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The generalized BCS theory with the Zeeman effect.

8.1 Let us consider the following Hamiltonian for a superconductor under a magnetic field,

H = HBCS + HZ. (1)

HBCS is the same as the Hamiltonian in the problem 4.1 in Serie 4 (the notations are also

the same):

HBCS =
∑

k

C†
kε̌kCk, (2)

C†
k = ( c†k↑, c†k↓, c−k↑, c−k↓ ) , ε̌k =

1

2

(

ξkσ̂0 ∆̂k

∆̂†
k −ξkσ̂0

)

, Ck =











ck↑

ck↓

c†−k↑

c†−k↓











. (3)

The Zeeman term HZ is written with the Pauli matrices ~̂σ and the magnetic field ~H as

HZ = −µB

∑

k,s1,s2

c†ks1
(~σs1s2

· ~H)cks2
(4)

= −µB

∑

k

[

(~σ↑↑ · ~H)c†k↑ck↑ + (~σ↑↓ · ~H)c†k↑ck↓ + (~σ↓↑ · ~H)c†k↓ck↑ + (~σ↓↓ · ~H)c†k↓ck↓

]

(5)

= −
µB

2

∑

k

[

(~σ↑↑ · ~H)c†k↑ck↑ + (~σ↑↓ · ~H)c†k↑ck↓ + (~σ↓↑ · ~H)c†k↓ck↑ + (~σ↓↓ · ~H)c†k↓ck↓

]

−
µB

2

∑

k

[

(~σ↑↑ · ~H)c†−k↑c−k↑ + (~σ↑↓ · ~H)c†−k↑c−k↓ + (~σ↓↑ · ~H)c†−k↓c−k↑ + (~σ↓↓ · ~H)c†−k↓c−k↓

]

(6)

= −
µB

2

∑

k

[

(~σ↑↑ · ~H)c†k↑ck↑ + (~σ↑↓ · ~H)c†k↑ck↓ + (~σ↓↑ · ~H)c†k↓ck↑ + (~σ↓↓ · ~H)c†k↓ck↓

]

−
µB

2

∑

k

[

(~σ↑↑ · ~H)(1 − c−k↑c
†
−k↑) + (~σ↑↓ · ~H)(−c−k↓c

†
−k↑)

+ (~σ↓↑ · ~H)(−c−k↑c
†
−k↓) + (~σ↓↓ · ~H)(1 − c−k↓c

†
−k↓)

]

(7)

= −
µB

2

∑

k

[

(~σ↑↑ · ~H)c†k↑ck↑ + (~σ↓↑ · ~H)c†k↓ck↑ + (~σ↑↓ · ~H)c†k↑ck↓ + (~σ↓↓ · ~H)c†k↓ck↓

]

+
µB

2

∑

k

[

(~σ↑↑ · ~H)c−k↑c
†
−k↑ + (~σ↑↓ · ~H)c−k↓c

†
−k↑ + (~σ↓↑ · ~H)c−k↑c

†
−k↓ + (~σ↓↓ · ~H)c−k↓c

†
−k↓

]

−
µB

2

∑

k

[

(~σ↑↑ · ~H) + (~σ↓↓ · ~H)
]

(8)

= −
µB

2

∑

k

( (~σ↑↑ · ~H)c†k↑ + (~σ↓↑ · ~H)c†k↓, (~σ↑↓ · ~H)c†k↑ + (~σ↓↓ · ~H)c†k↓ )
(

ck↑

ck↓

)

+
µB

2

∑

k

( (~σ↑↑ · ~H)c−k↑ + (~σ↑↓ · ~H)c−k↓, (~σ↓↑ · ~H)c−k↑ + (~σ↓↓ · ~H)c−k↓ )

(

c†−k↑

c†−k↓

)

−
µB

2

∑

k

[

(~σ↑↑ · ~H) + (~σ↓↓ · ~H)
]

(9)

1



= −
µB

2

∑

k

( c†k↑, c†k↓ )

(

(~σ↑↑ · ~H) (~σ↑↓ · ~H)

(~σ↓↑ · ~H) (~σ↓↓ · ~H)

)

(

ck↑

ck↓

)

+
µB

2

∑

k

( c−k↑, c−k↓ )

(

(~σ↑↑ · ~H) (~σ↓↑ · ~H)

(~σ↑↓ · ~H) (~σ↓↓ · ~H)

)(

c†−k↑

c†−k↓

)

−
µB

2

∑

k

[

(~σ↑↑ · ~H) + (~σ↓↓ · ~H)
]

(10)

= −
µB

2

∑

k

( c†k↑, c†k↓ ) (~̂σ · ~H)
(

ck↑

ck↓

)

+
µB

2

∑

k

( c−k↑, c−k↓ ) (~̂σ
T
· ~H)

(

c†−k↑

c†−k↓

)

−
µB

2

∑

k

[

(~σ↑↑ · ~H) + (~σ↓↓ · ~H)
]

. (11)

Then,

HZ =
∑

k

C†
k

1

2

(

−µB(~̂σ · ~H) 0

0 µB(~̂σ
T
· ~H)

)

Ck, (12)

where we have omitted the c-number term (i.e., the last term in Eq. (11)).

Hence,

H = HBCS + HZ (13)

=
∑

k

C†
k

1

2

(

ξkσ̂0 ∆̂k

∆̂†
k −ξkσ̂0

)

Ck +
∑

k

C†
k

1

2

(

−µB(~̂σ · ~H) 0

0 µB(~̂σ
T
· ~H)

)

Ck (14)

=
∑

k

C†
k

1

2

(

ξkσ̂0 − µB(~̂σ · ~H) ∆̂k

∆̂†
k −

(

ξkσ̂0 − µB(~̂σ
T
· ~H)

)

)

Ck (15)

≡
∑

k

C†
k

1

2

(

T̂1k ∆̂k

∆̂†
k −T̂2k

)

Ck (16)

≡
∑

k

C†
kε̌

′
kCk, (17)

where

T̂1k = ξkσ̂0 − µB(~̂σ · ~H), (18)

T̂2k = ξkσ̂0 − µB(~̂σ
T
· ~H). (19)

Here, T̂1,−k = T̂1k and T̂2,−k = T̂2k because ξ−k = ξk. One can also confirm easily that

T̂ ∗
2k = T̂1k because ξk and ~H are real.

Let us diagonalize it as in the problem 4.1. By the unitary (Bogoliubov) transformation

Ǔk,

H =
∑

k

(

C†
kǓk

)(

Ǔ †
k ε̌

′
kǓk

)(

Ǔ †
kCk

)

=
∑

k

A†
kĚkAk, (20)

where

Ǔ †
k ε̌

′
kǓk = Ěk, (21)

Ak = Ǔ †
kCk. (22)

2



From Eq. (21),

ε̌′kǓk = ǓkĚk. (23)

The left hand side of this is

ε̌′kǓk =
1

2

(

T̂1k ∆̂k

∆̂†
k −T̂2k

)(

ûk v̂k

v̂∗
−k û∗

−k

)

(24)

=
1

2

(

T̂1kûk + ∆̂kv̂
∗
−k T̂1k v̂k + ∆̂kû

∗
−k

∆̂†
kûk − T̂2kv̂

∗
−k ∆̂†

kv̂k − T̂2kû
∗
−k

)

. (25)

The right hand side is

ǓkĚk =
(

ûk v̂k

v̂∗
−k û∗

−k

)

1

2

(

Êk 0
0 −Ê−k

)

(26)

=
1

2

(

ûkÊk −v̂kÊ−k

v̂∗
−kÊk −û∗

−kÊ−k

)

. (27)

Therefore, from ε̌′kǓk = ǓkĚk,

1

2

(

T̂1kûk + ∆̂kv̂
∗
−k T̂1kv̂k + ∆̂kû

∗
−k

∆̂†
kûk − T̂2kv̂

∗
−k ∆̂†

kv̂k − T̂2kû
∗
−k

)

=
1

2

(

ûkÊk −v̂kÊ−k

v̂∗
−kÊk −û∗

−kÊ−k

)

. (28)

We obtain the four equations,

T̂1kûk + ∆̂kv̂
∗
−k = ûkÊk, (29)

T̂1kv̂k + ∆̂kû
∗
−k = −v̂kÊ−k, (30)

∆̂†
kûk − T̂2kv̂

∗
−k = v̂∗

−kÊk, (31)

∆̂†
kv̂k − T̂2kû

∗
−k = −û∗

−kÊ−k. (32)

From Eq. (31),

∆̂†
kûk − T̂2kv̂

∗
−k = v̂∗

−kÊk, (33)

→ T̂2kv̂
∗
−k − ∆̂†

kûk = −v̂∗
−kÊk, (34)

→ T̂2,−kv̂
∗
k − ∆̂†

−kû−k = −v̂∗
kÊ−k, (k → −k) (35)

→ T̂2kv̂
∗
k +

(

∆̂T
k

)†
û−k = −v̂∗

kÊ−k, (T̂2,−k = T̂2k and ∆̂−k = −∆̂T
k ) (36)

→ T̂2kv̂
∗
k + ∆̂∗

kû−k = −v̂∗
kÊ−k, (37)

→ T̂ ∗
2kv̂k + ∆̂kû

∗
−k = −v̂kÊ−k (38)

→ T̂1kv̂k + ∆̂kû
∗
−k = −v̂kÊ−k. (T̂ ∗

2k = T̂1k) (39)

This is equivalent to Eq. (30), namely Eq. (31) is equivalent to Eq. (30).

From Eq. (32),

∆̂†
kv̂k − T̂2kû

∗
−k = −û∗

−kÊ−k, (40)

→ T̂2kû
∗
−k − ∆̂†

kv̂k = û∗
−kÊ−k, (41)

→ T̂2,−kû
∗
k − ∆̂†

−kv̂−k = û∗
kÊk, (k → −k) (42)
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→ T̂2kû
∗
k +

(

∆̂T
k

)†
v̂−k = û∗

kÊk, (T̂2,−k = T̂2k and ∆̂−k = −∆̂T
k ) (43)

→ T̂2kû
∗
k + ∆̂∗

kv̂−k = û∗
kÊk, (44)

→ T̂ ∗
2kûk + ∆̂kv̂

∗
−k = ûkÊk (45)

→ T̂1kûk + ∆̂kv̂
∗
−k = ûkÊk. (T̂ ∗

2k = T̂1k) (46)

This is equivalent to Eq. (29), namely Eq. (32) is equivalent to Eq. (29).

Thus, we obtain the two independent equations [Eq. (29) and (31)],

T̂1kûk + ∆̂kv̂
∗
−k = ûkÊk, (47)

∆̂†
kûk − T̂2kv̂

∗
−k = v̂∗

−kÊk. (48)

Multiplying Eq. (47) by ∆̂†
k from the left gives

∆̂†
kT̂1kûk + ∆̂†

k∆̂kv̂
∗
−k = ∆̂†

kûkÊk. (49)

Assuming the singlet state or the unitary triplet states ∆̂k∆̂
†
k = ∆̂†

k∆̂k = |∆k|
2σ̂0,

∆̂†
kT̂1kûk + |∆k|

2v̂∗
−k = ∆̂†

kûkÊk. (50)

→ v̂∗
−k =

1

|∆k|2
∆̂†

k

(

ûkÊk − T̂1kûk

)

, (51)

where |∆k|
2 ≡ 1

2
Tr[∆̂k∆̂

†
k]. Substituting this v̂∗

−k into Eq. (48),

∆̂†
kûk − T̂2k

1

|∆k|2
∆̂†

k

(

ûkÊk − T̂1kûk

)

=
1

|∆k|2
∆̂†

k

(

ûkÊk − T̂1kûk

)

Êk, (52)

→ |∆k|
2∆̂†

kûk − T̂2k∆̂
†
k

(

ûkÊk − T̂1kûk

)

= ∆̂†
k

(

ûkÊk − T̂1kûk

)

Êk, (53)

→ |∆k|
4ûk − ∆̂kT̂2k∆̂

†
k

(

ûkÊk − T̂1kûk

)

= |∆k|
2
(

ûkÊk − T̂1kûk

)

Êk, (54)

From now on, let us assume ~H = (0, 0, Hz) ‖ ẑ. Then,

T̂1k = T̂2k = ξkσ̂0 − µBHzσ̂z. (55)

We also assume

ûk = u0
kσ̂0 + uz

kσ̂z (56)

=
(

u0
k + uz

k 0
0 u0

k − uz
k

)

. (57)

Then,

ûkÊk − T̂1kûk =
(

u0
k + uz

k 0
0 u0

k − uz
k

)(

Ek,+ 0
0 Ek,−

)

− (ξkσ̂0 − µBHzσ̂z)(u
0
kσ̂0 + uz

kσ̂z)

(58)

=
(

(u0
k + uz

k)Ek,+ 0
0 (u0

k − uz
k)Ek,−

)

−
(

(ξku
0
k − µBHzu

z
k)σ̂0 + (ξku

z
k − µBHzu

0
k)σ̂z

)

4



(59)

=
(

(u0
k + uz

k)Ek,+ 0
0 (u0

k − uz
k)Ek,−

)

−
(

(ξku
0
k − µBHzu

z
k) + (ξku

z
k − µBHzu

0
k) 0

0 (ξku
0
k − µBHzu

z
k) − (ξku

z
k − µBHzu

0
k)

)

(60)

=
(

(u0
k + uz

k)Ek,+ 0
0 (u0

k − uz
k)Ek,−

)

−
(

(ξk − µBHz)u
0
k + (ξk − µBHz)u

z
k 0

0 (ξk + µBHz)u
0
k + (−ξk − µBHz)u

z
k

)

(61)

=
(

(u0
k + uz

k)Ek,+ 0
0 (u0

k − uz
k)Ek,−

)

−
(

(u0
k + uz

k)(ξk − µBHz) 0
0 (u0

k − uz
k)(ξk + µBHz)

)

(62)

=





(u0
k + uz

k)
(

Ek,+ − (ξk − µBHz)
)

0

0 (u0
k − uz

k)
(

Ek,− − (ξk + µBHz)
)



 (63)

≡
(

(u0
k + uz

k)εk,+ 0
0 (u0

k − uz
k)εk,−

)

. (64)

And,

(ûkÊk − T̂1kûk)Êk =
(

(u0
k + uz

k)εk,+Ek,+ 0
0 (u0

k − uz
k)εk,−Ek,−

)

. (65)

Let us consider ∆̂kT̂2k.

∆̂kT̂2k = ∆̂kT̂1k (66)

=
(

Ψσ̂0 + dxσ̂x + dyσ̂y + dzσ̂z

)

iσ̂y

(

ξkσ̂0 − µBHzσ̂z

)

(67)

=
(

Ψiσ̂y − dxσ̂z + idyσ̂0 + dzσ̂x

)(

ξkσ̂0 − µBHzσ̂z

)

(68)

= ξk

(

Ψiσ̂y − dxσ̂z + idyσ̂0 + dzσ̂x

)

− µBHz

(

−Ψσ̂x − dxσ̂0 + idyσ̂z − idzσ̂y

)

(69)

= ξk

(

Ψiσ̂y − dxσ̂z + idyσ̂0 + dzσ̂x

)

− µBHz

(

−Ψ(iσ̂zσ̂y) − dx(σ̂zσ̂z) + idyσ̂z − idz(−iσ̂zσ̂x)
)

(70)

= ξk

(

Ψiσ̂y − dxσ̂z + idyσ̂0 + dzσ̂x

)

− µBHzσ̂z

(

−Ψ(iσ̂y) − dxσ̂z + idyσ̂0 − idz(−iσ̂x)
)

(71)

= ξk

(

Ψiσ̂y − dxσ̂z + idyσ̂0 + dzσ̂x

)

+ µBHzσ̂z

(

Ψiσ̂y + dxσ̂z − idyσ̂0 + dzσ̂x

)

(72)

= ξk∆̂k + µBHzσ̂z

(

Ψ − dxσ̂x − dyσ̂y + dzσ̂z

)

iσ̂y. (73)

In the case of the singlet state,

∆̂kT̂2k = ξk(Ψiσ̂y) + µBHzσ̂z(Ψiσ̂y) (74)

= (ξkσ̂0 + µBHzσ̂z)(Ψiσ̂y) (75)

= (ξkσ̂0 + µBHzσ̂z)∆̂k. (76)

∆̂kT̂2k∆̂
†
k = (ξkσ̂0 + µBHzσ̂z)∆̂k∆̂

†
k (77)

= (ξkσ̂0 + µBHzσ̂z)|∆k|
2. (78)

= |∆k|
2

(

ξk + µBHz 0
0 ξk − µBHz

)

(79)
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∆̂kT̂2k∆̂
†
k

(

ûkÊk − T̂1kûk

)

= |∆k|
2

(

ξk + µBHz 0
0 ξk − µBHz

)(

(u0
k + uz

k)εk,+ 0
0 (u0

k − uz
k)εk,−

)

(80)

= |∆k|
2

(

(u0
k + uz

k)(ξk + µBHz)εk,+ 0
0 (u0

k − uz
k)(ξk − µBHz)εk,−

)

.(81)

Therefore, considering Eq. (54):

|∆k|
4ûk − ∆̂kT̂2k∆̂

†
k

(

ûkÊk − T̂1kûk

)

= |∆k|
2
(

ûkÊk − T̂1kûk

)

Êk, (82)

we obtain two equations

|∆k|
2 − (ξk + µBHz)εk,+ = εk,+Ek,+, (83)

|∆k|
2 − (ξk − µBHz)εk,− = εk,−Ek,−. (84)

→ |∆k|
2 − (ξk + µBHz)

(

Ek,+ − (ξk − µBHz)
)

=
(

Ek,+ − (ξk − µBHz)
)

Ek,+, (85)

|∆k|
2 − (ξk − µBHz)

(

Ek,− − (ξk + µBHz) =
(

Ek,− − (ξk + µBHz)Ek,−. (86)

→ |∆k|
2 − (ξk + µBHz)Ek,+ + ξ2

k − (µBHz)
2 = E2

k,+ − (ξk − µBHz)Ek,+, (87)

|∆k|
2 − (ξk − µBHz)Ek,− + ξ2

k − (µBHz)
2 = E2

k,− − (ξk + µBHz)Ek,−. (88)

→ E2
k,+ + 2µBHzEk,+ −

(

ξ2
k + |∆k|

2 − (µBHz)
2
)

= 0, (89)

E2
k,− − 2µBHzEk,− −

(

ξ2
k + |∆k|

2 − (µBHz)
2
)

= 0. (90)

The solutions are, respectively,

Ek,+ = −µBHz ±
√

ξ2
k + |∆k|2 = −µBHz ± E0k, (91)

Ek,− = µBHz ±
√

ξ2
k + |∆k|2 = µBHz ± E0k, (92)

where we have defined

E0k ≡
√

ξ2
k + |∆k|2. (93)

One can assign the above four values to the four eigen values (i.e., the matrix elements of

Ěk) as follows. (|∆−k| = |∆k|, and thus E0,−k = E0k.)

Ěk =











Ek,+ 0 0 0
0 Ek,− 0 0
0 0 −E−k,+ 0
0 0 0 −E−k,−











(94)

=











E0k − µBHz 0 0 0
0 E0k + µBHz 0 0
0 0 −E0k + µBHz 0
0 0 0 −E0k − µBHz











. (95)
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In the case of the unitary triplet state with ~dk ⊥ ~H , (i.e., ~d = (dx, dy, 0)), from Eq. (73),

∆̂kT̂2k = ξk∆̂k − µBHzσ̂z

(

dxσ̂x + dyσ̂y

)

iσ̂y. (96)

= ξk∆̂k − µBHzσ̂z∆̂k (97)

= (ξkσ̂0 − µBHzσ̂z)∆̂k. (98)

∆̂kT̂2k∆̂
†
k = (ξkσ̂0 − µBHzσ̂z)∆̂k∆̂

†
k (99)

= (ξkσ̂0 − µBHzσ̂z)|∆k|
2. (100)

= |∆k|
2

(

ξk − µBHz 0
0 ξk + µBHz

)

(101)

∆̂kT̂2k∆̂
†
k

(

ûkÊk − T̂1kûk

)

= |∆k|
2

(

ξk − µBHz 0
0 ξk + µBHz

)(

(u0
k + uz

k)εk,+ 0
0 (u0

k − uz
k)εk,−

)

(102)

= |∆k|
2

(

(u0
k + uz

k)(ξk − µBHz)εk,+ 0
0 (u0

k − uz
k)(ξk + µBHz)εk,−

)

.

(103)

Therefore, considering Eq. (54):

|∆k|
4ûk − ∆̂kT̂2k∆̂

†
k

(

ûkÊk − T̂1kûk

)

= |∆k|
2
(

ûkÊk − T̂1kûk

)

Êk, (104)

we obtain two equations

|∆k|
2 − (ξk − µBHz)εk,+ = εk,+Ek,+, (105)

|∆k|
2 − (ξk + µBHz)εk,− = εk,−Ek,−. (106)

→ |∆k|
2 − (ξk − µBHz)

(

Ek,+ − (ξk − µBHz)
)

=
(

Ek,+ − (ξk − µBHz)
)

Ek,+,(107)

|∆k|
2 − (ξk + µBHz)

(

Ek,− − (ξk + µBHz) =
(

Ek,− − (ξk + µBHz)Ek,−. (108)

→ |∆k|
2 − (ξk − µBHz)Ek,+ + (ξk − µBHz)

2 = E2
k,+ − (ξk − µBHz)Ek,+, (109)

|∆k|
2 − (ξk + µBHz)Ek,− + (ξk + µBHz)

2 = E2
k,− − (ξk + µBHz)Ek,−. (110)

→ E2
k,+ = (ξk − µBHz)

2 + |∆k|
2, (111)

E2
k,− = (ξk + µBHz)

2 + |∆k|
2. (112)

We define

E⊥
k,+ =

√

(ξk − µBHz)2 + |∆k|2, (113)

E⊥
k,− =

√

(ξk + µBHz)2 + |∆k|2. (114)
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Thus, we have obtained four eigen values (i.e., the matrix elements of Ěk) as follows. (|∆−k| =

|∆k| and ξ−k = ξk, and thus E⊥
−k,± = E⊥

k,±.)

Ěk =











Ek,+ 0 0 0
0 Ek,− 0 0
0 0 −E−k,+ 0
0 0 0 −E−k,−











(115)

=











E⊥
k,+ 0 0 0
0 E⊥

k,− 0 0
0 0 −E⊥

k,+ 0
0 0 0 −E⊥

k,−











. (116)

In the case of the unitary triplet state with ~dk ‖ ~H , (i.e., ~d = (0, 0, dz)), from Eq. (73),

∆̂kT̂2k = ξk∆̂k + µBHzσ̂z

(

dzσ̂z

)

iσ̂y (117)

= (ξkσ̂0 + µBHzσ̂z)∆̂k. (118)

∆̂kT̂2k∆̂
†
k = (ξkσ̂0 + µBHzσ̂z)∆̂k∆̂

†
k (119)

= (ξkσ̂0 + µBHzσ̂z)|∆k|
2. (120)

= |∆k|
2

(

ξk + µBHz 0
0 ξk − µBHz

)

(121)

∆̂kT̂2k∆̂
†
k

(

ûkÊk − T̂1kûk

)

= |∆k|
2

(

ξk + µBHz 0
0 ξk − µBHz

)(

(u0
k + uz

k)εk,+ 0
0 (u0

k − uz
k)εk,−

)

(122)

= |∆k|
2

(

(u0
k + uz

k)(ξk + µBHz)εk,+ 0
0 (u0

k − uz
k)(ξk − µBHz)εk,−

)

.

(123)

Therefore, considering Eq. (54):

|∆k|
4ûk − ∆̂kT̂2k∆̂

†
k

(

ûkÊk − T̂1kûk

)

= |∆k|
2
(

ûkÊk − T̂1kûk

)

Êk, (124)

we obtain two equations

|∆k|
2 − (ξk + µBHz)εk,+ = εk,+Ek,+, (125)

|∆k|
2 − (ξk − µBHz)εk,− = εk,−Ek,−. (126)

→ |∆k|
2 − (ξk + µBHz)

(

Ek,+ − (ξk − µBHz)
)

=
(

Ek,+ − (ξk − µBHz)
)

Ek,+,(127)

|∆k|
2 − (ξk − µBHz)

(

Ek,− − (ξk + µBHz) =
(

Ek,− − (ξk + µBHz)Ek,−. (128)

→ |∆k|
2 − (ξk + µBHz)Ek,+ + ξ2

k − (µBHz)
2 = E2

k,+ − (ξk − µBHz)Ek,+, (129)

|∆k|
2 − (ξk − µBHz)Ek,− + ξ2

k − (µBHz)
2 = E2

k,− − (ξk + µBHz)Ek,−. (130)
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→ E2
k,+ + 2µBHzEk,+ −

(

ξ2
k + |∆k|

2 − (µBHz)
2
)

= 0, (131)

E2
k,− − 2µBHzEk,− −

(

ξ2
k + |∆k|

2 − (µBHz)
2
)

= 0. (132)

The solutions are, respectively,

Ek,+ = −µBHz ±
√

ξ2
k + |∆k|2 = −µBHz ± E0k, (133)

Ek,− = µBHz ±
√

ξ2
k + |∆k|2 = µBHz ± E0k, (134)

where we have defined

E0k ≡
√

ξ2
k + |∆k|2. (135)

One can assign the above four values to the four eigen values (i.e., the matrix elements of

Ěk) as follows. (|∆−k| = |∆k|, and thus E0,−k = E0k.)

Ěk =











Ek,+ 0 0 0
0 Ek,− 0 0
0 0 −E−k,+ 0
0 0 0 −E−k,−











(136)

=











E0k − µBHz 0 0 0
0 E0k + µBHz 0 0
0 0 −E0k + µBHz 0
0 0 0 −E0k − µBHz











. (137)

The result is quite the same as in the case of the singlet state.

In summary:

• In the singlet state, Ek,± =
√

ξ2
k + |∆k|2 ∓ µBHz.

• In the unitary triplet state with ~d ⊥ ~H , Ek,± =
√

(ξk ∓ µBHz)2 + |∆k|2.

• In the unitary triplet state with ~d ‖ ~H, Ek,± =
√

ξ2
k + |∆k|2 ∓ µBHz,

which is the same result as in the singlet state.
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8.2 Let us consider Eqs. (47) and (48):

T̂1kûk + ∆̂kv̂
∗
−k = ûkÊk, (138)

∆̂†
kûk − T̂2kv̂

∗
−k = v̂∗

−kÊk. (139)

We assume

ûk = u0
kσ̂0 + uz

kσ̂z (140)

=
(

u0
k + uz

k 0
0 u0

k − uz
k

)

. (141)

From Eq. (47) (i.e., Eq. (138)), we obtained Eq. (51):

v̂∗
−k =

1

|∆k|2
∆̂†

k

(

ûkÊk − T̂1kûk

)

. (142)

Using Eq. (64),

v̂∗
−k =

1

|∆k|2
∆̂†

k

(

(u0
k + uz

k)εk,+ 0
0 (u0

k − uz
k)εk,−

)

(143)

=
1

|∆k|2
∆̂†

k

(

εk,+ 0
0 εk,−

)

ûk (144)

≡
1

|∆k|2
∆̂†

kε̂k,+−ûk. (145)

→ v̂k =
1

|∆−k|2
∆̂T

−kε̂−k,+−û∗
−k (146)

=
1

|∆k|2
(−∆̂k)ε̂k,+−û∗

−k (147)

=
−1

|∆k|2
∆̂kε̂k,+−û∗

−k. (148)

→ v̂†
k =

−1

|∆k|2
û−kε̂k,+−∆̂†

k. (149)

On the other hand, because Ǔk is a unitary matrix,

1̌ = ǓkǓ
†
k (150)

=
(

ûk v̂k

v̂∗
−k û∗

−k

)

(

û†
k v̂∗†

−k

v̂†
k û∗†

−k

)

(151)

=
(

ûk v̂k

v̂∗
−k û∗

−k

)

(

û†
k v̂T

−k

v̂†
k ûT

−k

)

(152)

=

(

ûkû
†
k + v̂kv̂

†
k ûkv̂

T
−k + v̂kû

T
−k

v̂∗
−kû

†
k + û∗

−kv̂
†
k v̂∗

−kv̂
T
−k + û∗

−kû
T
−k

)

. (153)

Thus,

ûkû
†
k + v̂kv̂

†
k = σ̂0, (154)

v̂∗
−kû

†
k + û∗

−kv̂
†
k = 0. (155)
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Substituting Eqs. (145) and (149) into Eq. (155),

1

|∆k|2
∆̂†

kε̂k,+−ûkû
†
k + û∗

−k

−1

|∆k|2
û−kε̂k,+−∆̂†

k = 0, (156)

→
1

|∆k|2
∆̂†

kε̂k,+−ûkû
†
k∆̂k − û∗

−kû−kε̂k,+− = 0, (157)

→ û∗
−kû−kε̂k,+− =

1

|∆k|2
∆̂†

kε̂k,+−ûkû
†
k∆̂k. (158)

Substituting Eqs. (148) and (149) into Eq. (154),

ûkû
†
k +

(

−1

|∆k|2
∆̂kε̂k,+−û∗

−k

)(

−1

|∆k|2
û−kε̂k,+−∆̂†

k

)

= σ̂0, (159)

→ ûkû
†
k +

1

|∆k|4
∆̂kε̂k,+−(û∗

−kû−kε̂k,+−)∆̂†
k = σ̂0, (160)

→ ûkû
†
k +

1

|∆k|4
∆̂kε̂k,+−

(

1

|∆k|2
∆̂†

kε̂k,+−ûkû
†
k∆̂k

)

∆̂†
k = σ̂0, (161)

→ ûkû
†
k +

1

|∆k|4
(∆̂kε̂k,+−∆̂†

kε̂k,+−)ûkû
†
k = σ̂0. (162)

Here,

ûkû
†
k = (u0

kσ̂0 + uz
kσ̂z)(u

0∗
k σ̂0 + uz∗

k σ̂z) (163)

= (|u0
k|

2 + |uz
k|

2)σ̂0 + (u0
ku

z∗
k + uz

ku
0∗
k )σ̂z. (164)

11



In the case of the singlet state,

∆̂†
kε̂k,+− =

(

0 −Ψ∗
k

Ψ∗
k 0

)(

εk,+ 0
0 εk,−

)

(165)

=
(

0 −Ψ∗
kεk,−

Ψ∗
kεk,+ 0

)

. (166)

ε̂k,+−∆̂†
kε̂k,+− =

(

εk,+ 0
0 εk,−

)(

0 −Ψ∗
kεk,−

Ψ∗
kεk,+ 0

)

(167)

=
(

0 −Ψ∗
kεk,+εk,−

Ψ∗
kεk,+εk,− 0

)

. (168)

∆̂kε̂k,+−∆̂†
kε̂k,+− =

(

0 Ψk

−Ψk 0

)(

0 −Ψ∗
kεk,+εk,−

Ψ∗
kεk,+εk,− 0

)

(169)

=
(

|Ψk|
2εk,+εk,− 0

0 |Ψk|
2εk,+εk,−

)

(170)

= |Ψk|
2εk,+εk,−σ̂0 (171)

= |∆k|
2εk,+εk,−σ̂0. (172)

Substituting this into Eq. (162),

ûkû
†
k +

1

|∆k|2
εk,+εk,−ûkû

†
k = σ̂0, (173)

→ ûkû
†
k =

[

1 +
εk,+εk,−

|∆k|2

]−1

σ̂0 (174)

=

(

1

|∆k|2

)−1[

|∆k|
2 +

{

Ek,+ − (ξk − µBHz)
}{

Ek,− − (ξk + µBHz)
}

]−1

σ̂0

(175)

= |∆k|
2

[

|∆k|
2 +

{

E0k − ξk

}{

E0k − ξk

}

]−1

σ̂0 (176)

= |∆k|
2
[

|∆k|
2 + ξ2

k + E2
0k − 2E0kξk

]−1

σ̂0 (177)

= |∆k|
2
[

2E2
0k − 2E0kξk

]−1

σ̂0 (178)

=
|∆k|

2

2E0k(E0k − ξk)
σ̂0 (179)

=
|Ψk|

2

2E0k(E0k − ξk)
σ̂0 (180)

=
|Ψk|

2(E0k + ξk)

2E0k(E0k − ξk)(E0k + ξk)
σ̂0 (181)

=
|Ψk|

2(E0k + ξk)

2E0k(E
2
0k − ξ2

k)
σ̂0 (182)

=
|Ψk|

2(E0k + ξk)

2E0k|Ψk|2
σ̂0 (183)

=
E0k + ξk

2E0k

σ̂0. (184)
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From this and Eq. (164),

(u0
ku

z∗
k + uz

ku
0∗
k ) = 0, (185)

|u0
k|

2 + |uz
k|

2 =
E0k + ξk

2E0k

. (186)

Assuming uz
k = 0 and u0

k is real, one can determine u0
k as

u0
k =

√

E0k + ξk

2E0k

(187)

=
E0k + ξk

√

2E0k(E0k + ξk)
. (188)

Then,

ûk = u0
kσ̂0 (189)

=
E0k + ξk

√

2E0k(E0k + ξk)
σ̂0. (190)

Thus,

u0∗
−k =

E0,−k + ξ−k
√

2E0,−k(E0,−k + ξ−k)
(191)

=
E0k + ξk

√

2E0k(E0k + ξk)
. (192)

And

û∗
−k =

E0k + ξk
√

2E0k(E0k + ξk)
σ̂0. (193)

Substituting this into Eq. (148),

v̂k =
−1

|∆k|2
∆̂kε̂k,+−û∗

−k (194)

=
−1

|∆k|2
∆̂kε̂k,+−

E0k + ξk
√

2E0k(E0k + ξk)
σ̂0 (195)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

1

|Ψk|2
(Ψkiσ̂y)

(

εk,+ 0
0 εk,−

)

(196)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

Ψk

|Ψk|2

(

0 1
−1 0

)(

εk,+ 0
0 εk,−

)

(197)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

Ψk

|Ψk|2

(

0 εk,−

−εk,+ 0

)

(198)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

Ψk

|Ψk|2

(

0 Ek,+ − (ξk − µBHz)
−(Ek,− − (ξk + µBHz)) 0

)

(199)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

Ψk

|Ψk|2

(

0 (E0k − ξk)
−(E0,k − ξk) 0

)

(200)
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=
−(E0k + ξk)(E0k − ξk)
√

2E0k(E0k + ξk)

Ψk

|Ψk|2
iσ̂y (201)

=
−(E2

0,k − ξ2
k)

√

2E0k(E0k + ξk)

Ψk

|Ψk|2
iσ̂y (202)

=
−|Ψk|

2

√

2E0k(E0k + ξk)

Ψk

|Ψk|2
iσ̂y (203)

=
−Ψk

√

2E0k(E0k + ξk)
iσ̂y. (204)

Hence,

uk↑↑ = uk↓↓ =
E0k + ξk

√

2E0k(E0k + ξk)
, (205)

uk↑↓ = uk↓↑ = 0, (206)

vk↑↑ = vk↓↓ = 0, (207)

vk↑↓ = −vk↓↑ =
−Ψk

√

2E0k(E0k + ξk)
. (208)

Here,

E0k =
√

ξ2
k + |Ψk|2. (209)

These results for u and v are the same as those in the zero magnetic-field case (Serie 4).
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In the case of the unitary triplet state with ~d ⊥ ~H (i.e., ~d = (dx, dy, 0)),

∆̂†
kε̂k,+− =

(

−d∗
x − id∗

y 0
0 d∗

x − id∗
y

)(

εk,+ 0
0 εk,−

)

(210)

=
(

−(d∗
x + id∗

y)εk,+ 0
0 (d∗

x − id∗
y)εk,−

)

. (211)

ε̂k,+−∆̂†
kε̂k,+− =

(

εk,+ 0
0 εk,−

)(

−(d∗
x + id∗

y)εk,+ 0
0 (d∗

x − id∗
y)εk,−

)

(212)

=
(

−(d∗
x + id∗

y)ε
2
k,+ 0

0 (d∗
x − id∗

y)ε
2
k,−

)

. (213)

∆̂kε̂k,+−∆̂†
kε̂k,+− =

(

−dx + idy 0
0 dx + idy

)(

−(d∗
x + id∗

y)ε
2
k,+ 0

0 (d∗
x − id∗

y)ε
2
k,−

)

(214)

=
(

(|dx|
2 + |dy|

2)ε2
k,+ 0

0 (|dx|
2 + |dy|

2)ε2
k,−

)

, (~d × ~d∗ = 0) (215)

= |∆k|
2

(

ε2
k,+ 0
0 ε2

k,−

)

. (216)

Substituting this into Eq. (162),

ûkû
†
k +

1

|∆k|2

(

ε2
k,+ 0
0 ε2

k,−

)

ûkû
†
k = σ̂0. (217)

→
(

1 + ε2
k,+/|∆k|

2 0
0 1 + ε2

k,−/|∆k|
2

)

ûkû
†
k = σ̂0, (218)

→ ûkû
†
k =

1

(1 + ε2
k,+/|∆k|2)(1 + ε2

k,−/|∆k|2)

(

1 + ε2
k,−/|∆k|

2 0
0 1 + ε2

k,+/|∆k|
2

)

,

(219)

→
(

|uk↑↑|
2 0

0 |uk↓↓|
2

)

=
|∆k|

2

(|∆k|2 + ε2
k,+)(|∆k|2 + ε2

k,−)

(

|∆k|
2 + ε2

k,− 0
0 |∆k|

2 + ε2
k,+

)

,

(220)

Assuming uk↑↑ and uk↓↓ are real and positive,

→
(

uk↑↑ 0
0 uk↓↓

)

=
|∆k|

√

(|∆k|2 + ε2
k,+)(|∆k|2 + ε2

k,−)





√

|∆k|2 + ε2
k,− 0

0
√

|∆k|2 + ε2
k,+





(221)

= |∆k|





1/
√

|∆k|2 + ε2
k,+ 0

0 1/
√

|∆k|2 + ε2
k,−



 (222)
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Substituting this into Eq. (148) (û∗
−k = ûk),

v̂k =
−1

|∆k|2
∆̂kε̂k,+−û∗

−k (223)

=
−1

|∆k|2

(

−dx + idy 0
0 dx + idy

)(

εk,+ 0
0 εk,−

)(

uk↑↑ 0
0 uk↓↓

)

(224)

=
−1

|∆k|2

(

(−dx + idy)εk,+uk↑↑ 0
0 (dx + idy)εk,−uk↓↓

)

(225)

=
−1

|∆k|





(−dx + idy)εk,+/
√

|∆k|2 + ε2
k,+ 0

0 (dx + idy)εk,−/
√

|∆k|2 + ε2
k,−



 . (226)

Hence,

uk↑↑ =
|∆k|

√

|∆k|2 + ε2
k,+

, (227)

uk↓↓ =
|∆k|

√

|∆k|2 + ε2
k,−

, (228)

uk↑↓ = uk↓↑ = 0, (229)

vk↑↑ =
−(−dx + idy)εk,+

|∆k|
√

|∆k|2 + ε2
k,+

, (230)

vk↓↓ =
−(dx + idy)εk,−

|∆k|
√

|∆k|2 + ε2
k,−

, (231)

vk↑↓ = vk↓↑ = 0. (232)

Here,

εk,+ = Ek,+ − (ξk − µBHz) (233)

=
√

(ξk − µBHz)2 + |∆k|2 − ξk + µBHz, (234)

εk,− = Ek,− − (ξk + µBHz) (235)

=
√

(ξk + µBHz)2 + |∆k|2 − ξk − µBHz, (236)

|∆k|
2 = |dxk|

2 + |dyk|
2. (237)
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In the case of the unitary triplet state with ~d ‖ ~H (i.e., ~d = (0, 0, dz)),

∆̂†
kε̂k,+− =

(

0 d∗
z

d∗
z 0

)(

εk,+ 0
0 εk,−

)

(238)

=
(

0 d∗
zεk,−

d∗
zεk,+ 0

)

. (239)

ε̂k,+−∆̂†
kε̂k,+− =

(

εk,+ 0
0 εk,−

)(

0 d∗
zεk,−

d∗
zεk,+ 0

)

(240)

=
(

0 d∗
zεk,+εk,−

d∗
zεk,+εk,− 0

)

. (241)

∆̂kε̂k,+−∆̂†
kε̂k,+− =

(

0 dz

dz 0

)(

0 d∗
zεk,+εk,−

d∗
zεk,+εk,− 0

)

(242)

=
(

|dz|
2εk,+εk,− 0

0 |dz|
2εk,+εk,−

)

(243)

= |dz|
2εk,+εk,−σ̂0 (244)

= |∆k|
2εk,+εk,−σ̂0. (245)

Substituting this into Eq. (162),

ûkû
†
k +

1

|∆k|2
εk,+εk,−ûkû

†
k = σ̂0, (246)

→ ûkû
†
k =

[

1 +
εk,+εk,−

|∆k|2

]−1

σ̂0 (247)

=

(

1

|∆k|2

)−1[

|∆k|
2 +

{

Ek,+ − (ξk − µBHz)
}{

Ek,− − (ξk + µBHz)
}

]−1

σ̂0

(248)

= |∆k|
2

[

|∆k|
2 +

{

E0k − ξk

}{

E0k − ξk

}

]−1

σ̂0 (249)

= |∆k|
2
[

|∆k|
2 + ξ2

k + E2
0k − 2E0kξk

]−1

σ̂0 (250)

= |∆k|
2
[

2E2
0k − 2E0kξk

]−1

σ̂0 (251)

=
|∆k|

2

2E0k(E0k − ξk)
σ̂0 (252)

=
|dzk|

2

2E0k(E0k − ξk)
σ̂0 (253)

=
|dzk|

2(E0k + ξk)

2E0k(E0k − ξk)(E0k + ξk)
σ̂0 (254)

=
(E0k + ξk)

2E0k

σ̂0. (255)

From this and Eq. (164),

(u0
ku

z∗
k + uz

ku
0∗
k ) = 0, (256)

|u0
k|

2 + |uz
k|

2 =
(E0k + ξk)

2E0k

. (257)
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Assuming uz
k = 0 and u0

k is real, one can determine u0
k as

u0
k =

(E0k + ξk)
√

2E0k(E0k + ξk)
. (258)

Then,

ûk = u0
kσ̂0 (259)

=
(E0k + ξk)

√

2E0k(E0k + ξk)
σ̂0. (260)

Thus,

u0∗
−k =

(E0,−k + ξ−k)
√

2E0,−k(E0,−k + ξ−k)
(261)

=
(E0k + ξk)

√

2E0k(E0k + ξk)
. (262)

And

û∗
−k =

(E0k + ξk)
√

2E0k(E0k + ξk)
σ̂0. (263)

Substituting this into Eq. (148),

v̂k =
−1

|∆k|2
∆̂kε̂k,+−û∗

−k (264)

=
−1

|∆k|2
∆̂kε̂k,+−

(E0k + ξk)
√

2E0k(E0k + ξk)
σ̂0 (265)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

1

|dzk|2
(dzkiσ̂y)

(

εk,+ 0
0 εk,−

)

(266)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

dzk

|dzk|2

(

0 1
−1 0

)(

εk,+ 0
0 εk,−

)

(267)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

dzk

|dzk|2

(

0 εk,−

−εk,+ 0

)

(268)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

dzk

|dzk|2

(

0 Ek,+ − (ξk − µBHz)
−(Ek,− − (ξk + µBHz)) 0

)

(269)

=
−(E0k + ξk)

√

2E0k(E0k + ξk)

dzk

|dzk|2

(

0 (E0k − ξk)
−(E0,k − ξk) 0

)

(270)

=
−(E0k + ξk)(E0k − ξk)
√

2E0k(E0k + ξk)

dzk

|dzk|2
iσ̂y (271)

=
−(E2

0k − ξ2
k)

√

2E0k(E0k + ξk)

dzk

|dzk|2
iσ̂y (272)

=
−|dzk|

2

√

2E0k(E0k + ξk)

dzk

|dzk|2
iσ̂y (273)

=
−dzk

√

2E0k(E0k + ξk)
iσ̂y. (274)
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Hence,

uk↑↑ = uk↓↓ =
(E0k + ξk)

√

2E0k(E0k + ξk)
, (275)

uk↑↓ = uk↓↑ = 0, (276)

vk↑↑ = vk↓↓ = 0, (277)

vk↑↓ = −vk↓↑ =
−dzk

√

2E0k(E0k + ξk)
. (278)

Here,

E0k =
√

ξ2
k + |dzk|2. (279)

These results for u and v are the same as those in the zero magnetic-field case (Serie 4).

Also, the results are the same as those in the singlet state (dzk → Ψk).
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