6. Auxiliary field continuous time quantum
Monte Carlo

The purpose of the auxiliary field continuous time quantum Monte Carlo
method! is to calculate the full Greens function of the Anderson impurity
model

H= —uZ ne+Unim; + Z tkga};cakc—k Z nga,tgckc—k H.c. (6.1)
o ko ko

Diagrammatic Monte Carlo

In order to evaluate the partition function, we write the Hamiltonian as
H = Hy + V so that we have

B

e PH — e=BHo oy { — TTJ dTV(T)} (6.2)
0

with V() in the interaction picture

V(1) = et ™Hoye o

and the usual imaginary time ordering operatore T.. In Diagrammatic
Monte-Carlo, the Feynman diagrams of the perturbation expansion are
sampled by Monte Carlo. Then, the partition function is

TI’(C_BHO exp { —1I; jg d’TV(’T) })

Tre—PHo

7= Tr(e—5H> — 7 (6.3)

with Zy = Tre PHo. Thus

£ - (e [ [ anve]) [}

IThis chapter is based on a course given by Aaram J. Kim. The master thesis Topological Phases of
Interacting Fermions in Optical Lattices with Artificial Gauge Fields by Michael Buchhold is used as a
reference.
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(6.4)

This expectation value will be calculated with quantum Monte Carlo.
First, we write more explicitly

B < | B B
exp{ — T JO arV(v)} = é = L dry ... L dr; (—V(T) ... ((=V(T))
x® B P B
= J di. . J dTQJ dTl((—V(Tk)) ce ((—V(Tl))
k=0 Tk—1 T1 0

because if S(t) = et™oe=™  then

0:S(1) = e (Hy—H)e ™ = e (—V)e ™S (1) = (— V(1)) S(T)

(6.6)
This is formally solved by integration:
B
S(B) =S(0) — JO dtV(T)S(T) (6.7)
[teration via
S(t) =S(0) — JT dt’'V(t)S(t') (6.8)
0
leads to the expression (6.5). Then
z b
Z = <exp { — T, Jo dTV(T)}>O
e B . .
_ ; EL di...L an{ (= V) - (= Vim) ),
~ Y Wi = J AXW/(x) (6.9)

Here, we interpret W(x) as a weight. In order to be able to interpret W(x)
as a probability, we assume it is positive.

In the continuous-time auxiliary field quantum Monte-Carlo algorithm,
an auxilary field decomposition of the interaction part of the Anderson
impurity model is used. In CT-AUX, the choice of interaction is

K
V:U(nTnl—nT;nl) _E (610)
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where the second term is a Hartree like term, and the third term is a control
parameter for the expansion order. This means that the noninteracting
Hamiltonian is modified as

Hy=H—-V (6.11)

The choice of V yields the following values for empty, singly occupied and
doubly ocupied impurity:

K
0 -z
> p
K U
n -z
B2
K U
N
B2
K
T -3 (6.12)
§
Now a Hubbard-Stratonovich transformation is applied to V:
_ Sty KKy sty
V—U(nTnl 5 ) 528 Z e (6.13)

s=+1

The identity can be checked by applying the last expression on the basis
states in (6.12). For example, for |0), 1y = m| = 0, and the expression
yields —%. For | 1),

K u
nTzl,nl:OmV:—ECOShymCOShyzl—I—Q—E (6.14)

s represents an Ising type boson that was introduced, an auxiliary spin.
Eventually there will be k auxiliary spins over which we sum:

/ K « YSkoMg(Tk) Ys10mne(T1)
7= 2 +ap) TI([emem ] (019
O sy o

0

Here, o is the physical spin, with numerical value 0 = +1 for T and 0 = —1
for |. Then, for Monte Carlo sampling we identify

ZEO:ZJdi...JdﬁZW(x) (6.16)
k {si}
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T1 Tz ’53 T 4 T 5
Figure 6.1: Example of a CT-AUX configuration at perturbation order 5.

The configuration space consists of perturbation order k, time indices T
and auxiliary spin indices si; there are k time points. The random walker
needs to roam the entire configuration space. CT-AUX is a generalization
of the discrete time quantum Monte Carlo algorithm (Hirsch-Fye).

Explicit calculation of the matrix

We now prepare to write the action in terms of Grassmann variables by
rewriting the interaction

S DI N ) Ca (6.17)

s==+1 s=+1 o

2

further. Taylor expansion of the exponential yields (because N = ng)

1
e’ =14 ysong + —(’YSO‘)QTLG +...

=1+ —nG—I—nG—I—yscmG—i— (yscr) Ng+...
=l-ne+e*ny=1—(1— eVS")
=1—(1—e")(1—cocl) =1—[1— e —cocl + e"cocl]
— ¥ — (e¥5 —1)cqch
= e (1— (1 — e "%)cecl)
(6.18)
T T

where Fermion antiperiodicity csC¢ = 1 — csCs was used. Thus, we have
found that

V= Zevs ny) Z [T [ (er°—1)coch] (6.19)

s:l:l silGTl

Now we can go from Hamiltonian to action formalism, writing for the
average of an operator A with respect to the noninteracting Hamiltonian
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A Tr[Ae FHo] _ [DlefcJAe
(Ao = TI'[e_BHU} - f@[c+c]e_5

(6.20)

While in the first expression, ¢, ¢/ are operators, in the second, ¢ and c*
are Grassmann variables. We now come back to the effective action of the
previous chapter

Seff = J drdt’ct (t)g (t — 1)e(t) + J dtV(1) (6.21)

where the Weiss function G encodes the result of integrating out the bath
degrees of freedom. We will use a number of identities for Grassmann vari-
ables:

J@[C+C]e_ 245556 — det[S]
f Dictc] Cxcje_ 245 ¢ Susc;

J‘ D[C—I_C] e Zij 5 Si)'c)'

e % =1 —ac’c (6.22)

= (S_l)xy

We now introduce the matrix elements S;; of the action with 1, j indices for
time, spin, lattice sites, etc., 1,j € (0, ..., M) where M — o0; as we have
passed from continous imaginary time T integrals to sums, the T; have to
be infinitely dense. There are infinitely more times T; than the k times we
have in a given configuration of perturbation order k. Thus

+

DlcTcle S = DlctcleXu% 50 with Sy = (7 1)i(T; — T5) (6.23)

For the interaction, we introduce the matrices A and B with

61)' evsi%  for T; € {’Tl .. .Tk}
Aij =

di; otherwise

_ (6.24)
0 otherwise

61)' (1 — e—ysim) for T; € {Tl .. .Tk}
Bij =

The time mesh for the Feynman path integral now has the imaginary times
T1 to Tk as well as an infinite number of additional time indices T;. A has,
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for perturbation order k, k exponentials on the diagonal for times Ty, To,
..., Tk, and otherwise 1:

1
eYs10
A= 1 (6.25)
eYSQO‘
and consequently, B is
0
1 _ e—'}/Slo-
B = 0 (6.26)
1 _ e—'YSQO'

Then we can write the average of Eq. (6.9) as

( HO- detAG> ‘[ ‘D [C+C:| eZG ciJFO'ngCjo' eZG Cit)_S%OCjG
[ I, detS°

(=V)...(=V))o =
(6.27)

The product over spin reflects the fact that the noninteracting part of the
Hamiltonian H{ contains only quadratic operators with index o so that
H(T) commutes with H(l] so that integration weights W(x) are products of
weights for the individual spin components o =T, |. If we now rewrite the
exponentials as

Lot (SG—BG);CW

we find for the integral we need to compute

[y detA°det (S°—B9)

I
[ [, detS°e

(6.28)

Due to the M index, matrices A, S are infinite dimensional. The idea is
now to use the zeros in the B matrix to make things finite-dimensional by
reordering.

det(S — B) = detSdet(1 — BS™1) (6.29)
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because S—B = (1—BS™1)S, and the determinant of a product splits into
a product of determinants. We now exploit that at perturbation order k,
only k entries in the B matrix are nonzero:

(0 )

(6.30)

This rearrangement doesn’t produce a sign as rows and columns are ex-
changed. In the same way, S™! is rearranged into S™! only that this doesn’t
produce empty submatrices. Then

(v19) ) - (575) 631

and
1—BS! = (1 - OBS : D (6.32)
but in the determinant, only 1 — BS—! remains:
det(1 —BS™') = det(1 — BS™!) (6.33)
In Eq. 6.28, detS° cancels with the denominator, so that we have
I=][detA%det(1 —BS™') =] [ detA°det(1 —BS™') (6.34)
o o

because the rearranged A° has only entries of 1 beyond the reduced space
of dimension k. Now we arrive at the final expression

I=]]det(A—ABS) =] (e"—(e"*—1)g) = ] [ detN," (6.35)
(0 (0 (0
where the k X k matrix i, with k numbering the time points, was intro-

duced, and the entire matrix that needs to be manipulated is now called
N, ! matrix (N matrix). The notation for A is

A=elo= diag(eyslo, o eyskc)
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Later, the Weiss function § will be represented by a very large mesh with
many more than k points; it will be interpolated linearly or by cubic meth-
ods from k points.

Insertion and removal

Now, we will assume that we know the Ngl matrix at a given perturbation
order k. To implement a random walk through configuration space, we
need to either insert a time point or remove a time point, based on the
Metropolis algorithm.

(a) k=4 OH4—rf—44 |

S W S
(b) k=5 O———F+———p

insertion ’

Ty Tp T3y T
(c) k=3 OFF—rf——+ 1B
removal

Ty To s

Figure 6.2: Schematic of insertion and removal updates to a configuration.

Insertion.- The decision to insert an auxiliary spin into the configuration
is taken based on a uniform random number 1 in the range [0, 1]. If

Wit ) (6.36)

Wy
where f is factor explained later, the update is accepted, otherwise rejected.

T > min(l,f

Thus, to take the decision, the ratio of weights needs to be calculated,

specifically:
det (N1
det(N(k)_l)
_ _ (k)
= det(N™ 1)__det(N(k+” 1).:det ]12 NSQ =S —RNMQ (6.37)

N® [ N Q
1) (M)
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This uses the fact that N and N(kr1 are inverses of each other, and ma-

trices are multiplied using the properties of determinants. During the sim-

ulation N rather than N® ™" is stored. For the enlarged matrix N
we have

_ (k)~L
N~ (N Q 6.38
TS (6.38)

with (k x 1) vector Q, (1 x k) vector R and S defined by (1 <1< n):

Qi =—(e""—1)Gps(T1 — 7)
Ry = —(e"*? — 1)Gps(T —T1)
S=2e""— (e — 1)Gys(01) (6.39)

In case the insertion move is accepted, we now need the missing elements of

the enlarged matrix N+ expressed in terms of the additional elements

Q, R, S of N(kﬂ)_1 which we know:

-1 P P
N (k+1) [N(k+1)} =1= (R CSQ) (R g) (6.40)
where we write P for N(k)_l. This yields the equations
PP+ QR=1
PQ+QS=0
RP 4+ SR=0"
RQ+SS=1 (6.41)

which we have to solve for P(P,Q,R,S) and so on. The third equation
yields

RP = —SR ~ R = —SRP! (6.42)
and inserting into the fourth equation
~ ~ ~ ~ 1
—SRP'Q+SS=1~S(S—RP'Q) =1~ S=———— (643

with Pt = N _ S is a number which we don’t need to replace so that we
have from the third equation

R = —SRN® (6.44)
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The second equation

. PQ
_ 6.45
: (6.45)
is inserted into the first
P ~ R
PP——(S2 = mP(P——QS>:1 (6.46)

where Q is a column vector, R is a row vector. Now we use the Sherman-
Morrison formula (for an invertible square matrix A, with v A=l # 1)

. . ATlw A

A N =A"1- 6.47

(A+u) 1 _vIA-Iy (6.47)
which allows a cheap update of the already known inverse of A if A is
modified by the rank 1 matrix uv'. Here, we have u = —%, vl =R and

5 QR o P(=9)] - [RP]

P=|P—— =P —

R 9)

[N(k)Q] . [RN)]

— N
TS TRNMQ

=NE £ SIN®Q] - [RNM]  (6.48)

This is the most massive calculation in the update. Now we find for Q

~_ PQ _ N®Q +S[N®Q] - [RNM]Q

Q=5 =" S
NKQ RNKQ N&Q -
— = = SN 4
S (1+S—RN“<)Q) S_RNbg - o Q (6:49)

Removal.- The decision on insertion versus removal is taken with 50%
probability. For the deletion of an auxiliary spin s at time T from the
matrix N the situation is

1
k-1 _ (N1 Q w1 (P Q
N ( R [S N R|S

with S = (S—RN®Q)™ Q@ =-SNMQ
R=-SRN™ P =NM 4 SNMQ] . [RNW] (6.50)
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The idea is now to use to solve the P equation for N(¥) using the expressions

for Q and R:

ANK=p_ =2 (6.51)

Monte Carlo procedure.- To summarize, we use the expansion of the
partition function

Z= Z Z J diJ dt; <%) ka ({si, 73} (6.52)

k=0 {si}

where

Zi({si, 7)) ZOHdetN ({si, 7)) (6.53)

For the specific formulation of the update, we need the condition of detailed
balance

Wx)p(x — x') = W )p(x — x) (6.54)

Then in general, the Metropolis algorithm is to update, with a random
number T, if

(6.55)

T < min(l, W(X/))

W(x)
The detailed balance condition can be slightly modified by splitting the
transition probability into proposal and acceptance probabilities:

p= pproposalp acceptance (6.56)

For an insertion, the proposal probability is the probability py of Choosing
a time T from the interval [1, B], p dT , times the probability ps = of

choosing the auxiliary spin s from { 1, 1}, i.e.
dt
2B
For deletion, the tuple (Tji, si) must be chosen from the existing k + 1
auxiliary spins, so that the proposal probability is

1

proposal(e 4 1 _, k) = —— 6.58
P (k+1—Xk) —— (6.58)
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Then, the Metropolis update decision is modified to

. W(X/)pproposal(xl _ X)
r< mln(l’ W(x)pproposal(x — x/) (6.59)
Detailed balance then yields for the acceptance probabilities
paceeptance (e} 4 1) B 23 Wi o K H detNgl(k +1)
pacceptance (e 41 — k) o (k +1)dt Wy k41 . detNEl(k)
(6.60)

because

Wi =dTr ... dted T (%) detNgl(k +1)

K k
Wy =dt;...dTy, (%) detNgl(k)

This means that

—1
pacceptance(k Lkt1) = min{ K detNG (k+1) }

L,
k+1144 detNg' (k)

k+1 detN 1 (k
- e_f k) } (6.61)
KoL detNg (k + 1)

pacceptance(k +1—k)= min{l’

Measurement of the Greens function
The Greens function, written for QMC without a minus sign, is

Go(t—1) = <TTCG(T)CJ£;(T/)>
_ fDI:C+C]Co_xcgye_Zijo‘C?_U(S_B)ijco‘j

[ Dlctcle” 2 ijo Cio(S—Bijco;
—[(S—B)]

“ (6.62)

where x, y stand for arbitrary imaginary time indices. For the matrix
inverse, we can write

(S—B)'=[(1-BS S| =s'(1—BS !
=S 1 1-BS ) [(1-BS) +BS!]
=S t4+sta—BsHiBs (6.63)
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Here we recapitulate the method of getting rid of the zero subspace: The
matrices S, B are infinite dimensional but B has many zeros:

o B 0 -1 S 1. .. -1 BS1|T
B_(o o) > _( ) ~ B3 _(o 0

1_83_1:(1_33—1T> N (1_85_1)_1:((1_35—1)—1.é.)

1|0 1

~ (1=BS ) 'B= ((1 - B%_l)_lé ‘ 8)

(6.64)
Now we go back to the definitions of the A, B and S matrices:
A=e¢ B=1—-e¢' St=g" (6.65)

with the noninteracting Weiss function GY: thus S is invertible. Now we
insert A:

(1-BS) B — ((1 - Bé—l())‘li\—li\é 8) _ ((A - AB(s)—l)‘li\B \ 8)

. NG<{Si,Ti})(€r"—1)‘O o M |0
B 0 0) —\o0]o

(6.66)
Then, coming back to the matrix inverse (6.63)
N . . I's _ 1
(S—B) ' =g"+g" ( G({S"T%)(e ) 8) g’ (6.67)
This means that the full Greens function can be evaluated as
Go(t—1') = Go(t— 1) + §2T — T)MG G0 (15 — T') (6.68)
where T, Tj are configuration time points. The k x k matrix M is
M = Ny (e —1) (6.69)

The Weiss function 92 does not depend on the configuration, but M does.
Therefore, we only need to accumulate terms that depend on the configu-
ration, in particular M%Qg(’tj —1'). This is accumulated for many 1, and
only a vector needs to be stored. This also explains why the Ny matrix is
stored; it is needed for the Greens function. The matrix update cost is of
order O(k?) because only matrix vector multiplications are needed.
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