
Unkonventionelle Supraleitung WS 05/06
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The condensation energy near the critical temperature Tc.

10.1 Let us consider the unitary triplet states ∆̂k = ~dk · ~̂σiσ̂y, where ~dk × ~d∗
k = 0 and

|∆k| =
√

1
2
Tr[∆̂k∆̂

†
k] = |~dk|. We define the amplitude |η| ≡

√

〈

|~dk|2
〉

k
and the normalized d

vector d̂k ≡ ~dk/|η|. Thus,
〈

|d̂k|
2
〉

k
= 1. Here, 〈· · ·〉k denotes the average over the spherical

Fermi surface, 〈· · ·〉k =
∫ dΩk

4π
· · ·.

a) The Ginzburg-Landau free energy for spatially uniform systems is given as follows within

the weak-coupling BCS theory.
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〉

k
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〉
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+
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4
〉

k
(2)

= Fn − α
(

1 −
T

Tc

)〈

|d̂k|
2
〉

k
|η|2 +

β

2

〈

|d̂k|
4
〉

k
|η|4 (3)

= Fn − α
(

1 −
T

Tc

)

|η|2 +
β

2

〈

|d̂k|
4
〉

k
|η|4, (4)

where α = N0 (> 0) and β = 7ζ(3)N0/8(πkBTc)
2 (> 0). Fn and N0 are the free energy

and the density of states (per spin projection) in the normal state, respectively. ζ(3) =
∑∞

n=1 n−3 ≈ 1.2 is the Riemann zeta function. Below Tc, the above free energy has a

minimum value with respect to η, (∂F/∂η∗ = 0).

0 =
∂F

∂η∗
= −α

(

1 −
T

Tc

)〈

|d̂k|
2
〉

k
η +

β

2

〈

|d̂k|
4
〉

k
2η|η|2, (5)

→ 0 = −α
(

1 −
T

Tc

)〈

|d̂k|
2
〉

k
+ β

〈

|d̂k|
4
〉

k
|η|2. (6)

From it,

|η|2 =
α

β
〈

|d̂k|4
〉

k

(

1 −
T

Tc

)

. (7)

Substituting this |η|2 into the free energy, we obtain the condensation energy Fcond as

Fcond ≡ F − Fn (8)

= −α
(

1 −
T

Tc

)

[

α

β
〈

|d̂k|4
〉

k

(

1 −
T

Tc

)

]

+
β

2

〈

|d̂k|
4
〉

k

[

α

β
〈

|d̂k|4
〉

k

(

1 −
T

Tc

)

]2

(9)

=
−α2

2β
〈

|d̂k|4
〉

k

(

1 −
T

Tc

)2
. (10)
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b) On the other hand, when taking into account the so-called feedback effect in the super-

fluid 3He, the following term is added to the free energy according to the Leggett’s review

article.1

FFB =
β

2
γ|η|4

∑

i,j

[

Re
〈
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k d̂j
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〉
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k d̂j
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=
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. (d̂∗
k × d̂k = 0)

(15)

Here, γ is the numeric factor which represents the strength of the feedback effect. Then, the

Ginzburg-Landau free energy is given as

F = Fn − α
(

1 −
T

Tc

)

|η|2 +
β

2

〈

|d̂k|
4
〉

k
|η|4 + FFB (16)

= Fn − α
(

1 −
T

Tc

)

|η|2 +
β

2
κ|η|4, (17)

where

κ =
〈

|d̂k|
4
〉

k
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〉
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〉
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2
〉
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〉
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k d̂z

k

〉
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. (18)

1 A. J. Leggett, Rev. Mod. Phys. 47, 331 (1975). See Eq. (9.7) therein.
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Below Tc, this free energy has a minimum.

0 =
∂F

∂η∗
= −α

(

1 −
T

Tc

)〈

|d̂k|
2
〉

k
η +

β

2
κ2η|η|2, (19)

→ 0 = −α
(

1 −
T

Tc

)〈

|d̂k|
2
〉

k
+ βκ|η|2. (20)

From it,

|η|2 =
α

βκ

(

1 −
T

Tc

)

. (21)

Substituting this |η|2 into the free energy, we obtain the condensation energy Fcond as

Fcond = F − Fn (22)

= −α
(

1 −
T

Tc

)

[

α

βκ

(

1 −
T
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]

+
β

2
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[
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(
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=
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. (24)
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10.2 Now, let us compare the condensation energies in the A and B phases of the superfluid
3He on the basis of Eqs. (1) and (2). Assume the following normalized d vectors: the A-phase

d̂k =
√

3
2
(0, 0, k̂x + ik̂y), and the B-phase d̂k = (k̂x, k̂y, k̂z). Here, k̂ = (k̂x, k̂y, k̂z) ≡ ~k/|~k| =

(cos φ sin θ, sin φ sin θ, cos θ).

a) Let us calculate the factor
〈

|d̂k|
4
〉

k
, which appears in the condensation energy (Eq.

(10)) derived within the weak-coupling BCS theory.

For the A-phase,
〈

|d̂k|
4
〉(A)

k
=

〈

|d̂z
k|

4
〉

k
(25)

=

〈∣

∣

∣

∣

∣

√

3

2
(k̂x + ik̂y)

∣

∣

∣

∣

∣
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k
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=
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3

2

)2
〈∣

∣
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∣

∣

∣

2〉

k
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=
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3

2
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∣
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∣

∣

∣
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3

2
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〈
∣

∣

∣
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}
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∣

∣
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=
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3

2

)2
〈∣

∣

∣sin2 θ
∣

∣

∣

2〉

k
(30)

=

(

3

2

)2
〈

sin4 θ
〉

k
(31)

=

(

3

2

)2
∫

dΩk

4π
sin4 θ (32)

=

(

3

2

)2
1

4π

∫ 2π

0
dφ
∫ π

0
dθ sin θ sin4 θ (33)

=

(

3

2

)2
1

2

∫ π

0
dθ sin θ sin4 θ (34)

=
9

8

∫ π

0
dθ sin5 θ (35)

=
9

8
·
16

15
(36)

=
3

1
·
2

5
(37)

=
6

5
. (38)

For the B-phase,
〈

|d̂k|
4
〉(B)

k
=

〈
∣

∣

∣(|d̂k|
2)
∣

∣

∣
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=
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∣
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∣

∣

∣

2〉
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=
〈∣

∣

∣1
∣

∣

∣

2〉

k
(41)
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= 1. (42)

Therefore, from Eq. (10),

F
(A)
cond

F
(B)
cond

=

〈

|d̂k|
4
〉(B)

k
〈

|d̂k|4
〉(A)

k

(43)

=
1
(

6
5

) (44)

=
5

6
. (45)

This result indicates that |F
(B)
cond| > |F

(A)
cond|, namely that within the weak-coupling BCS theory

the B phase is energetically more favorable than the A phase.

b) Let us calculate each term of κ in Eq. (18), which appears in the condensation energy

(Eq. (24)) where the feedback effect is taken into account.

For the A-phase,

〈

|d̂k|
4
〉(A)

k
=

6

5
. (46)

〈

|d̂x
k|

2
〉(A)

k
= 0. (47)

〈

|d̂y
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2
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k
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〈
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2
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∣

∣
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∣

∣
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∣

∣

∣

∣

∣
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=
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〉
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〈
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〉

k
(51)

=
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3

2

)
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}〉

k
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=

(

3
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)

〈
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〉

k
(53)

=

(

3

2

)

1

4π

∫ 2π
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∫ π

0
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=
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3

2

)

1

2

∫ π

0
dθ sin3 θ (55)

=

(

3

2

)

1

2
·
4

3
(56)

= 1. (57)
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〈

d̂x∗
k d̂y

k

〉(A)

k
= 0. (58)

〈

d̂y∗
k d̂z

k

〉(A)

k
= 0. (59)

〈

d̂z∗
k d̂x

k

〉(A)

k
= 0. (60)

Therefore, from Eq. (18),

κ(A) =
〈

|d̂k|
4
〉(A)

k
+ γ − 2γ

{〈

|d̂x
k|

2
〉(A)

k

}2
− 2γ

{〈

|d̂y
k|

2
〉(A)

k

}2
− 2γ

{〈

|d̂z
k|

2
〉(A)

k

}2

− 4γ
{〈

d̂x∗
k d̂y

k

〉(A)

k

}2
− 4γ

{〈

d̂y∗
k d̂z

k

〉(A)

k

}2
− 4γ

{〈

d̂z∗
k d̂x

k

〉(A)

k

}2
(61)

=
〈

|d̂k|
4
〉(A)

k
+ γ − 2γ

{〈

|d̂z
k|

2
〉(A)

k

}2
(62)

=
6

5
+ γ − 2γ (63)

=
6

5
− γ. (64)

For the B-phase,

〈

|d̂k|
4
〉(B)

k
= 1. (65)

〈

|d̂x
k|

2
〉(B)

k
=

〈

| cosφ sin θ|2
〉

k
(66)

=
1

4π

∫ 2π

0
dφ
∫ π

0
dθ sin θ cos2 φ sin2 θ (67)

=
1

4π

∫ 2π

0
dφ cos2 φ

∫ π

0
dθ sin3 θ (68)

=
1

4π
· π ·

4

3
(69)

=
1

3
. (70)

〈

|d̂y
k|

2
〉(B)

k
=

1

3
. (71)

〈

|d̂z
k|

2
〉(B)

k
=

1

3
. (72)

〈

d̂x∗
k d̂y

k

〉(B)

k
=

〈

k̂xk̂y

〉

k
(73)

=
〈

(cos φ sin θ)(sin φ sin θ)
〉

k
(74)

=
1

4π

∫ 2π

0
dφ
∫ π

0
dθ sin θ(cos φ sin θ)(sin φ sin θ) (75)

=
1

4π

∫ 2π

0
dφ cosφ sin φ

∫ π

0
dθ sin3 θ (76)

= 0. (77)
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〈

d̂y∗
k d̂z

k

〉(B)

k
= 0. (78)

〈

d̂z∗
k d̂x

k

〉(B)

k
= 0. (79)

Therefore, from Eq. (18),

κ(B) =
〈

|d̂k|
4
〉(B)

k
+ γ − 2γ

{〈

|d̂x
k|

2
〉(B)

k

}2
− 2γ

{〈

|d̂y
k|

2
〉(B)

k

}2
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{〈

|d̂z
k|

2
〉(B)

k

}2
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{〈

d̂x∗
k d̂y

k

〉(B)

k

}2
− 4γ

{〈

d̂y∗
k d̂z

k

〉(B)

k

}2
− 4γ

{〈

d̂z∗
k d̂x

k

〉(B)

k

}2
(80)

=
〈

|d̂k|
4
〉(B)

k
+ γ − 2γ

{〈

|d̂x
k|

2
〉(B)

k

}2
− 2γ

{〈

|d̂y
k|

2
〉(B)

k

}2
− 2γ

{〈

|d̂z
k|

2
〉(B)

k

}2
(81)

= 1 + γ − 2γ
( 1

32
+

1

32
+

1

32

)

(82)

= 1 + γ −
2

3
γ (83)

= 1 +
1

3
γ. (84)

Hence, from Eq. (24),

F
(A)
cond

F
(B)
cond

=
κ(B)

κ(A)
(85)

=
1 + 1

3
γ

6
5
− γ

. (86)

Now,

1 ≡
F

(A)
cond

F
(B)
cond

=
1 + 1

3
γc

6
5
− γc

, (87)

→ 1 +
1

3
γc =

6

5
− γc, (88)

→
4

3
γc =

1

5
, (89)

→ γc =
3

20
. (90)

From these results, we notice that |F
(A)
cond| > |F

(B)
cond| for γ > γc = 3/20 (namely, the A-phase is

energetically stabilized), while |F
(B)
cond| > |F

(A)
cond| for γ < γc (namely, the B-phase is stabilized).

Here, we have assumed that γ is a small positive quantity, and then 0 ≤ γ < 6
5
.
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