitting parameters are
summarized in Table S3. Finally, we extract the intrinsic magnetostriction behavior [AL/L ()] in #y < t < tyax as shown by a
green line in Fig. S12(a) using Eq. (S2). The resultant AL/L—B curve is shown in Fig. S12(b).
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FIG. S12. (a) Temporal evolutions of the magnetic field (upper panel) and the relative sample-length change AL/L (lower panel) obtained
in the EMFC system for Data #5 with B,,x = 620 T. The blue line shows the fitting curve based on Eq. (S1), and the green line shows the
estimated intrinsic AL/L component. (b) AL/L-B curve before and after subtracting the extrinsic oscillation component for dashed and solid
lines.
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Note 9. Site-phonon model on the breathing pyrochlore Heisenberg antiferromagnet

In order to describe a microscopic magnetoelastic model, we start from the following spin Hamiltonian:

7{=ZJexsi.sj+§Z|ui|2—h255, (S3)

()
where (i, j) runs over all the nearest-neighbor (NN) sites, Jex (> 0) is the NN AFM exchange interaction, S; is the classical spin
at site i normalized to |S;| = 1, ¢ (> 0) is the elastic constant, u; is the displacement at site i from its original position r?, and

h is the strength of the external magnetic field applied along z axis. The exchange striction is introduced assuming Jex linearly
modulated by the bond-length change provided that |u;|/ Ir?l < 1:

dJ.

— 0 0 ex

Jex = ex(|rij +u; — uj|) ~ Jex(|r,‘j|) + d eij : (ui - uj)’ (S4)
7l

where r?j =r’- r(; and e;; = r?j/ |r?j|. For the lattice degrees of freedom, we assume the so-called Einstein site phonons, where

the displacements u; are independent of each other [15-17]. Substituting Eq. (S4) to Eq. (S3) and exactly integrating out the
lattice degrees of freedom u; using the standard Gaussian integration, we obtain

c _ c _
H= ) TS S;+ 5 > I =i =2 > i —h ) S7, (S5)
) i i i
1 dJex

W=
—|p0
€ &N dr i,

| eij(Si . SJ) (86)

Obviously, the minimization condition is u; = @;.

Here, we introduce two kinds of NN exchange interactions J = Jex(lr?jIA) and J' = Jex(lr?jl g) within tetrahedra A and B,
respectively, in the breathing pyrochlore lattice [see Fig. 2(a) in the main text]. Then, the effective spin Hamiltonian can be
expressed as

7'{51{ =7‘{0+7‘{s]_c—hzsi (S7)
with

Ho=J ) Si-Sj+J > 88, (S8)

(o (i.j)p

__¢ =12
Hsie = —3 Z i, (S9)

Jb N0

B={y= > +y/=— D beySi-S), (S10)

=) € jéNnt

where the dimensionless parameters b (b") represents the strength of the SLC between the NN sites within the tetrahedra A (B),
which is defined by b = (1/cJ)[(d.l/di’)l,:|r9|]2 = (1/c]’)[(d]’/dr)l,:|r9_|]2), and N4 (i) (Np(i)) denotes a set of the NN sites of
site i within tetrahedra A (B). Expanding Eq. (S9), the SLC contribution can be eventually written as

Hsic = =Jb ) (Si-8) = I ) (Si-8)]

(i, J)a (i.j)p
Jb J'b'
—Z{Z >t 2 }(si-ijs,»-sk) (S1D)
i J#FKEN (D) Jj#keNp(i)

- VJJ'bb’Z Z Z €;j - €i(Si - S;)(S; - Sp),

i jEN(G) keNg(i)

which is identical to Eq. (3) in the main text.



Note 10. System size dependence of the calculated results on Monte Carlo simulations

In our Monte Carlo simulations on the site-phonon model Eq. (S7) with J’/J = 0.1, we have checked the system-size N = 16L?
dependence of the calculated results. For b = " = 0.05 and b = b’ = 0.10, all the calculated results for L = 4,6, 8 and 12 agree
with each other. For b = b’ = 0.15, the energy per site in a field range of 1.4 < h/J < 1.6 obtained for L = 6 and 12 is found
to be smaller than that for L = 4 and 8 [Fig. S13(a)]. For L = 6 and 12, the same 6 X 6 X 6 magnetic long-range order appears
with a two-step metamagnetic transition [Fig. S13(b)]. For L = 4 and 8, on the other hand, we could not find any signatures of

long-range orders with two-fold or four-fold periodicity.

FIG. S13. System size dependence of (a) the energy per site and (b) magnetization in the site-phonon model Eq. (S7) for J'/J =0.1,b = b" =

-1.0

J1J=0.1
r b=b'=0.15

- T/J=0.012
L —e—L=4
I —&=-L=6
—eo-L=8
T —Bs—L=12
P I T T T T O N T I TN ST TR S N S S SO N B
1.3 1.4 1.5 1.6 1.7
hl/J

(b)

0.4

mimg

0.2

L L L B L L B
- JIJ=0.1

b=b'=0.15
T/J=0.012

—o—L=4
—=-L=6
- L=8
L —=- L=12
P TN T S T NN SN TN T N TN S T N [N SN T S N
1.3 14 1.5 1.6 1.7
hiJ

0.015, and T'/J = 0.012. The data for L = 6 and L = 12 perfectly overlap with each other.
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Note 11. Magnetic-field width of the half-magnetization plateau

A half-magnetization plateau commonly appears in Cr spinel oxides ACr,O4 (A = Zn, Cd, and Hg) [18-20] as well as
LiGaCrsOg. Table S4 summarizes starting and ending fields of the half-magnetization plateau phase in these compounds.
Quantitative comparison of the values of B.3/B., between experiment and theory is useful for discussing the relative field width
of the half-magnetization plateau.

TABLE S4. Starting and ending fields of the half-magnetization plateau, B, and B, respectively, in ACr,O4 [18-20] and LiGaCr,Og. All
these values were obtained at the lowest measured temperature.

BCZ Bc3 BC3/BCZ
ZnCr,0y4 135T 160 T 1.2
CdCr,04 28T 58T 2.1
HgCr,0, 10T 27T 2.7
LiGaCrsOg | ~170 T ~420T 25

The ground-state phase diagrams of the bond-phonon and site-phonon models in a regular pyrochlore Heisenberg antiferro-
magnet (J'/J = 1,b = b") were previously investigated in Ref. [21] and Ref. [17], respectively. Note that, in the bond-phonon
model, phonon-mediated spin interactions include only biquadratic terms identical to the first and second terms in Eq. (S11).
Figure S14(a) shows the spin-lattice-coupling parameter b dependence of starting and ending fields of the half-magnetization A,
and K3, respectively, in the aforementioned two kinds of magnetoelastic models with J’/J = 1. The increasing rate of /.3 with
respect to b in the site-phonon model is dh.3/db = 0.5, which is exactly half that in the bond-phonon model. The decreasing rate
of h¢, in the site-phonon model is also exactly half that in the bond-phonon model for b < 0.05 and becomes much smaller for
0.05 < b (hey is never less than 0.434 x 8J). Consequently, the increase in h¢3/h., with respect to b is slower in the site-phonon
model, as shown in Fig. S14(b). As shown in Table S4, B.3/B; amounts to more than 2 for CdCr,0,4 and HgCr,Oq4, which
can be reproduced with the bond-phonon model, but not with the site-phonon model. Even with the introduction of breathing
anisotropy, i.e., J'/J # 1, the ground-state phase diagram of the bond-phonon model does not change from that for J'/J = 1
given that b = b’. For the site-phonon model, h.3/he; becomes a bit larger than the case of J'/J = 1 but never exceeds 2
unlike the bond-phonon model: h.3/hey = 1.23 for b = b’ = 0.05, he3/hey = 1.56 for b = b’ = 0.10, and he3/hey =~ 1.63 for
b =0b" =0.15 (Figs. 5A-5C in the main text). From the above, we conclude that the site-phonon model underestimates the field
width of the half-magnetization plateau.

(a) 0.8 T LA I L R I L B BB R (b) 2.5_""|""|""|""|""_

. B | —e— BP model 1

| —e— SP model ]

20[ §

(L\l> L 4

< L i

% - 4

< F i

1.5+ —

b b b e 1'0'....|....|....|....|..._

0 0.05 0.10 0.15 0.20 0.25 0 0.05 0.10 0.15 0.20 0.25
b b

FIG. S14. Spin-lattice-coupling parameter (b = b’) dependence of (a) starting and ending fields of the half-magnetization plateau, 4., (down-
ward triangles) and h.; (upward triangles), respectively, and (b) the value of h.3/hc, in the bond-phonon (BP, blue) and site-phonon (SP, red)
models with J'/J = 1.
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