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Spin waves and magnetic Hamiltonian in the low-temperature phase of LiInCr4O8
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Transition metal spinels, particularly those containing chromium 3+ ions (Cr3+), display a rich variety
of low-temperature magnetostructural states. Here, we present a combined neutron scattering, synchrotron
x-ray diffraction, and density functional theory study of the frustrated “breathing pyrochlore” chromium spinel
LiInCr4O8, where the adjacent Cr3+ tetrahedra alternate in magnetic interaction strength. We first establish the
low-temperature tetragonal structure from the diffraction measurements. Considering the magnetic structure in
light of the distortions generated by this structure, the short magnetic correlation length found in a previous
study can be explained by dimensional reduction due to residual frustration. The Heisenberg Hamiltonian for
the low-temperature structure is extracted using density functional theory-based energy mapping and clearly
shows the partial release of frustration due to the structural transition. The first four exchanges terms dominate,
and the two nearest-neighbor exchanges J and J ′ in the high-temperature structure both split substantially. The
full magnetic excitation spectrum obtained by inelastic neutron scattering can be accurately reproduced by a
linear spin-wave theory model using the density functional exchange parameters as a starting point. However,
it is found that multiple parameter sets that obey the relation (J1 + J4)/(J2 + J3) ∼ 1.24, J1 > J2, and J3 > J4

provide an equally good description of the data. This ratio, along with the low-temperature structure, suggests
that it is the distortion of the small tetrahedra that drives the magnetostructural transition.

DOI: 10.1103/wjh8-qt1x

Magnetic frustration—the inability of a system to satisfy
all of its internal magnetic interactions—can lead to highly
degenerate disordered states at low temperature. In most ma-
terials, however, frustration is relieved by perturbing terms
in the magnetic Hamiltonian, resulting in long-range mag-
netic order. As a result of the high degeneracy of the parent
state, the phase diagrams with respect to these perturbing
interactions are often rich [1–4]. In the case of the chromium
spinels ACr2O4, where the magnetic Cr3+ ions (d3, S = 3/2)
form a highly frustrated pyrochlore lattice of corner-sharing
tetrahedra, the frustration-relieving perturbation is the excep-
tionally strong spin-lattice coupling [5,6]. This results in a
wide variety of magnetic states and phenomena at low tem-
perature, including fractional magnetization plateaus in the
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ACr2O4 [7,8] members of the family, and large-supercell mag-
netostructural order in ZnCr2O4 [9,10].

The study of chromium spinels has more recently broad-
ened to the so-called breathing pyrochlore family AA′Cr4X8

[11–21], where the ordering of the A and A′ cations on
the A site produce an alternation in both the tetrahedron
size and magnetic interaction strength on the pyrochlore lat-
tice. Breathing pyrochlore materials thus provide an arena to
explore the interplay between bond alternation, frustration,
and spin-lattice coupling. The loss of centrosymmetry in the
F 4̄3m space group adopted by most of these materials should
also lead to topological excitations [22] and, in the S = 1/2
limit, a range of possible spin-liquid ground states [23].

The two most-studied materials in the breathing pyrochlore
family are LiInCr4O8 and LiGaCr4O8 [11,16,21,24–28],
which display small and large alternations in their magnetic
interaction strengths, respectively. Their degree of alternation
is quantified by the breathing factor J ′/J , where J ′ and J
are the exchange constants on the large and small tetrahedra,
and was estimated to be ∼0.1 for LiInCr4O8 and ∼0.6 for
LiGaCr4O8 [11]. Both materials furthermore exhibit two mag-
netostructural phase transitions at low temperature, leading
to complex phase-separated low-temperature states: In the
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case of LiInCr4O8, the upper transition at Tu � 17 K has been
proposed to involve a reduction in structural symmetry from
cubic F 4̄m3 to tetragonal I 4̄m2 [25]. The lower transition at
Tl � 13 K coincides with the appearance of broad magnetic
peaks indexed by k = (10δ) (δ ∼ 0.2) (in the cubic basis),
and has been ascribed to nearly collinear two-up two-down
order. This type of order has been predicted by the so-called
site-phonon model, which considers all effective multispin
terms generated by collective distortions of neighboring tetra-
hedra [29,30]. The site-phonon model also predicts a 1/2
magnetization plateau for LiInCr4O8, which has been verified
experimentally [31].

In this Letter, we demonstrate that the I 4̄m2 space
group previously assigned to the low-temperature structure of
LiInCr4O8 is consistent with new synchrotron powder x-ray
diffraction and neutron diffraction data, and we resolve the
full structure. The nearly collinear magnetic order combined
with the pattern of distortions in this structure suggests that it
is the distortion of the small tetrahedra that drives the transi-
tion to the low-temperature state. The more accurate atomic
coordinates afforded by the new diffraction data also permit
us to carry out density functional theory (DFT) calculations
of the magnetic exchange parameters. Both the magnetic or-
der and the overall structure of the spectrum are correctly
predicted by these calculations. The existing inelastic neutron
scattering data are reanalyzed in the context of the new DFT
parameters by fitting to a linear spin-wave theory model con-
taining all four nearest-neighbor exchanges in the distorted
structure. Excellent agreement is found for a set of parameters
which obey the relation (J1 + J3)/(J2 + J4) ∼ 1.24, where
J1 > J2 and J3 > J4. The fact that this ratio exceeds one is
also consistent with the observed distortion pattern. Our study
shows that it is possible to obtain a consistent description
of both the magnetic structure and excitations in the low-
temperature magnetostructural ordered phase of a chromium
spinel.

The 7Li-enriched powder sample of LiInCr4O8 used in the
present study was the same as that used in Refs. [11,25].
For high-resolution synchrotron x-ray diffraction on the
MS-X04A beamline at the Swiss Light Source (PSI, Switzer-
land) [32], the sample was loaded in a silica capillary
and cooled to 6 K using a side-loading cryostat. Pow-
der diffraction patterns were collected in the temperature
range between 6 and 25 K using an x-ray energy of
22 keV (λ = 0.5635 Å) and a wide-angle detector span-
ning 2θ = 2◦–85◦. The patterns were refined using the
TOPAS package [33]. Additional high-resolution neutron
diffraction was carried out using the HRPT instrument at
the SINQ neutron source, also at PSI [34]. The neutron
diffraction patterns for wavelengths 1.494 and 1.886 Å
were corefined using the FULLPROF suite [35]. Inelastic neu-
tron scattering was performed on the IN4C time-of-flight
spectrometer at Institut Laue-Langevin using an incident en-
ergy Ei = 16.9 meV—the data are the same as that reported
in Ref. [25]. Density functional calculations were performed
using the full potential local orbital (FPLO) basis [36] and
generalized gradient approximation (GGA) exchange corre-
lation functional [37]. The strong electronic correlations of
the 3d orbitals of Cr3+ were accounted for using a GGA + U
correction [38].

(b) (c)

FIG. 1. (a) Temperature dependence of the (800) cubic peak in
synchrotron x-ray powder diffraction data. At 16 K, two side peaks
are observed, indexed as (008) and (440) in the tetragonal basis.
These grow and shift on cooling, with the intensity of the cubic peak
conversely reducing, until Tl � 13 K is reached, below which they
stop evolving. The tetragonal phase fraction is around 70% at low
temperature. (b), (c) The low-temperature tetragonal I 4̄m2 structure.
The colored bonds between the atoms indicate the four inequivalent
Cr-Cr bonds corresponding to J1–4. Further-neighbor couplings are
shown in (c). The colored arrows schematically represent the mag-
netic order (the actual moment direction is ||c). Note that J4 remains
frustrated in the ordered state, and that the only further-neighbor
coupling up to J8 that is not frustrated is the weak ferromagnetic
J6 (see Fig. 2). This effectively decouples the structure into planes of
small tetrahedra denoted by the dashed line.

We begin by discussing the low-temperature atomic struc-
ture of LiInCr4O8, which was not fully determined in a
previous study [25]: Its onset is indicated in our powder syn-
chrotron x-ray diffraction data by the appearance of two side
peaks near the cubic (008) diffraction peak at T = 16 K ∼ Tu

[Fig. 1(a)]. This splitting implies that the low-temperature
phase is of tetragonal or lower symmetry. At the same time,
the absence of splitting in the (111) peak means that it is
at least orthorhombic (within experimental resolution). The
lattice parameters and phase fraction of the low-temperature
phase evolve smoothly until Tu is reached, at which point the
magnetic diffraction peaks (not shown) appear at small angles
in the neutron diffraction data, and both the phase fraction
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TABLE I. Structural parameters of the I 4̄m2 model refined
from synchrotron x-ray powder diffraction data collected with
λ = 0.5635 Å at 2 K at MS-X04A beamline at SLS, PSI. Lattice pa-
rameters: a = 5.9480(2) Å, c = 8.3380(3) Å. Refinement agreement
factor Rwp = 9.04.

Atom x y z Wyck.

7Li 0.00000 0.00000 0.00000 2a
In 0.00000 0.50000 0.75000 2d
Cr 0.00000 0.7437(2) 0.3699(2) 8i
O1 0.00000 0.2779(9) 0.1340(6) 8i
O2 0.00000 0.2222(8) 0.6079(6) 8i

and lattice parameter become nearly temperature independent.
The inhomogeneity of the sample is likely due to variations
in the local Li stoichiometry, which suppress the selection of
a unique magnetostructural ground state. The peak profile of
both phases shows significant broadening at all temperatures,
previously ascribed to the combined effect of spin-lattice
coupling-induced strain in the high-temperature structure and
finite-size domains in the low-temperature structure [25].

Refining the 6-K x-ray diffraction data to a series of models
that contain the high-temperature F 4̄3m structure and each of
its maximal subgroups, the best fit for the low-temperature
structure is found for the tetragonal I 4̄m2 subgroup. Low-
ering the symmetry further leads to little improvement in
χ2, despite the crystal system of the previously determined
magnetic structure being orthorhombic. This indicates that
any orthorhombic distortion induced by the magnetic struc-
ture is slight. The refined parameters are shown in Table I.
All are in good agreement with refinements of the neutron
diffraction data at 2 K to the same model, and the refined
phase fractions indicate that around 70% of the sample is in
the low-temperature I 4̄m2 structure below Tl . In this structure,
the c axis is compressed by around 0.6% and expanded along
a by 0.3%, with the result that the small tetrahedra contain
four short and two long bonds, while the large tetrahedra
contain two short and four long bonds. The corresponding
Cr-Cr bond distances are 2.900(4) and 2.865(3) Å (along
〈110〉 and 〈011〉/〈101〉, respectively) in the small tetrahedra,
versus 2.880 Å in the undistorted structure, and 3.048(4) and
3.057(3) Å for the large tetrahedra, similar to 3.050 Å in the
undistorted structure.

The previously determined magnetic structure of
LiInCr4O8 is a nearly collinear antiferromagnetic
arrangement with two spins up and two down on each
tetrahedron, as predicted by Monte Carlo simulations
of the site-phonon model on the breathing pyrochlore
lattice [29]. Due to geometric frustration, only four bonds
on a tetrahedron can be satisfied simultaneously for
such an arrangement, assuming all of the exchanges are
antiferromagnetic. Introducing the spin-lattice coupling,
some of the frustration may be relieved by shortening the
antiferromagnetic bonds and lengthening the ferromagnetic
ones. On the small tetrahedra, the ferromagnetically coupled
spins indeed lie along the long bonds (corresponding to
J2) and the antiferromagnetic ones along the short bonds
(J1). On the large tetrahedra, however, two of the long

bonds (J4) are ferromagnetic and two antiferromagnetic,
while the two short bonds (J3) are antiferromagnetic, as
expected. This means that the total exchange energy for
the long bonds is zero, and that no energy is gained by
distorting the tetrahedron assuming that the magnitude of
the exchange is simply related to the nearest-neighbor Cr-Cr
distances, as in the bond-phonon model (the site-phonon
model generates additional further-neighbor interactions
[29]). This scenario is consistent with the minimal change
in bond length between the low- and high-temperature
structures, and indicates that it is the distortion of the small
tetrahedra that gains the magnetoelastic energy that drives
the transition. Furthermore, since the breathing pyrochlore
lattice can be described as a stack of alternating small and
large tetrahedra, the consequence of the net zero exchange
energy over the long bonds in the latter is that spins on
adjacent layers of small tetrahedra can be flipped without
changing the total energy. Indeed, this effective dimensional
reduction may be the origin of the broad magnetic diffraction
peaks (correlation length ξ = 44 Å) observed in earlier
polarized neutron diffraction [25], and indicates that some of
the degeneracy associated with the frustration may remain
in the low-temperature structure. Should single crystals
become available, these short-range correlations should
manifest as rods of diffuse scattering along the (00l )-type
directions. Having established that the I 4̄m2 atomic model
and its associated magnetic order are a good approximation
to the low-temperature structure of LiInCr4O8, we now
turn to its low-temperature magnetic Hamiltonian. We
first determine the Heisenberg exchange interactions of
LiInCr4O8 using density functional theory-based energy
mapping. This approach is very successful in elucidating the
relevant Hamiltonian both for quantum [39] and classical
spin systems [40], and it had provided insight into several
chromium spinels [41,42]. We use the same approach for
the body-centered-tetragonal structure of LiInCr4O8 that was
applied to the cubic high-temperature structure [16]. From this
earlier study, we know that it is most important to determine
the four nearest-neighbor interactions J1–4 that replace the
J, J ′ model; further-neighbor couplings were found to be very
small in the case of breathing chromium spinel oxides [16].
The energy mapping was performed using the synchrotron
x-ray powder diffraction (SXRPD) structure given in Table I
in a fivefold supercell with P1 space group, allowing for spin
configurations with 20 symmetry-inequivalent Cr sites (for
more details, see the Supplemental Material [43]). The result
is shown in Fig. 2, with the vertical line indicating the U value
at which the Hamiltonian parameters yield the experimental
Curie-Weiss temperature θCW = −332 K [11].

The resulting Hamiltonian has a substantial difference be-
tween J1 and J2 (originally J), with J2 = 0.46J1, and between
J3 and J4 (originally J ′), with J4 = 0.37J3. An important
consequence is that the originally fully three-dimensional
magnetic Hamiltonian becomes nearly two dimensional, with
only the weakest nearest-neighbor coupling J4 connecting the
bilayers defined by small (J1-J2) tetrahedra and J3 along the
c direction. While the “second-neighbor” couplings J5 to J7

are quite small, the “third-neighbor” couplings J8a = 0.04J1

and J8b = 0.03J1 are nonzero. However, both of these are
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FIG. 2. The magnitude of the exchange couplings Ji described
in the text vs the on-site repulsion U for nearest- and next-nearest-
neighbor Cr-Cr bonds. The values corresponding to the experimental
Curie-Weiss temperature θCW are marked by a vertical line.

unable to relieve the degeneracy associated with the dimen-
sional reduction [see Fig. 1(c)]. Indeed, it is only the weak
ferromagnetic J6 that is unfrustrated in the observed magnetic
structure, Fig. 1(c). This means that the magnetic order must
be due to other (effective) long-range interactions or terms
beyond the Heisenberg model.

We next compare the predictions of our DFT model with
inelastic neutron scattering experiments [25]. The dynamic
structure factor S(Q, h̄ω) measured at 1.7 K is shown in
Fig. 3(a). The spectrum is dominated by a mode dispers-
ing from |Q| � 1.75 Å−1, in the vicinity of the ( 1

2
1
2 1) peak

(in the tetragonal basis) of the low-temperature magnetic
structure. There are also intensity maxima at around 6 and
8 meV, and the overall bandwidth of the magnetic excita-
tions is around 13 meV. As a first attempt to model the
experimental spectrum, we calculate the powder-averaged
linear spin-wave spectrum for the U = 2.66 eV parameters
using the SPINW package [44]. Only the nearest-neighbor ex-
changes were considered due to the very small magnitude of
J5–8. To compare with experiment, the simulated S(|Q|, h̄ω)
was convolved with the instrumental resolution and an ad-
ditional broadening along �E and |Q| due to the finite size
of the magnetic domains. As can be seen in Fig. 3(c), the
magnetic structure and many of the features of the experi-
mental spectrum are correctly predicted, although the overall
bandwidth is larger in the simulation than experiment. We
note that the decoupling of the bilayers discussed above

FIG. 3. (a) The experimental S(|Q|, E = h̄ω) measured at 1.7 K on the IN4C spectrometer with an incident neutron energy Ei = 16.9 meV.
(b) Spin-wave spectrum calculated from linear spin-wave theory using J1 = 74.52 K (6.42 meV), J2 = 52.72 K (4.54 meV), J3 = 12.35 K
(1.06 meV), and J4 = 6.81 K (0.59 meV). The shaded boxes represent the integration ranges for the cuts displayed in (d)–(f). (c) Spectrum
calculated from DFT parameters at U = 2.66 eV. (d)–(f) Cuts through the experimental data (blue circles) showing the fits to the optimized
model.
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is observed as a flat zero-energy mode along [001] in Q-
resolved simulated spectra (see Supplemental Material [43]
Fig. S5).

Given the good qualitative agreement between the ex-
perimental spectrum and that generated from the DFT
calculations, we proceed to optimize the exchange parameters
as follows: First, five diagnostic constant-|Q| cuts through the
data were selected for the calculation of χ2 = [S(|Q|, E )obs −
S(|Q|, E )calc]2. Then, χ2 was evaluated for a 10×10×10×10
grid in the parameters J1–4. The grid was restricted to a volume
of parameter space consistent with the magnetic structure by
requiring that J1 > J2 and J3 > J4. Finally, a local minimiza-
tion was carried out in the vicinity of the lowest 16 points
identified in the grid search [43]. This procedure revealed
several solutions with J1 ranging from ∼3.8 to 8.6 meV.
Despite the large parameter range, all of the solutions are
constrained by the relation (J1 + J4)/(J2 + J3) � 1.24. The
nearly identical χ2 from these is due to the fact that J1(2) and
J4(3) correspond to bonds that lie along the same direction, and
therefore contribute nearly identical Fourier components to
J (Q). The physical meaning of the value 1.24 becomes clearer
on rewriting the exchanges on the small and large tetrahedra
in terms of deviations from an average exchange Ja, J ′

a (note
that these are not necessarily the high temperature J, J ′):
J1 = Ja + δ, J2 = Ja − δ, J3 = J ′

a + δ′, J4 = J ′
a − δ′. For the

ratio in terms of this new parametrization to exceed 1, it is nec-
essary for δ > δ′ and for (Ja − δ + J ′

a + δ′) > 0. If Ja, J ′
a are

assumed to be close to high-temperature J, J ′, and associating
larger δ with larger distortions, the former is consistent with
the low-temperature crystal structure, and points to the gain
in magnetic energy represented by δ driving the transition;
the energy per pair of tetrahedra in the low-temperature state
versus the undistorted state is −(6δ + 2δ′)S2. Comparing the
fitted and DFT parameters shows that the parameter ratios are
broadly consistent [43]—while the agreement is best for small
U , work on related materials and the high-temperature Weiss
constant θCW suggests a larger value.

The S(|Q|,�E ) and cuts for the parameters above are
shown in Figs. 3(b) and 3(d)–3(f); the overall agreement
between the data and model is almost quantitative. This is
particularly surprising because it implies that the spectral
weight corresponding to the minority cubic phase at low tem-
perature is negligible. The disagreement between calculation
and experiment is most pronounced at small and large en-
ergies, where the experimental intensity is lower and higher
than the calculated one, respectively. The former observation
can be explained by the short correlation length in the low-
temperature state suppressing magnons with wavelengths that
exceed it. We finally note that besides the further-neighbor
couplings, both the Dzyaloshinskii-Moriya and spin-lattice
coupling are omitted in our model: The former is likely
to be present due to the fact that the magnetic structure
is actually incommensurate (as in CdCr2O4 [45]), and may

be the term that stabilizes the observed magnetic order. As
for the latter, assuming that it can be approximated by the
leading biquadratic term in the site-phonon model and given
that the magnetic structure is close to collinear, its effect
should only be to renormalize the magnitude of the bilinear
exchanges [46].

To conclude, we have presented a comprehensive study
of the low-temperature magnetic and atomic structure of the
breathing pyrochlore system LiInCr4O8 using neutron and
synchrotron x-ray diffraction, inelastic neutron scattering, and
density functional theory. The atomic structure is well ap-
proximated by a tetragonal I 4̄m2 model where the small and
large tetrahedra have two long and four short bonds, and four
long and two short bonds, respectively. The pattern of distor-
tions on the small tetrahedra is consistent with the magnetic
structure assuming that the spin-lattice coupling drives the
lifting of geometric frustration. The large tetrahedra, however,
remain nearly undistorted due to the persistence of frustration
along one of the distortion axes. This leads to a decoupling of
the lattice between adjacent planes of small tetrahedra, which
could explain the finite correlation length of the magnetic
peaks in previous diffraction experiments. DFT calculations
based on the new low-temperature crystal structure demon-
strate that there is a large modulation of the exchanges due
to the structural distortion, with the weakest nearest-neighbor
exchange on the large tetrahedra being around an order of
magnitude smaller than the leading exchange in the small
tetrahedra. In addition, further-neighbor couplings are found
to be <5% of J1. The DFT exchange parameters were used to
simulate the linear spin wave S(|Q|, E ), which was compared
to the magnetic excitation spectrum measured by inelastic
spectroscopy. Many of the features of the latter are captured
by the simulation, and further optimization of J1–4 leads to an
almost quantitative agreement for several parameter sets that
obey the relation (J1 + J4)/(J2 + J3) � 1.24. Distinguishing
between these parameter sets will require additional exper-
iments; the most straightforward way would be to measure
the critical field, which should be proportional to the sum
of the exchange constants. This is likely to require fields in
excess of 500 T, however. This deficiency notwithstanding,
the dynamics in the low-temperature phase of a Cr3+ spinel
have been successfully modeled.
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