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6.1 For the spin-triplet unitary states, the energy spectrum Ek (≥ 0) is given by

Ek =
√

ξ2
k + |∆k|2, with |∆k|2 =

1

2
Tr[∆̂k∆̂

†
k]. (1)

Therefore,

E2
k = ξ2

k + |∆k|2, (2)

2EkdEk = 2ξkdξk, (3)

dξk =
Ek

ξk

dEk. (4)

=
Ek

Re{±
√

E2
k − |∆k|2}

dEk, (5)

where ξk = Re{±
√

E2
k − |∆k|2}, and we have taken the real part because ξk is real.

The density of states N(E) (for E ≥ 0) is

N(E) =
1

V

∑

k

δ(Ek − E) (6)

=
1

V

∑

k

δ(
√

ξ2
k + |∆k|2 − E) (7)

= N0

∫

dΩk

4π

∫ ∞

0

dξkδ(
√

ξ2
k + |∆k|2 − E), (8)

= N0

∫ dΩk

4π

∫ ∞

0

dEk

Ek

Re{+
√

E2
k − |∆k|2}

δ(Ek − E), (ξk ≥ 0) (9)

= N0

∫

dΩk

4π

∫ ∞

0

dEkRe
Ek

√

E2
k − |∆k|2

δ(Ek − E) (10)

= N0

∫

dΩk

4π
Re

E
√

E2 − |∆k|2
. (11)

6.2 For the spin-triplet unitary states,

|∆k|2 =
1

2
Tr[∆̂k∆̂

†
k] (12)

=
1

2
Tr
[

(~dk · ~̂σiσ̂y)(~dk · ~̂σiσ̂y)
†
]

(13)

=
1

2
Tr
[

(~dk · ~̂σiσ̂y)(−iσ̂y
~d∗
k · ~̂σ)

]

(14)

=
1

2
Tr
[

(~dk · ~̂σ)(~d∗
k · ~̂σ)

]

(15)

1



=
1

2
Tr
[

(dx
kσ̂x + dy

kσ̂y + dz
kσ̂z)(d

x∗
k σ̂x + dy∗

k σ̂y + dz∗
k σ̂z)

]

(16)

=
1

2
Tr
[

(|dx
k|2 + |dy

k|2 + |dz
k|2)σ̂0

+ i(dy
kd

z∗
k − dz

kd
y∗
k )σ̂x + i(dz

kd
x∗
k − dx

kd
z∗
k )σ̂y + i(dx

kd
y∗
k − dy

kd
z∗
k )σ̂z

]

(17)

=
1

2
Tr
[

(|dx
k|2 + |dy

k|2 + |dz
k|2)σ̂0

]

(18)

= |dx
k|2 + |dy

k|2 + |dz
k|2. (19)

(1) For the ABM state ~dk = ∆0(0, 0, k̂x + ik̂y) [which has point gap nodes at k̂x = k̂y = 0

(i.e., at the points θ = 0, π)],

|∆k|2 = |dx
k|2 + |dy

k|2 + |dz
k|2 (20)

= |∆0|2(k̂x + ik̂y)(k̂x − ik̂y) (21)

= |∆0|2(k̂2
x + k̂2

y) (22)

= |∆0|2
(

(cos φ sin θ)2 + (sin φ sin θ)2
)

(23)

= |∆0|2 sin2 θ. (24)

Here, (k̂x, k̂y, k̂z) = (cos φ sin θ, sin φ sin θ, cos θ).

Inserting this into the expression for N(E) (for E ≥ 0) in Eq. (11),

N(E) = N0

∫

dΩk

4π
Re

E
√

E2 − |∆k|2
(25)

= N0E · Re
∫

dΩk

4π

1
√

E2 − |∆0|2(k̂2
x + k̂2

y)
(26)

= N0

E

4π
Re
∫ 2π

0

dφ
∫ π

0

dθ sin θ
1

√

E2 − |∆0|2 sin2 θ
(27)

= N0

E

2
Re

∫ π

0

dθ sin θ
1

√

E2 − |∆0|2 sin2 θ
(28)

= N0

E

2
Re

∫ 1

−1

dt
1

√

E2 − |∆0|2(1 − t2)
, (t = cos θ) (29)

= N0

E

2
Re

∫ 1

−1

dt
1

√

|∆0|2t2 + E2 − |∆0|2
(30)

= N0

E

2|∆0|
Re

∫ 1

−1

dt
1

√

t2 + E2−|∆0|2
|∆0|2

(31)

= N0

E

|∆0|
Re

∫ 1

0

dt
1

√

t2 + E2−|∆0|2
|∆0|2

(32)

= N0

E

|∆0|
Re

∫ 1

0

dt
1√

t2 + a
,

(

a ≡ E2 − |∆0|2
|∆0|2

)

(33)
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= N0

E

|∆0|
Re

∫ 1

0

dt
t +

√
t2 + a√

t2 + a
(

t +
√

t2 + a
) (34)

= N0

E

|∆0|
Re

∫ 1

0

dt
1 + 2t

2
√

t2+a

t +
√

t2 + a
(35)

= N0

E

|∆0|
Re

[

ln
∣

∣

∣

(

t +
√

t2 + a
)
∣

∣

∣

]1

0

(36)

= N0

E

|∆0|
Re

[

ln
∣

∣

∣1 +
√

1 + a
∣

∣

∣− ln
∣

∣

∣

√
a
∣

∣

∣

]

(37)

= N0

E

|∆0|

[

ln
∣

∣

∣1 +
√

1 + a
∣

∣

∣− ln
∣

∣

∣

√
a
∣

∣

∣

]

(38)

= N0

E

|∆0|
ln

∣

∣

∣

∣

∣

√

1

a
+

√

1 +
1

a

∣

∣

∣

∣

∣

(39)

= N0

E

|∆0|
ln

∣

∣

∣

∣

∣

√

√

√

√

|∆0|2
E2 − |∆0|2

+

√

√

√

√1 +
|∆0|2

E2 − |∆0|2

∣

∣

∣

∣

∣

(40)

= N0

E

|∆0|
ln

∣

∣

∣

∣

∣

√

√

√

√

|∆0|2
E2 − |∆0|2

+

√

√

√

√

E2

E2 − |∆0|2

∣

∣

∣

∣

∣

(41)

= N0

E

|∆0|
ln

∣

∣

∣

∣

∣

|∆0|
√

E2 − |∆0|2
+

E
√

E2 − |∆0|2

∣

∣

∣

∣

∣

, (E ≥ 0) (42)

= N0

E

|∆0|
ln

∣

∣

∣

∣

∣

E + |∆0|
√

E2 − |∆0|2

∣

∣

∣

∣

∣

(43)

= N0

E

|∆0|
ln

∣

∣

∣

∣

∣

√

√

√

√

(E + |∆0|)2

(E + |∆0|)(E − |∆0|)

∣

∣

∣

∣

∣

(44)

= N0

E

|∆0|
ln

∣

∣

∣

∣

∣

√

√

√

√

E + |∆0|
E − |∆0|

∣

∣

∣

∣

∣

(45)

= N0

E

2|∆0|
ln

∣

∣

∣

∣

∣

E + |∆0|
E − |∆0|

∣

∣

∣

∣

∣

. (46)

Here, the “Mathematica” has been utilized for the integration actually.

For 0 ≤ E ≪ |∆0|,

ln

∣

∣

∣

∣

∣

E + |∆0|
E − |∆0|

∣

∣

∣

∣

∣

= ln

∣

∣

∣

∣

∣

1 + E/|∆0|
1 − E/|∆0|

∣

∣

∣

∣

∣

(47)

= ln
∣

∣

∣1 + E/|∆0|
∣

∣

∣− ln
∣

∣

∣1 − E/|∆0|
∣

∣

∣ (48)

≈ +E/|∆0| − (−E/|∆0|) (49)

=
2E

|∆0|
, (50)

and therefore

N(E) ≈ N0

E2

|∆0|2
. (51)

This means that when the gap has point nodes, the density of states N(E) ∝ E2 for E ≃ 0.
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(2) For the BW state ~dk = ∆0(k̂x, k̂y, k̂z) [which is a full-gap state without gap nodes],

|∆k|2 = |dx
k|2 + |dy

k|2 + |dz
k|2 (52)

= |∆0|2(k̂2
x + k̂2

y + k̂2
z) (53)

= |∆0|2
(

(cos φ sin θ)2 + (sin φ sin θ)2 + (cos θ)2
)

(54)

= |∆0|2(sin2 θ + cos2 θ) (55)

= |∆0|2. (56)

Inserting this into the expression for N(E) (for E ≥ 0) in Eq. (11),

N(E) = N0

∫ dΩk

4π
Re

E
√

E2 − |∆k|2
(57)

= N0

∫

dΩk

4π
Re

E
√

E2 − |∆0|2
(58)

= N0Re

{

E
√

E2 − |∆0|2

}

∫

dΩk

4π
(59)

= N0Re

{

E
√

E2 − |∆0|2

}

(60)

=







































N0Re

{

E
√

E2 − |∆0|2

}

(E > |∆0|)

N0Re

{

E

i
√

|∆0|2 − E2

}

(0 ≤ E < |∆0|)
(61)

=























N0

E
√

E2 − |∆0|2
(E > |∆0|)

0 (0 ≤ E < |∆0|)

(62)

(3) For the polar state ~dk = ∆0(0, 0, k̂z) [which has a line gap node along k̂z = 0 (i.e., along

the line θ = π/2)],

|∆k|2 = |dx
k|2 + |dy

k|2 + |dz
k|2 (63)

= |∆0|2k̂2
z (64)

= |∆0|2 cos2 θ. (65)

Inserting this into the expression for N(E) (for E ≥ 0) in Eq. (11),

N(E) = N0

∫

dΩk

4π
Re

E
√

E2 − |∆k|2
(66)

= N0

∫

dΩk

4π
Re

E
√

E2 − |∆0|2k̂2
z

(67)
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= N0

∫

1

4π

∫ 2π

0

dφ
∫ π

0

dθ sin θRe
E

√

E2 − |∆0|2 cos2 θ
(68)

= N0

E

2

∫ π

0

dθ sin θRe
1

√

E2 − |∆0|2 cos2 θ
(69)

= N0

E

2

∫ 1

−1

dtRe
1

√

E2 − |∆0|2t2
, (t = cos θ) (70)

= N0E
∫ 1

0

dtRe
1

√

E2 − |∆0|2t2
(71)

When E > |∆0|,

N(E) = N0E
∫ 1

0

dtRe
1

√

E2 − |∆0|2t2
(72)

= N0E
∫ 1

0

dt
1

√

E2 − |∆0|2t2
(73)

= N0

E

|∆0|
∫ 1

0

dt
1√

a2 − t2
,

(

a ≡ E

|∆0|
> 1

)

(74)

= N0

E

|∆0|

[

− arctan

(

t
√

a2 − t2

−(a2 − t2)

)]1

t=0

(

−π

2
≤ arctan(· · ·) ≤ π

2

)

(75)

= N0

E

|∆0|

[

arctan

(

t
√

a2 − t2

a2 − t2

)]1

t=0

(76)

= N0

E

|∆0|
arctan

(√
a2 − 1

a2 − 1

)

(77)

= N0

E

|∆0|
arctan

(

1√
a2 − 1

)

(78)

= N0

E

|∆0|
arcsin

(

1

a

)

,
(

(
√

a2 − 1 )2 + 12 = a2
)

(79)

= N0

E

|∆0|
arcsin

(

|∆0|
E

)

. (80)

When 0 ≤ E < |∆0|,

N(E) = N0E
∫ 1

0

dtRe
1

√

E2 − |∆0|2t2
(81)

= N0E
∫ t0−0+

0

dtRe
1

√

E2 − |∆0|2t2
+ N0E

∫ 1

t0+0+

dtRe
1

√

E2 − |∆0|2t2
, (82)

(

t0 ≡
E

|∆0|
)

= N0E
∫ t0−0+

0

dtRe
1

√

E2 − |∆0|2t2
+ N0E

∫ 1

t0+0+

dtRe
1

i
√

|∆0|2t2 − E2
(83)

= N0E
∫ t0−0+

0

dt
1

√

E2 − |∆0|2t2
+ 0 (84)
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= N0

E

|∆0|
∫ t0−0+

0

dt
1

√

t20 − t2
(85)

= N0

E

|∆0|

[

arctan

(

t
√

t20 − t2

t20 − t2

)]t0−0+

t=0

(

−π

2
≤ arctan(· · ·) ≤ π

2

)

(86)

= N0

E

|∆0|

[

arctan

(

t
√

t20 − t2

)]t0−0+

t=0

(87)

= N0

E

|∆0|

[

arctan
(

+∞
)

− 0

]

(88)

= N0

E

|∆0|
π

2
. (89)

Hence,

N(E) =































N0

E

|∆0|
arcsin

(

|∆0|
E

)

(E > |∆0|)

N0

E

|∆0|
π

2
(0 ≤ E < |∆0|)

(90)

This result indicates that when the gap has a line node, the density of states N(E) ∝ E

for E ≃ 0.
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