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The hope that copper-doped lead apatite Pb9Cu(PO4)6O is a room-temperature superconductor has largely
been dashed by global research efforts. Nevertheless, the material has interesting magnetic properties, and
research groups around the world have prepared high-quality samples. We use a fluctuation exchange (FLEX)
approximation approach to study the magnetic tendencies in Pb9Cu(PO4)6O. We find ferromagnetic (FM)
fluctuations very close to the filling of the stoichiometric compound which can be understood from Fermi
surface nesting at the M point. This is like the one-band triangular lattice Hamiltonian at 3

4 filling. Interestingly,
the special kz dependence of the Pb9Cu(PO4)6O band structure makes it very sensitive to doping. Only slight
charge doping switches between antiferromagnetic and ferromagnetic fluctuations. If the material could become
superconducting, it might be easily switchable between singlet and triplet superconductivity.
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Introduction. Copper-doped lead apatite Pb9Cu(PO4)6O
has recently been put forward as a candidate for room-
temperature superconductivity at ambient pressure [1,2],
causing substantial excitement in the scientific community.
Efforts at independent synthesis of the material and repro-
duction of experimental observations have been undertaken
by many groups [3–5]. Every failure to reproduce supercon-
ductivity [6] has added to doubts concerning the interpretation
of the original experiments. However, the suggestion that a
well-known phase transition in Cu2S [7], which is a known
impurity [1], is responsible for the sudden change in resistivity
at 104 K in the mixed-phase Pb9Cu(PO4)6O samples is rather
convincing [8]. Nevertheless, it is still an interesting question
what the properties of the impurity-free Pb9Cu(PO4)6O ma-
terial are. The half levitation [2] that has been reproduced by
some groups [5,9] points to interesting magnetic properties.
The fact that excellent single crystals of Pb9Cu(PO4)6O have
been grown [10] means that this question is now accessible to
precise experiments.

The experimental claims for Pb9Cu(PO4)6O have been met
with a concerted response of the theoretical materials science
community. Very fast density functional theory (DFT) studies
[11–15] have discussed the importance of flat bands and the
shape of the Fermi surface. Several different tight-binding
models have been proposed [13,16,17] and analyzed with
respect to topological properties [18]. Authors of three DFT +
dynamical mean-field theory (DMFT) studies have shown
that, at the integer filling of the stoichiometric Pb9Cu(PO4)6O
compound, correlations open a gap [19–21], in agreement
with the transparent single crystals [10]. Superconductivity
has been theoretically studied using the two-dimensional (2D)
t − J model [22] and spin-fluctuation theory [23]. Some state-
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ments about the magnetism of Pb9Cu(PO4)6O have been
obtained [24].

In this paper, we study the magnetic fluctuations in Cu-
doped Pb10(PO4)6O using the fluctuation exchange (FLEX)
approximation [25,26]. The stoichiometric Pb9Cu(PO4)6O
compound is described by a 3

4 -filled two-orbital model. Its
Fermi surface has been described as rugby ball shaped. We
take the three-dimensional (3D) nature of the compound seri-
ously and work out the similarity and differences between the
electronic structure of Pb9Cu(PO4)6O and a one-band model
at different fillings on the triangular lattice.

Electronic structure. We perform all-electron DFT calcula-
tions for Pb9Cu(PO4)6O using the full potential local orbital
(FPLO) basis [27] and the generalized gradient approxima-
tion (GGA) exchange-correlation functional [28]. We derive
a precise four-band tight-binding model using the symmetry-
conserving projected Wannier functions implemented within
FPLO [29].

We base our model of the structure of Pb9Cu(PO4)6O on
the crystal structure of lead apatite Pb10(PO4)6O as deter-
mined by Krivovichev and Burns [30]. Its P63/m (No. 176)
space group has an O(4) position that is only occupied by one
quarter. We first simplify by choosing one of four symmetry-
equivalent O(4) positions which reduces the symmetry to P3
(No. 143). According to Ref. [13], the Pb(2) position with four
symmetry-equivalent sites is energetically more favorable for
Cu substitution. We thus replace one out of four Pb atoms
by Cu and perform an internal relaxation of this structure. As
DFT structure prediction has well-known issues for correlated
oxides, we use experimental [1] rather than DFT-predicted
lattice parameters. The resulting crystal structure is shown in
Fig. 1(a). It is like the structures considered in other works
[13,31]. There are some variations in the electronic structures
that have been obtained for Pb9Cu(PO4)6O; this may be due
to different ways of symmetry reduction, placement of Cu,
and structural relaxation as well as differences in DFT basis
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FIG. 1. (a) Predicted simplified crystal structure of Pb9Cu(PO4)6O. (b) Electronic band structure and (c) density of states near the Fermi
level at the generalized gradient approximation (GGA) level with Cu 3d orbital character highlighted.

sets and convergence. We have been careful to follow an
established structure modeling recipe [13,20,23] and use a
highly converged all-electron DFT approach. We expect the
conclusions we draw from the electronic structures presented
here to be equally valid for the electronic structures discussed
in many other works on Pb9Cu(PO4)6O.

We show the DFT band structure and density of states of
Pb9Cu(PO4)6O in Figs. 1(b) and 1(c). Two almost degen-
erate bands of Cu 3dxz and 3dyz character cross the Fermi
level. They are slightly hybridizing with two occupied oxygen
bands arising from the extra O in the formula, the O(4) in
the Pb10(PO4)6O structure; this has also been observed in
Ref. [31]. Therefore, in this paper, we work with a four-band
tight-binding model. The upper of the two bands at the Fermi
level leads to the 3D Fermi surface shown in Fig. 2(c). It has
a Mount Fuji shape because the finite kz dispersion leads to
different filling levels of the underlying triangular lattice at
every value of kz. Slight hole doping [Figs. 2(b) and 2(a)]
leads to the rugby ball shape that has been found previously
[11] and to tiny Fermi surfaces from the second Cu 3d band.
The shape remains qualitatively the same between undoped
and moderate electron doping [Fig. 2(d)]. This kz dispersion

of the electronic structure will constitute the main difference
from a fully 2D triangular lattice Hamiltonian.

We determine [29] a four-band tight-binding model includ-
ing 3dxz and 3dyz orbitals of Cu and 2px and 2py orbitals of O.
The Hamiltonian H0 is given by

H0 =
∑

i jμσσ

tμν
i j c†

iμσ c jνσ , (1)

where i and j are site indices, μ and ν are orbital indices,
and σ is the spin index. The occupation number is n = 7
for the stoichiometric Pb9Cu(PO4)6O. Three bands are fully
occupied, and the top band is half-filled without doping and
interactions. This means that, at stoichiometry, one band
forms the Fermi surface. However, the two upper bands de-
riving almost entirely from Cu 3d are nearly degenerate, and
the orbital character of the bands and Fermi surface changes
between 3dxz and 3dyz depending on the k direction.

Spin fluctuations. To discuss spin fluctuations, we consider
interactions between 3d electrons on Cu. We adopt the usual

FIG. 2. Generalized gradient approximation (GGA) Fermi surfaces of Pb9Cu(PO4)6O for several doping levels �n = n − 7. (c) is the
Fermi surface of the stoichiometric compound, (a) and (b) correspond to hole doping of 0.2 and 0.1 electrons/f.u., and (d) shows electron
doping of 0.1 electrons. Red (blue) indicates high (low) Fermi velocity as determined by full potential local orbital (FPLO).
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FIG. 3. Cuts through the static spin susceptibility χ s(q) for (a) qz = 0, (b) qz = π/2c, and (c) qz = π/c at T = 290 K calculated
within fluctuation exchange (FLEX). Interaction parameters are U = 200 meV, V = U/2, and J = J ′ = U/4. High-symmetry points are
Q� ≡ (0, 0, 0), QK ≡ (1/

√
3, 1

3 , 0), QM ≡ (1/
√

3, 0, 0), QA ≡ (0, 0, 1
2 ), QH ≡ (1/

√
3, 1

3 , 1
2 ), QL ≡ (1/

√
3, 0, 1

2 ), in units of 2π/a for the
x and y components and of 2π/c for the z component. The high-symmetry points are shown in (a1) and (a3).

local interactions, which are represented by the Hamiltonian:

Hint =
∑

i

[
U

2

∑
lσ

nilσ nilσ̄ + V

2

∑
l �=m

nil nim − J

2

∑
l �=m

Sil · Sim

+ J ′

2

∑
l �=m

∑
σ

c†
ilσ c†

ilσ cimσ̄ cimσ

]
, (2)

where the orbital indices l and m run over two orbitals (3dxz

and 3dyz) out of four. Here, U , V , J , and J ′ are intraor-
bital Coulomb interaction, interorbital Coulomb interaction,
Hund’s coupling, and pair hopping, respectively.

We apply the FLEX approximation to the four-band Hub-
bard model. We change the electron number in the range of
6.5 � n � 7.5. Note that, here, we are particularly interested
in magnetic tendencies of doped materials as opposed to
the stoichiometric compound that is insulating according to
experiment [10] and theory [32–34]. We choose spin-rotation-
invariant interaction parameters [35] V = U/2 and J = J ′ =
U/4 for the Cu 3d orbitals, and we assume U = 200 meV.
Using a much larger U value that might be expected for Cu
3d electrons would make calculations more difficult because
of divergent spin susceptibilities but would not lead to dif-
ferent peak positions; therefore, we investigate the magnetic
tendencies using a small U value. We use a 16 × 16 × 4 k
mesh.

We discuss the momentum-dependent static spin suscepti-
bility χ s(q) = ∑

lm χ s
lm(q), in which contributions from 3dxz

and 3dyz orbitals are summed up. Figure 3 shows cuts of χ s(q)
at qz = 0, π/2c, and π/c (zone boundary) for 6.7 � n � 7.4.
At the formal electron filling of Pb9Cu(PO4)6O (n = 7.0),
χ s(q) exhibits peaks at q = QH . This fluctuation corresponds
to an antiferromagnetic (AFM) stacking of the 120◦ state on

the triangular lattice. The AFM fluctuation persists for hole
doping. On the electron doping side, on the other hand, the
magnetic properties change drastically. At n = 7.1, a peak is
present at q = Q� , which corresponds to the ferromagnetic
(FM) fluctuation. The FM fluctuation becomes dominant for
n � 7.2.

Let us consider the origin of the AFM and FM fluctuations
in Pb9Cu(PO4)6O in terms of a single-band Hubbard model
on a triangular lattice. This model approximately describes the
energy dispersion of the top band through �-M-K-� in Fig. 1.
Figure 4 shows the spin susceptibility χ s(q) for several values
of the occupation number n. Here, n in this model corresponds
to n − 6 in the four-band model of Pb9Cu(PO4)6O. Also,
χ s(q) exhibits peaks at QK around half-filling (0.6 � n �
1.0), while it has a peak at Q� near 3

4 filling (1.4 � n � 1.6).
These magnetic fluctuations can be understood well with the
electronic structure. Around half-filling, the Fermi surface in
the corresponding noninteracting system is a circle around the
� point, as shown in Fig. 5(a). The nesting vector agrees with
QK , as indicated by the arrow in Fig. 5(a). On the other hand,
the Fermi surface around 3

4 filling is a hexagon inscribed in the
first Brillouin zone, as shown in Fig. 5(b). The density of states
is large at the M point because of the Van Hove singularity.
Therefore, dominant particle-hole excitations occur in the q
vector that connects two M points, that is, (2π/a, 0, 0), which
corresponds to Q� . The Fermi surface thus explains AFM
fluctuations corresponding to the 120◦ state for n � 1 and the
strong FM fluctuations for n � 1.5.

The variations of the magnetic properties between AFM
and FM can be understood with the triangular lattice.
However, Pb9Cu(PO4)6O shows two unique properties that
the triangular lattice does not. First, the change from AFM to
FM is very sensitive to electron doping. It is AFM at n = 7.0,
and even with very small electron doping, it starts to be FM at
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FIG. 4. The static spin susceptibility χ s(q) of the triangular lattice at T = |t |/4 calculated within flucutation exchange (FLEX). The
interaction is U = 9|t | = W , where t is the nearest-neighbor hopping parameter, and W is the bandwidth. We use a 32 × 32 k-mesh.

n = 7.1. Here, 0.1 electrons are needed to cause FM fluctua-
tions when we start from stoichiometric integer filling. In the
triangular lattice, on the other hand, 0.5 electrons are needed.
Doping 0.5 electrons into a material is usually very difficult
in reality. The second unique property of Pb9Cu(PO4)6O is
the fact that ferromagnetism persists in the whole region of
electron doping, while it disappears in the triangular lattice.

These two properties of Pb9Cu(PO4)6O result from the 3D
Fermi surface. Even though the highest energy band is almost
half-filled in total, various situations of filling are realized if
we look into the 2D k path for different kz: almost empty at
kz = π/c and almost fully filled at kz = 0, as shown in Fig. 6.
Therefore, the Van Hove singularity at (1/

√
3, 0, kz) appears

on the Fermi level even at the stoichiometric filling, and the
FM fluctuation is enhanced by the mechanism discussed in
Fig. 5(b). Moreover, when electrons are doped, the Fermi level
passes the singularity point at a different kz. This explains the
result that the FM fluctuation is dominant in a wide range of
electron doping levels in Pb9Cu(PO4)6O.

Conclusions. We have studied the consequences of the
electronic structure of Pb9Cu(PO4)6O for magnetic fluctua-
tions. We find that, electronically, Pb9Cu(PO4)6O provides
an interesting 3

4 -filled, two-orbital triangular lattice Hamilto-
nian. As such, it can be partly understood from the one-band
triangular lattice Hamiltonian that has previously been stud-
ied in the context of organic charge transfer salts and of
sodium cobaltate. However, we have worked out two impor-
tant differences that arise from the three-dimensionality of
Pb9Cu(PO4)6O, i.e., from the kz dispersion of the electronic
structure. One consequence is that the change of doping that
triggers the transition between AFM and FM spin fluctuations
is much smaller in Pb9Cu(PO4)6O than in the simple triangu-
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FIG. 5. Momentum-resolved density of states ρ0(k) at the Fermi
level in a noninteracting triangular lattice model at n = 0.8 and 1.5
An artificial broadening of width 0.1t was applied.

lar lattice. The other consequence is that the FM fluctuations
in the electron-doped region are significantly stabilized in the
3D two-orbital model.

While our FLEX result for the undoped material indi-
cates AFM fluctuations, we also find that FM fluctuations
are reached by very little electron doping. Thus, slightly in-
homogeneous samples Pb10−xCux(PO4)6O with x ≈ 1 would
have FM as well as AFM regions, and this could explain
the levitation observed in some of the samples [2,5,9] of
Pb9Cu(PO4)6O.

By focusing on a single site for the position of the doped
Cu2+ ion, we have introduced a significant simplification,
just like in many other studies [20,21,23]. It is possible that
disorder effects will play an important role in Pb9Cu(PO4)6O
[24]. Nevertheless, in this paper, we show that the electronic
structure that is present in slightly simplified Pb9Cu(PO4)6O
has very interesting properties. It is characterized by two de-
generate orbitals on a triangular lattice, 3

4 filling, and a finite
kz dispersion. As this is a rather generic situation, it could
already be realized in other existing materials, or it would
not be too hard to design materials with this property. As
the hope for superconductivity in Pb9Cu(PO4)6O is probably
in vain, it makes sense to understand why and possibly find
or design a similar material that supports a superconducting
ground state. A likely disadvantage of Pb9Cu(PO4)6O is the
large ratio between interaction strength on the d orbitals and
the bandwidth [23]; in the search for a better Pb9Cu(PO4)6O,
wider bands or weaker local interactions would be desirable.
If superconductivity could be realized in a dopable material

-0.04

-0.02

 0

 0.02

 0.04

E
 -

 E
F
 (

eV
)

(0, 0, kz) (1/√3, 0, kz) (1/√3, 1/3, kz) (0, 0, kz)

kz = 0.50
kz = 0.45
kz = 0.40
kz = 0.35
kz = 0.30
kz = 0.25
kz = 0.20
kz = 0.15
kz = 0.10
kz = 0.05
kz = 0.00

FIG. 6. Band structure of Pb9Cu(PO4)6O along a triangular k
path for different values of kz. The x and y components are in units
of 2π/a, and the z component is in units of 2π/c. The path at kz = 0
is equivalent to �-M-K-�.

L201105-4



MAGNETIC FLUCTUATIONS IN Pb9Cu(PO4)6O PHYSICAL REVIEW B 108, L201105 (2023)

with the electronic structure of Pb9Cu(PO4)6O, then we would
expect that the order parameter could be tuned between singlet
and triplet.
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