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Section 1. Numerical deconvolution of tunneling spectra from Superconductor-Insulator-

Superconductor (SIS) junctions

In scanning tunneling spectroscopy (STS), the use of superconducting (SC) Nb-tips offers the ad-
vantage of an enhanced energy resolution in differential tunneling conductance (dZ/d¥) spectra®.
On the other hand, it prevents the direct measurement of the surface local density of states (LDOS)
due to the convolution with the strongly energy-dependent LDOS of the SC Nb-tip. A numerical
deconvolution procedure of the tunneling spectra was adopted to derive the surface LDOS from

the as-measured dZ/dV(V) spectra. The convoluted dZ/dV spectrum can be expressed as follows:
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where pr, ps, f, T, and V represent the tip LDOS, surface LDOS, Fermi function, temperature, and
bias voltage, respectively. The following isotropic s-wave Bardeen-Cooper-Schrieffer (BCS) form

of the DOS along with a finite quasiparticle lifetime (I'), a so-called Dynes DOS, was taken into

account for describing the effect of the Nb-tip with SC energy gap Ar *14%:

o (E,A,,T) =Re E"E (S2)
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Mathematical approaches and the detailed steps to find a proper solution of the unknown surface
LDOS function, ps, can be found elsewhere**. A key procedure used in this study involves a matrix
approximation to the integral form and treating the measured raw spectrum as a summation of the
surface LDOS with a finite level of error (&) that includes an adjustable parameter. By introducing

a N x N matrix A (which is known), equation (S1) can be rewritten in a discrete form:
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A condition for the solution with a minimized error can be obtained with the following relation
4 | dl
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The elements of the N x N matrix B are defined by using the elements of the inverse of the matrix
A: (A = aijand (Bip) = 20— 411+ 6kt — 411 + Qerag, Where a2 = — o, -1 = Qe
=0, and ay+2,; = an,. Note that both ps and the measured d//dV(V) are written in vector form. Since
the positive constant y determines the degree of the oscillatory error in the deconvoluted spectra,
it plays an important factor in the deconvolution process: higher y yields a smoother result. The
size of the matrix N was chosen between 500 to 800, and the error correction term y was deter-
mined for each spectrum by iterating the numerical deconvolution until the oscillatory features in
the resulting spectrum were suppressed. It is worth noting that the introduction of a finite value I
is necessary for the deconvolution process, otherwise the tip DOS is not smooth enough to apply
this mathematical approach. Even though I" cannot be obtained from the experiment, it was roughly
chosen in the range of 1% - 2% of Ar, a typical value for BCS superconductors for temperatures
far below the SC transition temperature. The leftover leading term to resolve the surface LDOS is

the tip gap Ar.

There are two different ways of determining the SC energy gap of the Nb-tip. The first one utilizes
the sub-gap structure of an asymmetric SIS Josephson junction in the dZ/d¥(V) spectrum**. Asym-
metric SIS junctions with different SC energy gaps of the two SC electrodes, At and As, can often
be found in our experimental set-up of Nb-vacuum-BiAgy/Ag/Nb junctions, where the supercon-
ductivity of BiAg is induced by the proximity effect from the bulk Nb substrate below. Fig. S1
shows an exemplary d//dV(V) spectrum with a sub-gap structure at two close tip-sample distances,
where As and At are more pronounced due to a lower junction resistance. The small peak at zero-

bias in the blue spectrum is a signature of the Josephson supercurrent and the peak near 0.35 mV



is a mirrored virtual state of As with respect to the Ar via thermal excitation. Thus, determining At
(and As) from the sub-gap structure in the dZ/dV(V) spectrum is straightforward, which is indicated
by a dashed line at positive sample bias voltage. Once the Ar for a specific tip apex has been
determined properly, the As at arbitrary positions can be extracted from the fact that the main
coherence peaks in the d//dV(V) spectrum are showing up at energies being the sum of both SC

energy gaps of tip and surface.

The second way of Fermi level (EF) determination is based on utilizing the thermally-mirrored in-
gap states of the d/dV(V) spectrum obtained on top of an Fe adatom. Even if the tip-sample dis-
tance is too large to observe sub-gap features of an asymmetric SIS junction, thermal excitations
of YSR states result in mirrored peaks with respect to Ar, as shown in Fig. S1B. The values of the

SC energy gaps determined by both procedures were found to be in good agreement.



Section 2. Long-range nature of YSR states of single Fe adatoms on the BiAg: surface alloy

The YSR state, i.e. a quasiparticle excitation resulting from the exchange coupling between a mag-
netic impurity and Cooper pairs, of a single magnetic adatom decays as a function of distance in
the SC substrate*>*’. In the case of a host superconductor that has a three-dimensional (3D) elec-
tronic structure, the LDOS of the YSR state is highly localized near the magnetic atom and decays
inversely proportional to the square of the distance, where the typical length scale is on the order
of a few Fermi wavelengths***, Reducing the effective dimensionality of the host superconductor
leads to a much weaker decay, thus the YSR states extend far beyond the length scale given by the
Fermi wavelength, as reported for a few SC platforms with (quasi) two-dimensional (2D) elec-
tronic structure such as Fe atoms in 2H-NbSe; or in La(0001)°%>!. The spatial decay of the LDOS
of'a YSR state for the case of an effective 2D system is inversely proportional to the distance from
the center of the adatom, and its detailed spatial pattern depends on the shape of the Fermi surface.
STM has been used to reveal the long-range YSR states and their Fermi surface related properties

more than tens of nanometers away from the center of the magnetic impurity®*->2,

Fig. S2 shows the spatial extension of YSR states of single Fe adatoms on the SC surface alloy of
BiAg> on Ag(111)/Nb(110). In Fig. S2A, a representative constant-current STM image of a surface
area exhibiting both Fe bridge-site (green arrow) and Fe hollow-site (yellow arrow) adatoms is
presented. In Figs. S2B and S2C, the prototypical dZ/dV(eV’) spectra probed on the Fe hollow- and
bridge-site adatoms, respectively, are shown together with the spectrum of the BiAg, surface for
comparison. Vertical lines indicate energies for which corresponding d//dV maps are shown in
Figs. S2D-I (see Methods for d//dV map measurements). These d//d}V maps of the area shown in
Fig. S2A reveal the long-range nature of the YSR state of Fe hollow-site adatoms over more than
ten nanometers. In contrast, all states of Fe bridge-site adatoms are highly localized within atomic
distances. The oscillatory patterns of the long-range Y SR state of Fe hollow-site adatoms are ani-
sotropic and their detailed shape depends on the energy. Regardless of the shape, a strong ampli-
tude of the YSR state of Fe hollow-site adatoms is observed along the [110] direction.

The spatial modulation and its anti-phasing between the particle-like (positive bias) and hole-like
(negative bias) YSR state components are clearly visible in the dI/dV maps. They are highlighted
by the line cuts of the dI/dV maps near a Fe hollow-site adatom, as shown in Fig. S2J-L, plotted

on a semi-logarithmic scale. A sinusoidal spatial modulation with a period of around 1.85 nm is



observed at E—Er= +0.2 meV (Fig. S2K) and at E—Er = +£0.66 meV (Fig. S2L), where the phase
difference between the particle- and hole-like excitations is close to «. In contrast, we found no or
only a small phase difference for the YSR state at the Fermi level (Figs. S2J), because the particle-
and hole-like components of this YSR state overlap and are not energetically resolved. The upper
envelope of the spatially decaying states of Fe hollow-site adatoms follows an [exp(—Ax)]/x de-
pendence (dashed lines in Figs. S2J-L) for all energies, where A is a constant related with the phase
differences and SC coherence length, indicating that they are coupled to an effectively 2D super-
conductor, presumably realized by the proximitized BiAg: surface alloy. On the other hand, all
YSR states of Fe bridge-site adatoms are highly localized within atomic distances, as can be seen
from the line cuts of the d1/dV maps near the Fe bridge-site adatom (see Fig. S2M-0O). In this case,
the upper envelope of the spatially decaying states follows an [exp(—Ax)]/x? dependence for all
energies (dashed lines in Figs. S2M-0)). This indicates a coupling to an effectively 3D supercon-

ductor, presumably realized by the underlying Ag layer*®.



Section 3. Ferromagnetic state of the bottom-up fabricated 2a-Fe chains on the BiAg: surface

alloy

The spin texture of the bottom-up fabricated Fe chains on BiAgr/Ag(111)/Nb(110) has been in-
vestigated by spin-polarized STM (SP-STM)> in the presence of an external magnetic field. A
spin-sensitive tip was prepared by picking up a few magnetic Fe atoms from the surface until it
showed clear signatures of YSR states in the dZ/dV spectrum®’. Fig. S3A (left) shows a schematic
view of SP-STM measurements performed with a tip exhibiting a YSR-state (YSR-tip). The su-
perconductivity of the BiAg> surface alloy induced by the bulk Nb(110) substrate was entirely
quenched by applying an external magnetic field of 0.4 T, while the SC Nb-tip still remained in a
SC state. Fig. S3A (right) shows the expected d//dV spectrum of an Fe adatom within the chain,
where the relative intensities of both components of the YSR state (indicated by arrows) vary
depending on the spin polarizations of the YSR state at the tip and of the Fe adatom. It is worth
noting that the two peaks arising from the YSR state on the tip typically exhibit an asymmetry in
intensity (dashed line). The changes in intensity of the YSR peaks are opposite for the two different
cases of parallel (red solid line) and antiparallel (blue solid line) spin configurations of tip and
surface adatom. The spin asymmetry A4 is defined by the relative change in YSR peak intensities

normalized to the intrinsic YSR peak intensity of the tip>’:

%%
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where a. and a; represent the peak intensities of the electron- and hole-like YSR components as
measured on the Fe adatom within the chain, and a.p and a0 represent the measured ones on the
bare BiAg; surface, respectively. Figs. S3B and S3C show schematic views (top) and line profiles
of A (open symbols) for a ferromagnetically and antiferromagnetically ordered spin chain made
up of nine adatoms, respectively. The value of 4 on a non-magnetic substrate has to be zero by
definition, indicated by dashed lines in each panel. All 4 values have the same sign for the ferro-
magnetically ordered spin chain (Fig. S3B), whereas the sign is expected to alternate for the anti-

ferromagnetically ordered spin chain (Fig. S3C).

A constant-current STM image of a representative Fe chain is displayed in Fig. S3D. A spectro-

scopic d//dV(V) line profile along this Fe chain (horizontal dashed line in Fig. S3D) is presented



in Fig. S3E, while individual d//dV(eV) spectra of four of the Fe adatoms starting from the left side
of the chain in Fig. S3D are displayed in Fig. S3F, together with a d//dV(eV’) spectrum measured
above the BiAgy/Ag(111)/Nb(110) substrate for comparison. The red solid lines represent fits with
two Lorentzian functions to these spectra from which the spin asymmetry A of the YSR peak
intensities has been extracted. Fig. S3G shows the line profile of the determined spin asymmetry
A along the Fe chain. It is in agreement with the expected line profile for a ferromagnetically
ordered spin chain (Fig. S3B), but in clear disagreement with the assumption of an antiferromag-

netic spin chain (Fig. S3C).



Section 4. Evolution of the spectral characteristics of 2a-Fe chains as a function of chain

length

Fig. S4 shows the evolution of the spectral characteristics of the Fe-n chains with increasing chain
length up to n = 11, where 7 is the number of Fe hollow-site adatoms within the respective chain.
The dI/dV(eV) line profiles were measured along the Fe chains (i.e. in [110] direction on the BiAg>
surface), together with two substrate d//dV spectra outside the chains for comparison. All Fe-(n-1)
chains were extended to Fe-n chains by placing an additional Fe hollow-site adatom next to the
right end of the chain. The spectral characteristics of the Fe-n (n > 2) chains remain qualitatively
the same with increasing chain length: zero-energy edge states at both ends of the chain and finite

energy Y SR bands inside the chain.

The observed zero-energy end states exhibit a line-width of about 0.2 meV, as determined from a
Lorentzian function fit (see red line on Fe(1) in Fig. S5). Several contributions to this measured
line-width exist: the intrinsic width of the zero-energy end state, instrumental broadening as well
as residual thermal broadening effects (though a SC tip has been used to minimize the latter con-

tribution).

The spectral features at around E—Er = £0.35 meV are a signature of YSR band formation. The
width of the YSR bands is about 0.2 meV, as determined from Lorentzian function fits (see red
line on Fe(3) in Fig. S5). However, we note that the details of the in-gap band structure cannot be
captured from the experimental observation due to the narrow YSR band width and the spatial
inhomogeneities of the Y SR band resulting from potential disorder (see Fig. S9). This is in contrast
to previously studied magnetic chains bottom-up fabricated on SC Nb(110) substrates, revealing

unprecedented insights into the details of YSR band formation'$:1%-34,



Section 5. Hybridization induced splitting of the YSR state for an Fe adatom pair

Fig. S6 shows the effect of hybridization upon the formation of a pair of hollow-site Fe adatoms
with a distance of 3a ~ 1.49 nm on the SC BiAg» surface alloy. Spectroscopic d//dV(eV) line pro-
files were measured for an individual Fe hollow-site adatom as well as for a pair of such Fe ada-
toms with a spacing of 3a (along the [110] direction relative to the BiAg, surface) and afterwards

deconvoluted according to the procedure outlined in section S1.

The di/dV(eV) spectrum of the individual Fe hollow-site adatom clearly shows a single spectro-
scopic feature at the Fermi level, consistent with the spectroscopic data presented in Fig. 1L of the
main text. When a second Fe adatom is placed at a distance even as large as 3a along the [110]
direction, the YSR states of the two Fe adatoms hybridize and get split away from the Fermi level.
This is only possible because of the long-range nature of the YSR states of Fe hollow-site adatoms

(see section S2), which is not observed for YSR states of Fe bridge-site adatoms.
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Section 6. As-measured d//dV(V) and the deconvoluted spectra of each Fe adatom in the
Fe-11 chain

Fig. S7A presents differential tunneling conductance (dl/dV) spectra as a function of energy meas-
ured on each Fe hollow-site adatom within the Fe-11 chain, as displayed in Figs. 2E and 2H of the
main text. Fe(n) denotes the sequentially numbered Fe adatom in the chain, where n = 1 is the left
chain-end atom. The dashed lines in the panel indicate the positions of the Fermi level (Er). In Fig.
S7B numerically deconvoluted di/dV spectra of each Fe adatom within the Fe-11 chain are shown.
The dash-dotted lines in the panel indicate the positions of the centers of the YSR bands at +0.35

meV.
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Section 7. Spatial homogeneity of proximity-induced superconductivity in the BiAg: surface

alloy

Fig. S8A shows a constant-current STM image of the bare BiAgx/Ag(111)/Nb(110) sample with-
out any magnetic adatoms on the surface. Besides the presence of a few vacancies of surface Bi
atoms, a nanoscale LDOS variation is visible, as discussed in the main text. A spectroscopic
dZ/dV(V) line-profile measured across the bare BiAg, surface along the [110] direction is presented
in Fig. S8B. The SC coherence peaks observed at £2.58 meV show no spatial dependence within
the accuracy of the STS measurement over a length scale of more than 30 nm, indicating that the
proximity-induced superconductivity in the BiAg, surface alloy is spatially homogeneous and not
influenced by the spatial LDOS variations caused by the intrinsic potential disorder of the
BiAgy/Ag(111)/Nb(110) heterostructure. The reproducibility of the SC coherence peak positions
was analyzed by fitting the individual dZ/dV (V) curves of the spectroscopic line profile displayed
in Fig. S8B with four Lorentzian distribution functions to capture the negative d//dV dips outside
the SC coherence peaks as well. An example for the fitting is shown in Fig. S8C. Histograms of
the fitted SC coherence peak positions and the peak widths at positive bias voltage, as indicated
by the arrow in Fig. S8C, are displayed in Figs. S8D and S8E, respectively. The distribution of the
extracted peak widths is centered at around 84 peV, suggesting that the energy resolution in the
STS measurement at the given parameters is on the order of a few tens of pueV. The standard
deviation of the extracted peak positions is much smaller than the energy resolution, thereby
demonstrating quantitatively the spatial homogeneity of the proximity-induced superconductivity

in the BiA g layer, despite the presence of nanoscale potential disorder.
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Section 8. Comparison of spectral characteristics of Fe-11 chains at various levels of disorder

Fig. S9 shows the spectral characteristics of a few representative Fe-11 chains (along the [110]
direction) constructed atom-by-atom on different locations of the BiAg>/Ag(111)/Nb(110) sample
exhibiting various levels of disorder. The d//dV{(eV) line profiles of four different Fe-11 chains
(named chain #1 to chain #4) along the chains’ center, are presented in Fig. S9, A to D, respec-
tively. We note that all Fe-11 chains have exactly the same structure and 2a-spacing between the
Fe hollow-site adatoms, and they were all built on a defect-free BiAgy/Ag(111) surface region.
The electronic structure of the Fe chains, in general, appears to be highly reproducible, in particular
regarding the presence of edge states near the Fermi level at both ends and the formation of a YSR
band with a band edge around £ — Er = 0.3 meV. On the other hand, a random-like fluctuation in
the YSR band edge can typically be observed inside the chain. We attribute this effect to residual
nanoscale potential disorder due to subsurface defects in the bulk of the Ag(111) islands or at the
Ag(111)/Nb(110) interface. However, this type of nanoscale potential disorder does not prevent
the emergence of the zero-energy end states which can always be observed, independent of the

particular location of the Fe chain relative to the BiAgy/Ag(111)/Nb(110) heterostructure substrate.
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Section 9. Ab initio calculations

We prepared a crystal structure based on the BiAg2/Ag(111)/Nb(110) setup as described in the
main text. Since the Ag(111) layer is thick, we neglected the Nb(110) substrate. The system we
prepared based on the fixed lattice constant of fcc silver, aag = 4.0772 A, is shown in Fig. S10A.
There are three substrate layers that are kept fixed, followed by three surface layers that were fully
relaxed. Relaxations are performed using a projector augmented wave basis as implemented in
VASP>% \We first prepared the BiAg2/Ag(111) system without Fe atoms on the surface. Relaxed
Bi atoms are raised by approximately 0.6 A above the Ag atoms in the BiAgz surface layer. When
we placed Fe atoms in the centers of a Bi triangle, density functional theory (DFT) structure relax-
ation predicts a significant distortion of the local structure: The side of the Bi triangle shrinks from
4.99 A to 4.41 A. Also, the three Bi atoms surrounding the Fe atom are raised further above the
Ag surface, by 1.3 A compared to 0.6 A for the empty Bi triangular lattice. The substantial struc-
tural relaxations around Fe atoms explain why experimentally it seems so difficult to place Fe
atoms in linear chains with 1a lattice constant because Bi triangle relaxation would be severely
hindered. To study the magnetic properties of 2a-Fe chains on BiAg2/Ag(111) we prepared the
crystal structure shown in Fig. S10B by VASP relaxation for Fe chains. Here, a is the Bi-Bi lattice
spacing. We then employed DFT calculations based on the full potential local orbital (FPLO) basis
set®” and generalized gradient approximation (GGA) exchange correlation functional®® to investi-

gate the magnetic interactions of Fe chains on the BiAg> surface.

For this purpose, we calculated the energies of ferromagnetic (FM) and antiferromagnetic (AFM)
states. Note that due to the metallic nature of the Fe chain on BiAgz, the energy mapping is not as
precise as for insulating magnets. The bonding between the transition metals and Bi appears rela-
tively strong, however, so that the nature of the bond could have more covalent character than the
metallic bonding in the case of Fe on Nb(110)*°. We found that (i) 2a-Fe chains couple ferromag-
netically; (ii) the magnetic moments of Fe are 3.1ug; (iii) the exchange coupling for Fe (unit mo-
ments) is about —1.3 meV; (iv) an out-of-plane alignment of the ferromagnetic order is energeti-

cally preferred with an anisotropy AJ = 5.7 meV.
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Section 10. Tight binding calculations: Minimal model and phase diagram
The Hamiltonian studied in the main text is
H = Hgyrface + Hpe + Hr (S6)

with Hsurface being an effective Hamiltonian for the triangular net of Bi atoms, Hre the Hamiltonian
for the Fe adatoms, and Hr describing the coupling between Fe adatoms and the Bi surface. This
Hamiltonian is in class D, and does not possess mirror symmetry. We approximated the Bi sites

with a single orbital to obtain

Hgyrface = Z(ij) tl-jc;rcj +ia Z(ij) c;fa(oaﬁ X d;j),cjp + Ao i c;rTc;fl + H.c. (S7)
where (ij) indicates nearest neighbours and i runs over the position of all Bi atoms. We also have
t;; = u; being the site-dependent chemical potential, ¢;; = 100 meV the kinetic energy, o the mag-
nitude of conventional Rashba spin-orbit coupling, and Ao the singlet SC order parameter. In the
clean limit, u; = p is constant for all sites. We chose the lattice vectors a; = a(1/2,V3/2) and
a, = a(1/2,—3/2). Finally, we have ¢ = (c]},c]}) being the spinor for creating electrons at
site i, o the Pauli-matrices, and djj a unit vector pointing from site j to site i. From the band structure

in the normal state given in Ref.3!, with no disorder, we have a = 25 meV and p = -545 meV (see
Fig. 4B of the main text). The remaining terms of the Hamiltonian are:

HFe = Ure ZT a;l"-ar +] Zr aio-zar ) (88)
HF = FZ(H) aici 4+ H.c. (59)

Here, J is the ferromagnetic Zeeman coupling which represents the magnetic moment of the Fe
atoms, Mre is the chemical potential of the adatoms, and I' the hybridization between adatoms and
substrate. The index r runs over adatom sites, i.e., the hollow sites of the Bi triangular lattice, and
(ri) indicates adatom sites r and their adjacent substrate sites i. Furthermore, a] = (aI'T, a;r,l) is
the spinor for electrons on the adatom sites. Additional hopping between the Fe atoms has been
omitted as it will be quite small for the 2a-distance between neighboring Fe atoms. We note, how-
ever, that our results change only very little when including this term. In fact, it would further
stabilize the topological states and increase the region of the topologically non-trivial phase. More-
over, extending the hoppings in Hsurface beyond nearest neighbors does not change qualitatively

any of our conclusions — as long as the longer-ranged hoppings are significantly weaker than the

15



nearest-neighbor hoppings. Such weak modifications at best lead to negligible shifts of the bound-

aries of the topological phase.

Based on the above arguments we chose the following parameters for calculations in the clean
limit: (t, a, K, Ao) = (100, 25, -545, 70) meV. To calculate the topological phase diagram, we
considered 2a-Fe chains along the a; direction, with Fe adatoms in the hollow-site positions. To
determine the extent of the unit cell in the y-direction (perpendicular to the chain direction), we
started with only two Bi atoms and computed the topological phase diagram. Then we repeated
this step with four Bi atoms in the y-direction, leading to a similar phase diagram but with shifted
phase boundaries. We thus continued increasing the size of the unit cell in the y-direction until we
were satisfied that ten Bi atoms in the y-direction suppresses relevant changes of the phase bound-
aries. Thus, we worked throughout this paper with a unit cell containing 2 x10 Bi atoms and a
single Fe atom. To produce a realistic SC proximity effect, the 20 Bi atoms per unit cell coupled
to the SC order parameter being of the order of the SC bulk gap would be insufficient to mimic
the 3D bulk of the experimental substrate. To compensate for the relatively small unit cell, we

must correspondingly set Ag ~ t to see the appearance of coherence peaks at the SC bulk edge.

Here, we chose Ag= 70 meV. Assuming strong Fe-substrate coupling, I' = 35 meV, we found the
phase diagram as shown in Fig. 4C of the main text. For weak coupling, the topological phase
shrinks and vanishes when I' <20 meV. In the phase diagram the topological phase is bounded by
two lines, one linear and one a hyperbola, corresponding to gap closings. The linear phase transi-

tion is given by ] = +(ug. — 2t) while the hyperbola phase transition is given by

2
] = i\/(#pe + 2t + F—Z) + T2A¢* (ppe — 2t)2 (S10)
Hpe—2t

To see coherence peaks at the SC bulk edge for calculations with open boundary conditions, we
require many sites in at least one crystalline direction. This corresponds to a finely discretized
Brillouin zone, or in other words, yields many states around the bulk edge. As discussed for the
periodic Hamiltonian, ten sites in width is sufficient. A wider substrate could be simulated, but
this will greatly increase the computational cost of the disorder runs with little benefit.
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Section 11. Analysis of correlated disorder

In contrast to the clean limit, we considered now a site-dependent w; which combines the chemical
potential 1 and non-magnetic random disorder §u;, p; = p + u;. For the disorder analysis of our
effective substrate of Bi atoms, we chose the following parameters: (t, a, [, J, tre, Ao) = (100, 25,
-545, 22, 30, 70) meV. We modeled the disordered BiAg: surface by applying a correlated poten-
tial disorder 6u; to the substrate sites. We drew values from a Gaussian noise source Ng with mean

u = —545 meV and standard deviation D. We applied a low-pass filter to this noise source via
N = Y F[Su]e™ /K7 (S11)

with Fyx the Fourier transform over r or k, respectively, and K. the absolute value of the cutoff
wavevector. This low-pass filter eliminates fluctuations in the disorder potential with wavenumber
k > Kc. We chose K¢ = (0.25, 0.01), corresponding to nanoscale correlations along the a; direction.
We show in Fig. 2L of the main text an example of the chemical potentials y; produced by this
method, resolved in real space. We also plot the complementary histogram of chemical potentials,
and the Gaussian noise source (see Fig. 2L of the main text). We simulated several choices of D

and find that Majorana modes are robust up to D > A for potential disorder on substrate sites.

We note that other types of disorder lead to comparable results to those given in the main text. To
demonstrate this, we first considered correlated disordered hoppings (“bond disorder”) between
the substrate atoms. We followed the same strategy to correlate the disorder as explained above.
In Fig. S11 we show plots analogous to the main text but for disordered substrate hoppings. Also
for this type of disorder we can close the bulk gap with increasing disorder strength D. For D =
50 meV the bulk gap cannot longer be resolved (see DOS plot at first site in Fig. S11A), but well-
pronounced zero-energy peaks are still visible. As in the main text, the DOS plot is disorder-aver-
aged over 100 disorder realizations; the blue curve is the average, and the faint blue region corre-
sponds to twice the standard deviation. In Fig. S11B we show the LDOS as a function of energy
E and position x (integrated over y) for a single representative disorder realization. For E = 0, we
also show in the lower panel the LDOS(x, y) with well-defined spectral weight at the chain ends.
Both plots show some aperiodic behavior, as expected from the random disorder and in line with
the experimental observation. As for the previous case, we found that Majorana modes are robust

upto D > A.
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As a second case, we considered disorder in the hybridization (i.e., the hoppings) between the
magnetic adatoms and the substrate atoms. As the chain is only 11 sites long, and each adatom is
coupled to its three neighboring Bi atoms, only a total of 33 hoppings is affected. Thus we did not
correlate the disorder for this example, but do not expect any significant difference if we did. The
effect of disorder in the substrate is clearly much weaker for the topological chain, compared to
disorder which couples directly to the chain as is the case here. In line with this expectation, we
found that the topological gap is already closed for D =~ 10 meV; as shown in Fig. S11C, well-
pronounced peaks at E = 0 can still be observed in the DOS of the first site. In Fig. S11D we show
again the LDOS for a single representative disorder realization, substantiating that the gap is
closed, and that the E = 0 peaks correspond to localized states at the chain ends. Majorana modes
remain robust for even larger values of D but in contrast to the other considered types of disorder,
the topological phase breaks down when D > A. As observed for the other disorder types, the

aperiodicity within the chain is well pronounced.

We expect that other possible types of disorder such as potential disorder on the chain and disor-
dered hoppings between adatoms would lead to comparable results. It is obvious that the specific
type of disorder is not essential — what matters is only the presence of non-magnetic disorder. The
specific type of disorder only rescales the critical disorder strength D, where topological super-
conductivity breaks down. These findings let us to conclude that in the topological phase we see
the zero-bias peak due to Majorana modes to be robust to disorder, even when the topological gap

vanishes.
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Figure S1.
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Fig. S1. Numerical deconvolution of tunneling spectra from Superconductor-Insulator-
Superconductor (SIS) junctions. (A) Differential tunneling conductance (dI/dV) spectrum as a
function of energy (eV) measured on the BiAg: surface alloy at two close tip-sample distances,
where the closer one is corresponding to a lower junction resistance. Dashed lines indicate the
determined superconducting (SC) energy gaps of the Nb-tip Ar and the sample surface As as well
as their sum As+ Ar. (B) An exemplary dI/dV(eV) spectrum measured on top of an Fe bridge-site
adatom. The determined Fermi level (Er) of the sample surface is shown as dashed lines. The
Dynes density of states (DOS) of the tip with a finite quasiparticle lifetime T", which is used for
the numerical deconvolution, is displayed as well (see equation S2). The parameters to describe
the tip’s DOS are Ar=1.05 meV and I" = 16 peV. The arrows in both panels indicate the mirrored
peaks caused by thermal excitation. Measurement parameters: T = 4.2 K, Vstab =5 MV, Vimod = 40

uV, fmod = 1.2 kHz. For (B): Istan = 1 NA.
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Figure S2.
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Fig. S2: Long-range nature of YSR states of single Fe adatoms on the BiAg: surface alloy.
(A) Constant-current STM image of the BiAg. surface alloy with Fe bridge-site (green arrow) and
Fe hollow-site (yellow arrow) adatoms. The scale bar corresponds to 10 nm. (B) Differential tun-
neling conductance (d1/dV) spectra as a function of energy measured on Fe hollow-site and (C)
bridge-site adatoms on BiAg2. The vertical arrows and dashed lines in (B) and (C) indicate the
energies for which spectroscopic maps were obtained, corresponding to panels (D) to (I). The

di/dV spectrum measured on the bare BiAg. surface alloy is additionally plotted for comparison.
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The shaded areas indicate the positions of the Fermi level (Er). (D to 1) Spectroscopic dI/dV maps
for the area presented in panel (A) at representative energies inside the superconducting gap (see
arrows in panels (B) and (C)). (J to L) Line cuts of the dI/dV maps near the Fe hollow-site adatom
along the [110] direction, as indicated by dashed arrows in panels (D) to (1), on a semi-logarithmic
scale. (M to O) Line cuts of the dI/dV maps near the Fe bridge-site adatom, as indicated by solid
arrows in panels (D) to (1). Dashed lines in panels (J) to (O) are guided envelope functions (see
text). Measurement parameters: for all; T = 4.2 K, Vstan = 5 mV, lstab = 0.5 NA, fmod = 1.097 kHz.
For (B) and (C): Vmod = 50 pV, and for all other measurements: Vmod = 0.1 mV.
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Figure S3.

A % YSR tip
5 =400 mT
] Fe
BiAg,
Ag{111)

Nb(110)

>

— Parallel
— Antiparallel

y

Decoaceicecl 127

— —-[110]

\S)

-

difdV (arb. units)

Vv (mV)

| Fe@)

di/dV (arb. units) + offset

B G90660666 | ©| 609090004

G
1-M 1 :
< o 0- < 0.0+ §
-1 4 -1 0.3 4

Fig. S3. Ferromagnetic state of the bottom-up fabricated 2a-Fe chains on the BiAg: surface

alloy. (A) Scheme of spin-polarized scanning tunneling spectroscopy (SP-STS) using a YSR-tip
applied to bottom-up constructed Fe chains on a BiAg> surface alloy prepared on
Ag(111)/Nb(110). (B to C) Schematics of the expected line profile of the spin asymmetry A ex-
tracted from SP-STS measurements on (B) a ferromagnetic 9-atom chain and (C) an antiferromag-
netic 9-atom chain. The dashed lines represent the expected value of zero for A in case of a non-
magnetic system. (D) Constant-current STM image of an artificially constructed Fe chain on
BiAg2/Ag(111)/Nb(110). The scale bar corresponds to 2 nm. (E) Line profile of the bias-dependent
differential tunneling conductance (d1/dV) measured along the center of the Fe chain, as indicated
by the horizontal dashed line in panel (D). The x-axis denotes the sequentially numbered Fe atoms
from the left to the right side of the chain. (F) Individual dl/dV spectra measured above the four
Fe adatoms starting from the left end of the chain together with a di/dV spectrum of the bare
BiAg2/Ag(111)/Nb(110) substrate. The solid red lines are fits to the measured spectroscopic data
from which the values of the spin asymmetry A have been extracted. The dashed lines indicate the
positions of the YSR peaks. (G) Line profile of the spin asymmetry A extracted from the SP-STS
data of the Fe chain revealing the presence of ferromagnetic order within the chain. The open

symbols represent the determined values of A at each Fe adatom position and for the bare BiAgQ:
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surface (right-hand side). The error bars are the 95 % confidence values obtained from the fits near
the YSR peaks, shown as solid lines in panel (F). Measurement parameters: T = 0.32 K, Vstah =5
mV, lsap = 0.5 nA; for (E) and (F): Bext = 0.4 T, Vimod = 0.1 mV, fmoq = 4.55 kHz.
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Figure S4.
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Fig. S4. Evolution of the spectral characteristics of 2a-Fe chains as a function of chain length.
Line profiles of the differential tunneling conductance (dI/dV) measured along the center of Fe-n
chains from Fe-1 (left) to Fe-11 (right), where n is the number of Fe adatoms in the chains with an
interatomic distance of 2a. The horizontal dashed lines correspond to the Fermi level (Ef) of the
sample. Measurement parameters: T = 4.2 K, Istab = 1 NA, Vstab =5 MV, frmod = 1.234 kHz, and Vmod
=40 pV.
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Figure S5.
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Fig. S5: Analysis of the line-width of the zero-energy end state vs. the width of the YSR bulk
band of the Fe-11 chain. Differential tunneling conductance (dI/dV) spectra as a function of en-
ergy for negative sample bias measured above the end atom Fe(1) and bulk atom Fe(3) positions
of the Fe-11 chain, as shown in Fig. 2J of the main text. The red solid lines are the fitted curves
for the peaks near the Fermi level Er (dashed line), where a single or two Lorentzian functions
were used to determine the positions and line-widths of the states for the end and bulk atom, re-
spectively. The vertical arrows indicate the determined peak positions of the end mode at zero
energy (blue arrow), the center of the bulk band at about £—~£F =—-0.35 meV (black arrow), and its
thermally mirrored peak (red arrow). The line-widths of the zero-energy mode as well as the YSR

bulk band are about 0.2 meV. The spectra are offset for clarity.

27



Figure S6.
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Fig. S6. Hybridization induced splitting of the YSR state for an Fe pair. (A) Schematic of a
pair of Fe hollow-site adatoms with a distance of 3a on the BiAg: surface alloy. (B) Constant-
current STM image of such Fe pair. (C) Line profiles of the deconvoluted differential tunneling
conductance (dl/dV) spectra obtained for an individual Fe hollow-site adatom and along the center
of a pair of Fe hollow-site adatoms with a distance of 3a. The hybridization-induced splitting of
the YSR state upon formation of the Fe pair is clearly visible even for an Fe-Fe distance of 1.49

nm. Measurement parameters: T = 4.2 K, Istap = 1 NA, Vstap = -5 MV, and Vmeg = 50 pV.
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Figure S7.
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Fig. S7: As-measured dl/dV(eV) and the deconvoluted spectra of each Fe adatom in the Fe-
11 chain. (A) Differential tunneling conductance spectra (d1/dV) as a function of energy as meas-
ured on each Fe hollow-site adatom within the Fe-11 chain, displayed in Figs. 2E and 2H of the
main text. Fe(n) denotes the sequentially numbered Fe adatom in the chain, where n = 1 is the left
chain-end atom. The dashed lines indicate the positions of the Fermi level (Ef). (B) Numerically

deconvoluted dl/dV spectra of each Fe adatom within the Fe-11 chain. The dash-dotted lines in the
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panel indicate the centers of the YSR bands at +0.35 meV. All the spectra are offset for clarity.
Measurement parameters: T = 4.2 K, lstab = 1 DA, Vstab = 5 MV, Vimod = 40 pV.
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Figure S8.
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Fig. S8. Spatial homogeneity of proximity-induced superconductivity in the BiAg: surface
alloy. (A) Constant-current STM image of the BiAg2 surface alloy without Fe adatoms. The scale
bar corresponds to 10 nm. (B) Line profile of the differential tunneling conductance as a function
of sample bias, dI/dV(V), along the BiAg2 surface as indicated by the dashed arrow in panel (A).
The spatial homogeneity of the proximity-induced superconducting (SC) state is apparent despite
the nanoscale LDOS variations observed in (A). (C) Representative dI/dV(V) spectrum selected
from panel (B), plotted with the best-fit curve using four Lorentzian functions. Measurement pa-
rameters: T = 320 mK, Istab = 1 NA, fmod = 4.142 kKHZ, Vimod = 20 pV; for (A): Vs = 50 mV; for (B)
and (C); Vstan = 6 mV. (D to E) Histogram of (D) the SC coherence peak positions and (E) peak
widths extracted from the spectroscopic line profile in (B) using the fitting procedure at positive
sample bias, as indicated by vertical arrow in panel (C), along with the Gaussian distribution
curves (solid lines). The values for the standard deviation of both distributions are given at the top

of each panel.
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Figure S9.

Fig. S9. Comparison of spectral characteristics of Fe-11 chains at various levels of disorder.
(A to D) Line profiles of energy-dependent differential tunneling conductance (dI/dV) of a few
representative Fe-11 chains with 2a spacing for various levels of potential disorder. The spectra
were measured along the center of Fe-11 chains which were bottom-up fabricated on different
BiAg2/Ag(111) islands on Nb(110). The horizontal dashed lines correspond to the Fermi level (EF)
of the sample. The x-axes denote the sequentially numbered Fe atom from the left to the right side
of the chains. Measurement parameters: T = 4.2 K, Vstab =5 mV, and Vimod = 40 pV; for (A): lstap =
1 nA, fmod = 1.234 kHz; for (B): Istab = 0.4 nA, fmod = 4.55 kHz; for (C): Istab = 0.4 NA, fmod = 2.22
kHz, and for (D): Istab = 0.5 NA, fmod = 2.22 kHz.
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Figure S10.
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Fig. S10. Ab initio calculations. (A) View of the a-c plane of the BiAg2/Ag(111) heterostructure
(side view) revealing six Ag(111) layers: the three bottom layers are fixed, while the top three
layers are relaxed. The top layer forms the BiAg: alloy. (B) Top view showing the relaxation of
the Bi atoms surrounding Fe atoms (Ag = silver, Bi = purple, Fe = bronze). Fe atoms are separated

by a distance of 2a.
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Figure S11.
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Fig. S11. Theoretical analysis of the influence of other types of disorder on Majorana zero
modes. (A) Averaged density of states (DOS) at the ends of Fe chains in the topological phase
with L = 11 for correlated bond disorder between substrate atoms. The solid lines indicate the mean
and the shaded regions twice the standard deviation for 100 disorder realizations. (B) Local density
of states LDOS(E, x) plots for one disorder realization in the topological phase for chain length L
=11 for correlated bond disorder between substrate atoms. (C), (D) Same as A and B, but for bond
disorder between magnetic adatoms and their neighboring substrate atoms. For all plots we used
Mre =30 meV and J = 22 meV.
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