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Supplementary Note 1: extensive scanning transmission electron microscopy (STEM)

characterization

We checked the robustness of both the stacking sequence and the atomic lattice for CrSBr using
scanning transmission electron microscopy (STEM). The wide-range in-plane atomic resolution
STEM images rarely show atomic defects (Supplementary Fig. 1a) and the wide-range cross-
sectional STEM images consistently show the right overlying stacking between layers
(Supplementary Fig. 1b). Therefore, we believe that the crystal structure of CrSBr is robust and
that our sample is of high quality.

Supplementary Fig. 1 | Extensive STEM characterizations. a. wide-range atomic resolution
scanning transmission electron microscopy (STEM) image of CrSBr in the ab-plane. b Side-view
atomic resolution STEM image in the ac-plane.
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Supplementary Note 2: atomic force microscopy (AFM) characterization

Atomic force microscopy (AFM) captures the surface roughness and atomic steps, with a height
resolution of ~ 0.1 nm. Supplementary Fig. 2a shows a representative AFM image taken over a
CrSBr sample where we performed second harmonic generation rotational anisotropy (SHG RA)
measurements. Over an area of about 130 x 250 um?, we only observed a few atomic step sizes of
height ~1-2 nm in the lower right corner of a 30 x 55 pm? area (see a linecut in Supplementary Fig.
2b). For the rest of the field of view, it is a single atomic terrace with a standard deviation of height
to be 0.086 nm (see the histogram of height distribution in Supplementary Fig. 2c). Therefore, our
CrSBr single crystals with freshly cleaved surfaces show highly flat surfaces with low density of

atomic steps.
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Supplementary Fig. 2 | AFM characterization of CrSBr sample. a. atomic force microscopy
(AFM) image taken over a CrSBr sample. b. Linecut height profile indicated by the yellow dash
line in a. ¢. Histogram of height distribution from the flat region. The red curve indicates the
Gaussian fit, yielding the standard deviation to be 0.086 nm.
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Supplementary Note 3: magnetization measurement of bulk CrSBr

We performed magnetization measurement on the same sample where the SHG RA measurements
were performed. As is shown in Supplementary Fig. 3a, apart from the diverging behavior at 7x
that indicates the bulk antiferromagnetic (AFM) phase transition, an anomaly is evident at 7¢ = 30
K, marking the onset of the possible ferromagnetic phase transition. Here, only a weak signature
has been observed in our high-quality crystal, consistent with the proposal that this phase transition
is related to the magnetic defects inside the crystal. We have also fitted the high temperature (>150
K) magnetic susceptibility using the Curie-Weiss Law:

¢ (1

X=X0+ﬁ,

where ), is the temperature-independent susceptibility arising from the background, C is a

constant and T, is the Curie-Weiss temperature (Supplementary Fig. 3b). The fitted 7o= 152 K.
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Supplementary Fig. 3 | Magnetization measurement of bulk CrSBr. a, Magnetization
measured as a function of temperature. A magnetic field of 1000 Oe was applied along the
crystallographic b-axis for the measurement. The inset shows the zoom-in region illustrating the
anomaly at 7r = 30 K, where the possible ferromagnetic phase transition happens. b, Temperature
dependence of the inverse magnetic susceptibility. The black dash line shows the fitting of the data
using the Curie—Weiss law.
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Supplementary Note 4: high temperature oblique SHG RA from bulk CrSBr and SHG

radiation source determination

Supplementary Fig. 4 shows the SHG RA patterns measured at 293 K and 185 K on the same
sample but at different locations. Both sets of the patterns show the same symmetries: two-fold
rotational symmetry about the c-axis (Ca), and mirror symmetries with respect to mirrors
perpendicular to a-axis (m,) and b-axis (mp), consistent with the crystallography point group mmm.
They also show similar shapes and SHG intensities. The characteristic temperature scale 7* = 185

K that indicates the presence of spin-spin interaction cannot be captured by our SHG RA technique.

Supplementary Fig. 4 | SHG RA patterns at high temperatures. Four channels of SHG RA
patterns measured at a, 293 K and b, 185 K. Experiment data (circles) are fitted by functional
forms simulated based on group theory analysis (solid curves). Numbers at the corners indicate
the scales of the polar plots, with 1.0 corresponding to 1 fW.

The experimental data has been fitted with the functional forms simulated from the electric
quadrupole (EQ) contribution under the point group mmm and shown as solid curves in
Supplementary Fig. 4. Other radiation sources including surface electric dipole (ED), bulk
magnetic dipole (MD) and electric field induced second harmonic (EFISH) have been ruled out.
Supplementary Fig. 5 shows the SHG RA raw data measured at 7 = 185 K, together with the
simulated pattens under bulk EQ (point group mmm), surface ED (point group mm?2), bulk MD
(point group mmm), and EFISH at the surface, with the induced dipole along the c-axis (point
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group mmm), using the functional forms provided. We see that the raw data match the EQ
simulation the best. Specifically, in the other three cases, there is always one channel showing no
SHG signal, in contrast with our raw data, where SHG signals are present in all four channels.

Consequently, we have pinned down bulk EQ as the primary source for our SHG signal.
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Supplementary Fig. 5 | Simulation results for various SHG radiation sources. SHG RA raw
data measured at 185 K in all four channels, together with the simulated pattens from bulk electric
quadrupole (EQ), surface electric dipole (ED), bulk magnetic dipole (MD) and electric-field-
induced second harmonic (EFISH) at the surface.

Here, we provide the simulated functional forms of the SHG RA patterns at the high temperature
from different radiation sources under the corresponding point groups that are used to construct

Supplementary Fig. 5.
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1.

Bulk EQ under the point group mmm:

The rank-4 nonlinear optical susceptibility tensor has the form:

Xmm 2)
Xxxxx 0 0 0 Xxyxy 0 0 0 Xxzxz
0 Xxxyy 0 Xxxyy 0 0 0 0
0 0 Xxxzz 0 0 0 Xaxzz 0 0
0 nyxx 0 nyxx 0 0 0 0 0
= Xyxyx 0 0 0 Xyyyy O 0 0 Xyzye ’
0 0 0 0 0 Xyyz 0 Xyyzz O
0 O XZZXX O 0 0 XZZXX O O
( 0 0 0 ) 0 0 Xegyy 0 Xezyy O
Xzxzx 0 0 0 Xzyzy 0 0 0 Xzzzz
leading to the following functional forms for the radiation.
In the Pin-Pout channel:
Sgg,mmm = Sin[@] 2 (_XZZZZCOS [9] Sin [6] 2 — Cos [9] 3 (XZXZXCOS [¢] 2 (3)

+ XzzyySin[$]%))?

+ Cos[0]%(2Cos[0]?Sin[0] (YxxzCos[p]? + Xyyz-Sin[¢]?)
— Sin[0]% (Yxzxz2CoS[@]? + Xyzy-Sin[¢]?)

— Cos[0]7Sin[0] (ryxxx COS[P]* + (2Xxxyy + Xxyxy T Xyxyx
+ 2Xyyx) Cos[@]?Sin[@]% + xyyyy Sin[¢]*))?.

In the Pin-Sout channel:
Skommm = 2xxzz = Xyyzz) Cos[0]%Cos[¢]SIn[0]Sin[¢] — (xaxz 4)
— Xyzy2)Cos[@]Sin[0]°Sin[¢] — Cos[0]?Sin[0](Otxxxx
— Xyxyx — 2Xyyxx) COs[@1°Sin[] + (2oxxyy + Xxyxy
— Xyyyy)Cos[@]Sin[¢]*))?.

In the Sin-Pout channel:
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Siigg,mmm = COS[H]ZSin[Q]Z(Xzyzycos[¢]2 + szszin[d)]z)z (5)
+ COS[B]ZSin[Q]Z()(nyyCOS[¢]4 + (Xxxxx - 2()(xxyy
+ nyxx) + nyyy)COS[¢]ZSin[¢]2 + nynyin[¢]4)2'

In the Sin-Sout channel:
Siigg,mmm = Sin[e]z(()(xyxy + 2nyxx - nyyy)cos[¢]3Sin[¢] + (Xxxxx (6)
- 2Xxxyy - nyyx)cos[¢]Sin[¢]3)2'

where 0 is the incident polar angle and ¢ the azimuth angle between the scattering plane and the
crystallographic a-axis.

Surface ED under the point group mm2 and i-type surface ED under the magnetic point group
m'm2":

The rank-3 nonlinear optical susceptibility tensor has the form:

0 0 Xxxz (7

o) (o ( 0 )

XXXZ 0 0

0 0 0
X rE;l[r)nZ = (O> 0 (ny
0 Xyyz 0
0
0

(7) () (o)

leading to the following functional forms for the radiation.

N
N—————

In the Pin-Pou channel:
PP _ 4c; 2 2 : 2)2 (8)
SED,mmZ - 4COS[9] Sln[e] (XXXZCOS[¢] +ny251n[¢] )
+ Sin[6]? (xyz,Sin[6]1?

2

+ CoS[B]? (XuxxCOS[P]? + Xapy Sin[]2) )

In the Pin-Sout channel:
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2 . .
Sk mmz = 4(Xaxz — Xyyz) Cos[6]%Cos[$]?Sin[6]?Sin[¢p]?.

In the Sin-Pout channel:

Sgg,mmz = Sin[g]z(XzyyCOS[(p]z + szxSin[¢]2)2'

In the Sin-Sout channel:

SS —
SED,mmZ - 0'

. Bulk MD under the point group mmm:

The rank-3 nonlinear optical susceptibility tensor has the form:

0 0 0

0 Xxyz 0
b 0 0 Xyxz

Xyxz 0 0

0 szy 0

szy 0 0

0 0 0

leading to the following functional forms for the radiation.

~

In the Pin-Pout channel:
Stipmmm = 4Cos[0]?Sin[6]?(Cos[0]*
+ Sin[6]*) (yxzCos[P]* — Xxy,Sin[p]*)?.

In the Pin-Sout channel:

SI\};I%,mmm = (Xxyz + Xyxz — szy)zCOS[9]4Sin[9]ZSin[2¢]2-

In the Sin-Pout channel:

Sk =0.

MD mmm
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In the Sin-Sout channel:

Siipmmm = XzxySin[6]?Sin[2¢]?.

4. EFISH with induced electric dipole along the c-axis under the point group mmm:

The rank-4 nonlinear optical susceptibility tensor has the form:

X
Xxxxx 0 0 0 Xxyxy 0 0 0 Xxzxz
0 Xxxyy 0 Xxxyy 0 0 0 0
0 0 Xxxzz 0 0 0 Xaxzz 0 0
0 nyxx 0 nyxx 0 0 0 0 0
= Xyxyx 00 0 Xyyyy O 0 0 Xyzyez
0 0 0 0 0 Xyyz 0 Xyyzz O
0 O XZ ZXX O 0 0 XZ ZXX O O
0 0 0 0 0 Xezyy 0 Xezyy O
Xzxzx 0 0 0 Xzyzy 0 0 0 Xzzzz

leading to the following functional forms for the radiation.

In the Pin-Pout channel:

SEPIfISH,mmm = 4COS[9]4Sin[9]2(szxzcos[d)]z +XyzyZSin[¢]2)2
+ Sin[e]z()(zzzzSin[g]z + COS[H]Z(XZXXZCOS[(p]Z
+ XayyzSin[$]?))?

In the Pin-Sout channel:

SglgISH,mmm = 4(Kxzxz — Xyzyz)zCOS[Q]ZCOSM)]ZSHI[Q]ZSinw)]z

In the Sin-Pout channel:

SgII;ISH,mmm = Sin[g]z()(zyyzcos[d)]z +XZXXZSin[¢]2)2

In the Sin-Sout channel:

SS —
SEFISH,mmm = 0.
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Supplementary Note 5: domain survey on bulk CrSBr

We have surveyed several locations on two pieces of bulk CrSBr samples. Supplementary Fig. 6a
and 6b present the optical image of the two CrSBr samples. Supplementary Fig. 6¢ shows the SHG
RA patterns measured in the Pin-Pouw channel at the locations numbered and labeled in

Supplementary Fig. 6a and 6b. It can be noted that each of the CrSBr sample is a single domain.

Supplementary Fig. 6 | Spatial survey of magnetic domains of bulk CrSBr. Optical image of
a, sample 1 and b, sample 2. ¢, SHG RA in the Pi-Poy channel measured at the locations numbered
and labelled in a and b. Experiment data (circles) are fitted by functional forms simulated based
on group theory analysis (solid curves). Numbers at the corners indicate the scales of the polar
plots, with 1.0 corresponding to 1 fW.

We also surveyed the SHG RA patterns at the same location on the sample through multiple
thermal cycles. Supplementary Fig. 7a shows the SHG RA patterns in the four polarization
channels observed through the first cool down. After heating up to 185 K (Supplementary Fig. 7b)
and cool down to 80 K again, a different set of SHG RA patterns are observed (Supplementary
Fig. 7¢). The patterns shown in Supplementary Fig. 7a and Supplementary Fig. 7c are related by
m, and C,., which are the relations between the degenerate magnetic domains. This indicates that

different magnetic domains are randomly selected through each thermal cycle. We have performed

four thermal cycles, one of which shows the flip of the SHG RA patterns.
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T=80K
Cycle 1
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T=185K
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Supplementary Fig. 7 | Magnetic domains of bulk CrSBr under different thermal cycles. SHG
RA patterns measured at the same location on the sample through multiple thermal cycles. Two
sets of patterns, related by m, and C,., have been observed at 80 K, which come from a, domain
B and ¢, domain A. b, SHG RA patterns measured at 7= 185 K. Experiment data (circles) are
fitted by functional forms simulated based on group theory analysis (solid curves). Numbers at the
corners indicate the scales of the polar plots, with 1.0 corresponding to 1 fW.
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Supplementary Note 6: superposition of surface ED and bulk EQ

Here, we provide the functional forms of SHG radiation under the superposition of bulk EQ and
surface ED. The nonlinear optical susceptibility tensor for bulk EQ has already been given in
Supplementary Note 4. We now need to consider the time-variant (c-type) SHG radiation from the

surface under the magnetic point group m'm2’:

The rank-3 nonlinear optical susceptibility tensor has the form:

) () ()
) (%) ()

ED,c,A __
Xmlle -

XXXX
( 0
0

0
(nyy
0

(22)

0 0 Xzxz
() @) ()
Xzxz 0 0

xx 0 0 (23)
) (o) (2)
0 —Xxzz
XED,C,B _ (_X

mrm2/

0 —Xzxz
(o) @) (%)
—Xzxz 0 0

for domain B. Note that the rank-3 nonlinear optical susceptibility tensors for domain A and B are

for domain A, and

I
coof

<

>

<

N———
I

oo
S
<

N———

/N

o O O

N———

o OO

related by a minus sign because of the time-reversal relation, leading to the different interference
patterns shown in Figure 4 of the main text. The radiation solely from the c-type surface ED under

the magnetic point group m'mz2’ is:

In the Pin-Pout channel:
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S memas = (~22xsCosl6]Cos[1Sin[0]? (24)
+ Cos[6] ()(XZZCOS[¢>]Sin[9]2
+ Cos[6]? (xxxxCos[]®
2
+ (tagy + ZXyXy)COS[q.')]Sin[q')]Z))) .
In the Pin-Sout channel:
S8 memzs = (XuzaSin[0]Sin[ ) (25)
2
+ Cos[01% ((ioux = 2yny )COSIBISIN[B] + XoyySinlg17))
In the Sin-Pout channel:
S5 mimar = (Co10)(Xuyy COSIAT® + (Xux — Ztyay)Cosl@lsinlg]?)) . O
In the Sin-Sout channel:
? (27)

S5 mimzr = (Oayy + 2Xyy)COSIPIZSIn[] + X Sin[]° )

Note that the SHG radiation from domain A and B share the same form. Only the interference
between the surface magnetism and the bulk EQ radiations will lead to distinct patterns between

domain A and domain B, as is shown below:

Considering the interference between surface ED with surface magnetism under the magnetic

point group m'm2’ and EQ under the point group mmm:

In the Pin-Pout channel:
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SE rg = (SIN[B](—2XyxCoS[B]COS[P]SIN[B] — Xz, CoS[O]Sin[6]2 (28)
— C0S[0]° (Xzx2xCOS[]? + XzyzySin[¢]?)
+ 2Cos[0]Sin[0]? (Xz2xxCOS[P]* + Xzzyy Sin[¢]?))
+ Cos[6] (XxzzCos[p]Sin[6]?
+ 2Cos[0]%Sin[6] (Xxxzz Cos[P]? + Xyyz,Sin[¢p]?)
— Sin[6]° (XxzxzCos[P]? + Xyzy-Sin[¢]?)
+ Cos[0]% (xxxCos[@]® + (Xuyy + 2Xyxy) Cos[¢]Sin[¢]?)
— Cos[0]7Sin[0] (XxxxxCOS[P]* + (2Xxxyy + Xxyxy T Xyxyx
+ 2Xyyx) Cos[@p]Sin[p]? + xyyyy Sin[]*)))?.

In the Pin-Sout channel:
Stp+Eg = (20xxzz — Xyyz2) Cos[0]Cos[$]Sin[6]Sin[¢] (29)
+ XxzzSIn[0]%SIn[P] — (Xxzxz — Xyzyz) COs[@]Sin[0]°Sin[¢p]
+ Cos[0]% ((Xxxx — 2Xyxy) CoS[PI?Sin[@] + Xxyy Sin[p]°)
— Cos[0]7Sin[0]((txxxx — Xyxyx — 2Xyyxx)Cos[@]°Sin[¢]
+ (QAxxyy T Xayxy — Xyyyy) Cos[@]Sin[¢]*))?.

In the Sin-Pout channel:
Stb+re = (—Cos[0]Sin[8] (Xzyzy Cos[B]® + XzxzxSinlep]?) (30)
+ Cos[0] (xyy Cos[¢]® + (xxx — 2Xyxy)Cos[¢]Sin[¢]?
= Sin[8] (Xuyxy COs[P]* + Otxxx = 2y F Xyysn)
+ Xyyyy) Cos[@17Sin[@]? + XyxyxSin[¢]*)))?.

In the Sin-Sout channel:
Sip+re = (Olxyy T 2Xyxy) COS[@1?Sin[p] + xyxxSin[p]?® — SIN[0]((xyxy  B1)
+ 2Xyyxx — Xyyyy) COS[PI*SIn[P] + (uxxx = 2Xxxyy
— Xyxyx) Cos[@]Sin[¢]%))?
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for domain A. Domain B shares the similar functional forms with an additional minus sign before

all the rank-3 tensor elements y; j.
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Supplementary Note 7: thickness dependent SHG measurements

The symmetry analysis discussed in the last section is the primary criterion to distinguish the
surface and bulk contributions to SHG. Besides, we performed thickness dependent SHG RA at
80 K as a secondary check to confirm the surface ED SHG origin from the surface AFM order.
We investigated three different thickness, 160nm, 450nm, and 7500nm (7.5 pm) that are quantified
by the atomic force microscopy measurements. In Supplementary Fig. 8, we show their SHG RA
patterns in the Sin-Sow channel and their decomposition into the bulk EQ and surface ED

contributions. We can clearly see that:

a) As the thickness increases, the surface ED SHG contribution stays nearly the same.
This is consistent with its surface nature.

b) In contrast, when the thickness increases, the bulk EQ SHG contribution increases
which is also consistent with its bulk nature. From the trend, we can also roughly

estimate our light penetration depth is slightly deeper than 450nm.

With the confirmation of the surface origin of SHG that onsets at 75 = 140 K, we are confident

about our assignment of the surface layered AFM order.
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(m’m2’)

7500 nm

Supplementary Fig. 8 | Thickness dependent SHG RA. Optical image, bulk EQ and surface ED
SHG contributions in the Sin-Sout channel and their interference for samples with thickness a. 160
nm b. 450 nm and ¢. 7500 nm. All the patterns are measured at 80 K. Red dots in the optical images
indicate the location for SHG measurements. Experiment data (circles) are fitted by functional
forms simulated based on group theory analysis (solid curves). Numbers at the corners indicate
the scales of the polar plots, with 1.0 corresponding to 1 fW. EQ: electric quadrupole, ED: electric
dipole.
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Supplementary Note 8: SHG RA measured in sequence of time

We prove the stability of our system by showing the consistency of RA SHG data taken at the
same temperature but 45 minutes apart. Supplementary Fig. 9 shows four RA SHG patterns taken
every 15 min in the Pin-Pour channel at 130 K. Within our technique sensitivity, there are no

observable changes in the measured patterns, indicating the system is in its equilibrium state.

Supplementary Fig. 9 | SHG RA patterns taken every 15 min in the Pin-Pou channel at 130 K. No
observable changes are detected, indicating the system is in its equilibrium state. Experiment data
(circles) are fitted by functional forms simulated based on group theory analysis (solid curves).
Numbers at the corners indicate the scales of the polar plots, with 1.0 corresponding to 1 fW.
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Supplementary Note 9: temperature dependence of C:” and D5”

The C5P = yyux and DEO = Xxyxy + 2Xyyxx — Xyyyy fitted from the temperature-dependent
SHG RA in the Sin-Sou channel are plotted in Supplementary Fig. 10. Both C£P and DS have a

relatively large uncertainty. Despite this, Df s capable of tracking 7** and Ts, similar as Df %in

the Fig. 5c of the main text. However, unlike Df ? Df ? cannot capture 7n due to the larger
uncertainty.

a T, T, .T** .T* b T, T, IT** T

20+ : N 1.0+ : -
%' | A & §9000%¢
—_ : e 0, I
(7] | =] % 1 1

€ 10t %% 1 g-15¢ LT A
> . % © éb I !
0 1 @ 1 1
s % £ | = & :

a i Lol | | X _ L @ CI) e} Lol | i
N 0 tT ] | o 2.0 é @ Qi |
(&) s e 1 Wy é s e 1
T = 1 Q T = 1
< _8 | 1 @ < 3 1 l
AFM a S, PM AFM h £, PM |
-10 : - = - 25 ‘ ' : -
90 120 150 180 90 120 150 180

Temperature (K) Temperature (K)

Supplementary Fig. 10 | Temperature dependence of C5” and DgQ. a, C¥P and b, DZE ©asa
function of temperature fitted from the Sin-Sour channel. The regions of paramagnetism (PM),
intermediate magnetic crossover (intermediate), surface antiferromagnetism (s-AFM) and bulk
antiferromagnetism (AFM) are shaded in different colors, with their characteristic temperatures
marked. Error bars indicate the standard deviations from the fitting.
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Supplementary Note 10: SHG and magnetization measurements from multiple samples

We performed the same SHG RA measurements and analysis on a sample prepared separately
(referred as Sample 2). We also performed the fit of the temperature dependence of the electric
dipole (ED) susceptibility tensor elements, using the functional form of CE? = A (T, — T)# + B
for T < T, and CEP = B for T > T. Due to the kink at 7x = 132 K known as the impact on the
surface order by the bulk order, we limit our fit to the data between the temperature range of 132
K — 200 K. For our two independent RA SHG measurements on two samples, the fitted surface
onset temperatures are 7s = 140 + 0.2K (Sample 1, sample for the main text Figure 5) and 140 +
0.1 K (Sample 2), respectively (see Supplementary Figs. 11a and 11c). The critical exponent, £,
varies dramatically between different temperature ranges for fitting, being = 0.6 £ 0.2 for Sample
1 and 0.4 £+ 0.1 for Sample 2. Such a variation in £ is due to the lack of data points between 132
K and 140 K and also the impact of the bulk onset at 132 K. The error represents the 95%
confidence interval calculated from the standard deviations given by the fitting process. In addition,
we note that the temperature dependent ED signals show a notable kink (i.e., change of curvature)
near 7n = 132 K for both measurements, which is consistent with the expectation/prediction that

the bulk order at 7 = 132 K impacts the surface order.

Furthermore, we performed the temperature dependent magnetization measurements on Sample 1
and another sample from the same batch of Sample 2. For both samples, we can clearly see the
bulk transition temperature at 7n = 132 + 1 K (see Supplementary Figs. 11b and 11d). Our bulk

magnetism onset temperature is consistent with the literature values for bulk single crystal CrSBr.

With these results, we are confident about our finding of two phase transitions happening in 3D
bulk CrSBr, a surface phase transition at 7s = 140 + 0.2 K and a bulk ordering onset at 7x = 132 +
1 K.
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Supplementary Fig. 11 | Observation of enhanced surface magnetic transition temperatures
in multiple samples. Surface ED SHG coefficient Cf” and magnetization M as a function of
temperature measured from sample 1 (a and b) and sample 2 (¢ and d). The extracted transition
temperatures are also labelled. Red curves show the best order-parameter fit using data for 7> 132
K. Black arrows indicate the kinks at 7x = 132 K. Error bars are standard deviations from the
fitting.
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Supplementary Note 11: assignment of crossover at the temperature scale 7%* = 155 K

Our revised interpretation for 7** = 155 K is a temperature scale, below which the spin forms
fluctuating, short-ranged patches within and between ab-planes for the entire bulk. Within each
patch, the spins on average align along the b-axis direction (Supplementary Fig. 12a). Then, below
Ts = 140 K, the surface layers order in the layered AFM state whereas the deeper bulk remains in
the fluctuating, short-ranged form (Supplementary Fig. 12b). And finally, below 7x = 132K, the
entire sample enters the layered AFM state (Supplementary Fig. 12¢). The reasons for this revised

assignment are listed as follows:

a T*>T >T; b T>T>T, c W>T
— a
e b B o S T e e e e e o
< o e e s e e a4
B S e - e
o ot Ot S N B R W D S R W W A
o I e = e
gl T e e e - .y - -
38 < e - - - - - -
\g ] S e e e o S
S B e B - —— -,y
w e e e T . T S S = S S . . e )
e i = o~ S o s D S S e ———
o e . S S
S e e e e e e
= = - -~ P s i A PP T
- D e i

Bulk

Supplementary Fig. 12 | Proposed spin texture at various temperatures. a. AtT** > T > T
the whole sample develops a multi-patch state with short-range correlations. b. At Tg > T > Ty,
the surface develops layered AFM order, whereas the bulk still only has short-range correlations.
c. T < Ty, along-range layered AFM order is developed across the sample.

1) We observed both 7** = 155 K and Ts = 140 K, in addition to 7x = 132 K, in the temperature
dependent SHG RA data (Figures 5b and 5c of the main text). If the spins form the
ferromagnetic long-range order within the ab-plane below 7** = 155 K, we can ask what
changes in SHG RA would be upon the formation of this state. From the symmetry perspective,
the surface magnetic point group of this c-axis incoherent magnetic state is m ’'m2’, and the
bulk magnetic point group is mmml’. Due to the in-plane long-range order, we would
anticipate the surface ED contribution and the bulk EQ contribution to SHG RA right below

T** = 155K. In addition, due to the c-axis incoherence, its surface magnetic state has 2N options,

23/27



2)

3)

where N is the layer number for surface magnetism, and therefore we would expect 2N
degenerate domain states. However, right below 7** = 155 K (above Ts = 140 K), we don’t
observe surface ED SHG in our data and only find one type of SHG RA between 7** and Ts.
This distinction between our expectation of SHG RA for the c-axis incoherent state and the
observed SHG RA between 7** and Ts motivates us to consider a different possibility of the
magnetic state between 7** and Ts from the “intralayer order” with c-axis incoherence.

At the same time, our proposed picture of fluctuating, short-ranged patches with an average
spin alignment along the b-axis inside patches is consistent with our experimental data. As
there is no global symmetry breaking either at the surface or inside the bulk, we don’t observe
changes in RA SHG patterns across 7**. But because there is an average effect to make the b-
axis slightly different from the g-axis throughout the sample, we do observe in the bulk EQ
SHG that the susceptibility tensor element amplitudes change.

We find the transition from the c-axis incoherent “intralayer order” to the layered AFM order
is unlikely to happen at 7x = 132 K for bulk CrSBr. Between these two states, the energy gain
is in the order of AE~nN], where | is the interlayer AFM exchange coupling, n is the number
of interlayer bond per two neighboring layers, and N is the number of layers for a bulk sample.
And between these two states, the entropy reduction is AS~kg N In 2, as the number of possible

states reduces from 2V to 2. A thermodynamic phase transition can happen when AE = T,AS,

leading to a critical temperature of T, = =L. For the intralayer long range orders, n — oo and
g p ¢ = g y g rang

therefore T, — oo, rather than the finite temperature of 7n = 132 K. Therefore, it is unlikely

that the bulk magnetic state is the c-axis incoherent “intralayer order” below 155 K.

With these considerations, we assign the observed temperature scale of 7%* = 155 K to be a

crossover temperature scale for the system to enter a state with fluctuating, short-ranged patches

of spins that on average align with the b-axis within individual patches.
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Supplementary Note 12: supplementary results from density functional theory (DFT)

calculation

Supplementary Fig. 13 shows the U-dependence of Js, which hardly changes from bulk to monolayer

CrSBr under various settings.
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Supplementary Fig. 13 | U-dependence of Js for bulk CrSBr (red), rigid monolayer (orange),
fixed ab monolayer (blue) and free monolayer (green).

Supplementary Table 1 provides the information from J; to J; and the Curie-Weiss temperatures
in bulk CrSBr and monolayer CrSBr under various settings. The corresponding Cr-Cr distance for

each ] has also been provided.
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Supplementary Table 1. Energy mapping results for CrSBr bulk and monolayers

bulk
U (eV) Ji Jo Js Jy Js Js Jr | Yew
0.75 | 7.78) |37.7(7)| 31.7(3) |-0.4(7)| 0.2(7) |8.7(3) | -2.4(2) | 278.1
1.0 |-12.1(7)|-38.9(6)| -30.2(3) |-0.4(6)| 0.1(6) |7.9(4) |-2.3(2) |293.8
125 |-15.8(6)|-39.9(5)| -28.7(3) |-0.5(5)| 0.1(5) | 7.3(3) |-2.3(2) | 306.1
1.5 -19.1(6)|-40.6(5) | -27.3(2) |-0.5(5)| 0.1(5) |6.7(3) |-2.3(2)|315.9
1.75 -21.9(5)|-41.1(4) | -26.0(2) [-0.5(4)| 0.1(4) |6.2(3) |-2.2(2)|323.4
2.0 -24.5(5)|-41.5(4) | -24.8(2) |-0.5(4)| 0.1(4) |5.8(2) [-2.2(2)|329.3
225 |-26.7(4)|-41.7(4)| -23.6(2) |-0.5(4)| 0.1(4) |5.4(2) |-2.1(1)|333.9
25 |-28.7(4)|-41.8(3)|-22.5(2) |-0.5(3)| 0.1(3) |5.0(2) |-2.1(1)|337.3

der—cr (A)| 3.544 | 3592 | 4.738 [5.917 | 6.166 |7.089| 7.603

U (eV) J1 Jo Ja Jy Js Js Jr | Yew
0.75 | -8.7(8) |-38.7(7)| -31.5(3) |-0.5(7)|-0.1(7)|8.3(4) | 2.4(2) | 288.1
1.0 -13.0(7)|-40.0(6) | -30.1(3) |-0.6(6)|-0.1(6)|7.6(4) |-2.3(2) |303.5
1.25 -16.7(6)|-40.9(5) | -28.7(3) |-0.6(5)|-0.1(5)|7.0(3) |-2.3(2) | 315.6
1.5 -20.0(6)|-41.6(5)| -27.4(2) |-0.6(5)|-0.1(5)|6.5(3) |-2.2(2) | 325.1
1.75  |-22.9(5)|-42.1(4)| -26.2(2) |-0.6(4) |-0.1(4) | 6.0(3) |-2.2(2) |332.5
20 |-25.4(5)|-42.5(4)| -25.0(2) |-0.6(4)| 0.0(4) |5.6(2) |-2.2(2)|338.0
225 |-27.7(4)|-42.7(4)|-23.9(29|-0.6(4)| 0.0(4) |5.3(2)|-2.1(1)|342.5
25 |-29.7(4)|-42.8(3)| -22.8(2) [-0.5(3)| 0.0(3) |5.0(2) |-2.1(1)|345.8

dcr—cr (A)]| 3.544 | 3592 | 4.738 |5.917 | 6.166 [7.089| 7.603

U (eV) Jy Jo J3 Jy Js Js Jr | dew
0.75 -5.4(8) [-40.7(7)| -34.2(3) [-0.8(7)[-0.2(7)|8.2(4) [-2.0(2) | 296.8
1.0 -9.9(7) |-41.7(6)| -32.7(3) |-0.8(6) |-0.1(6) | 7.5(4) [-1.9(2) |310.9
1.25 |-13.8(6)|-42.5(5)|-31.3(3) |-0.9(5)|-0.1(5)|6.9(3) |-1.9(2) |322.5
1.5 -17.3(6) [-43.0(5)| -29.9(2) [-0.8(5) |-0.1(5)|6.4(3)|-1.9(2) | 331.3
1.75 |-20.3(5)|-43.4(4)| -28.6(2) |-0.8(4)| 0.0(4) [6.0(3) |-1.9(2)|337.5
2.0 -23.0(5)|-43.5(4) | -27.3(2) |-0.7(4) | 0.0(4) |5.6(2) |-1.9(2)|342.6
225 |-25.4(4)|-43.6(4)|-26.2(2) [-0.7(4)| 0.1(4) |5.3(2)|-1.9(1)|346.4
25 -27.5(4)|-43.5(3)| -25.1(2) [-0.7(3) | 0.1(3) | 5.0(2) |-1.9(1) | 348.8

dcr—cr (A)| 3.533 | 3.597 | 4.727 [5.901 | 6.156 |7.066 | 7.591
fixed ab monolayer

U (eV) Jy Jo J3 Jy Js Js Jr | Pcw
0.75 -9.1(8) [-40.1(7)| -34.0(3) [-0.7(7)[-0.1(7)|8.2(4) [-2.1(2) |302.4
1.0 -13.3(7)|-41.2(6)| -32.5(3) [-0.7(6) |-0.1(6) | 7.5(4) |-2.0(2) | 316.5
1.25 [-17.0(6)|-42.0(5)|-31.0(3) |-0.8(5)|-0.1(5)|6.9(3) |-2.0(2) | 327.3
1.5 -20.2(6) |-42.6(5) | -29.6(2) |-0.7(5)|-0.1(5)|6.4(3) |-2.0(2) | 335.7
1.75 |-28.1(5)|-42.9(4)| -28.3(2) |-0.7(4)|-0.1(4)|5.9(3) |-2.0(2) | 342.3
2.0 -25.6(5)|-43.1(4)| -27.0(2) [-0.7(4) | 0.0(4) |5.5(2)|-2.0(2)|347.0
2.25 |-27.9(4)|-43.2(4)|-25.9(2) |-0.7(4)| 0.0(4) |5.2(2)|-2.0(1)|350.4
25 -29.8(4)|-43.2(3)| -24.7(2) [-0.6(3) | 0.1(3) |4.9(2)|-1.9(1)|352.9

dcr—cr (A)| 3.544 | 3599 | 4.738 [5.917 [ 6.171 |7.089 7.606
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Supplementary Table 2 provides the information of the change in the interatomic distances and

bond angles in bulk CrSBr and monolayer CrSBr under different settings.

Supplementary Table 2. Geometrical parameters for the three most important exchange paths of CrSBr

Cr-Br distance (A)
Cr-Br-Cr angle (°)

2.51795
89.4660

2.52227 (+0.17%
89.2714 (-0.22%

)
)
95.6096 (+0.06%)
)
)

7 bulk fixed ab free rigid
monolayer monolayer monolayer
Cr-Cr distance (A)[3.54428| 3.54428 (+0%)| 3.53296 (-0.32%)| 3.54428 (+0%
Cr-S distance (A) [2.39300]| 2.39200 (-0.04%)| 2.39051 (-0.10%) | 2.39295 (-0.00%
Cr-S-Cr angle (°) |95.5568 95.5596 (-0.00%

2.52066 (+0.11%

)
)
95.2852 ( -0.28%)
)
)

88.9827 (-0.54%

2.51800 (+0.00%
89.4634 (-0.00%

)
)
)
)
)

Jo

bul

fixed ab

K monolayer

free
monolayer

rigid
monolayer

Cr-Cr distance (A)
Cr-S distance (A
Cr-S-Cr angle (°

)
)

3.5919
2.4075

96.8750

1
0

3.59947 (+0.21%)
2.41018 (+0.11%)
97.1018 (+0.23%)

3.59704 (+0.14%)
2.40521 (-0.10%)
97.1894 (+0.32%)

3.59182 (-0.00%)
2.40749 (-0.00%)
96.8736 (-0.00%)

J3

bulk

fixed ab
monolayer

free
monolayer

rigid
monolayer

Cr-Cr distance (A)
Cr-S distance (A)

Cr-S-Crangle (°) |1

4.73800
2.40750
59.4781

4.73800 (£0%)
2.41018 (+0.11%)
158.7861 (-0.43%)

4.72671 (-0.24%)
2.40521 (-0.10%)
158.5902 (-0.56%)

4.73800 (+£0%)
2.40749 (-0.00%)
159.4818 (+0.00%)
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