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4.1 Generalized BCS theory. Consider the Hamiltonian given by Eq. (2.15) or (93) in the
theory lecture notes:

H =
∑

k

C
†
kε̌kCk,

with

Ck =











ck↑

ck↓

c
†
−k↑

c
†
−k↓











and ε̌k =
1

2

(

ξkσ̂0 ∆̂k

∆̂†
k −ξkσ̂0

)

,

where σ̂0 is the 2 × 2 unit matrix. ξ−k = ξk. C
†
k = (c†k↑, c

†
k↓, c−k↑, c−k↓). ∆̂k possesses

a symmetry: ∆̂−k = −∆̂T
k , (•̂T means a transpose matrix). Here, we have omitted an

unimportant classical-number term K in the Hamiltonian of Eq. (2.15) or (93). As a notation,
“hat” •̂ denotes the 2 × 2 matrix in the spin space, and “check” •̌ denotes the 4 × 4 matrix
composed of the 2 × 2 particle-hole (Nambu) space and the 2 × 2 spin space.

The above Hamiltonian is known to be diagonalized as

H =
∑

k

(

C
†
kǓk

)(

Ǔ
†
k ε̌kǓk

)(

Ǔ
†
kCk

)

=
∑

k

A
†
kĚkAk,

with

Ěk =
1

2

(

Êk 0
0 −Ê−k

)

and Êk =
(

Ek,+ 0
0 Ek,−

)

,

by the Bogoliubov transformation:

Ak = Ǔ
†
kCk with Ǔk =

(

ûk v̂k

v̂∗
−k û∗

−k

)

.

Here, Ǔ
†
kǓk = ǓkǓ

†
k = 1̌ with the 4 × 4 unit matrix 1̌.

Show the followings for the unitary states
(

i.e., for ∆̂k∆̂
†
k = ∆̂†

k∆̂k = |∆k|
2σ̂0 with

|∆k|
2 ≡ 1

2
Tr[∆̂k∆̂

†
k] and |∆−k| = |∆k|

)

:

E2
k,+ = E2

k,− = ξ2
k + |∆k|

2 (≡ E2
k), (1)

and

ûk =
(Ek + ξk)σ̂0

√

2Ek(Ek + ξk)
, v̂k =

−∆̂k
√

2Ek(Ek + ξk)
. (2)

Here, we assume Ek > 0. In your calculation, assume ûk = ukσ̂0 and uk is real.
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4.2 Consider the gap equation given in Eq. (2.22) or (100) in the theory lecture notes

∆k,s1s2
= −

∑

k′,s3s4

Vk,k′;s1s2s3s4

∆k′,s4s3

2Ek′

tanh
( Ek′

2kBT

)

,

and the pairing interaction in Eq. (2.23) or (101) having the form

Vk,k′;s1s2s3s4
= J0

k,k′σ
0
s1s4

σ0
s2s3

+ Jk,k′~σs1s4
· ~σs2s3

.

Here, σ̂0 is the 2 × 2 unit matrix and ~̂σ = (σ̂x, σ̂y, σ̂z) are the Pauli matrices. Ass′ denotes

the ss′ matrix element of Â, (s, s′ = {↑, ↓}). Â stands for ∆̂k, σ̂0, and ~̂σ.
Show that the gap equation can be written as

Ψk = −
∑

k′

(J0
k,k′ − 3Jk,k′)

Ψk′

2Ek′

tanh
( Ek′

2kBT

)

for singlet states ∆̂k = Ψkiσ̂
y, and

~dk = −
∑

k′

(J0
k,k′ + Jk,k′)

~dk′

2Ek′

tanh
( Ek′

2kBT

)

for triplet states ∆̂k = ~dk · ~̂σiσ̂y.

2


