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Spangolite (Cu6Al(SO4)(OH)12Cl·3H2O) is a hydrated layered copper sulfate mineral whose crys-
tal structure is well described by a depleted triangular lattice of Cu2+ ions in each layer. Experi-
mental measurements reveal a non-magnetic ground state at T ∼ 8K with magnetization properties
dominated by dimerization. We propose a concrete model of Cu2+ spin-1/2 degrees of freedom
on this geometrically frustrated and effectively two-dimensional maple-leaf lattice. The distorted
geometry of the depleted triangular lattice layers results in a spatially anisotropic Heisenberg model
featuring five symmetry inequivalent couplings with ferromagnetic bonds on hexagons and antifer-
romagnetic triangular bonds. The validity of the proposed Hamiltonian is demonstrated by state-
of-the-art tensor network calculations which can assess both the nature of the ground state as well
as low-temperature thermodynamics, including effects of a magnetic field. We provide theoretical
support for a dimerized ground state by calculating the static spin structure factor as well as the
magnetic susceptibility, the latter is shown to be in good agreement with experiment. We further
predict the emergence of magnetisation plateaus at high values of an external magnetic field and
study their melting with increasing temperature.

INTRODUCTION

The kagome lattice antiferromagnet is the embodiment
of high geometric frustration in two dimensions [1].
However, a number of other lattices based on trian-
gular motifs come close if we consider suppression
of ordered moment [2, 3]. Examples of other highly
frustrated Archimedean lattices are the star, bounce,
trellis and maple-leaf lattices. A common feature
of these lattices is that material realizations are ex-
tremely rare [4]; metal-organic approximate versions
exist for the star [5] and trellis lattice [6]. Concerning
the maple-leaf lattice (MLL) (see Fig. 1a) [7], the
situation is slightly more promising [8, 9] as a num-
ber of minerals with quantum spins like bluebellite
Cu6IO3(OH)10Cl [10], mojaveite Cu6TeO4(OH)Cl [10],
fuettererite Pb3Cu6TeO6(OH)7Cl5 [11], sabelliite
(Cu,Zn)2Zn[(As,Sb)O4](OH)3 [12] and spango-
lite Cu6Al(SO4)(OH)12Cl·3H2O [13–16] have been
found; besides, some semi-classical maple-leaf lat-
tice antiferromagnets like MgMn3O7·3H2O [17] and
Na2Mn3O7 [18, 19] are known. Here, we focus on
spangolite, which has been characterized magneti-
cally [20] with evidence of a non-magnetic ground
state. However, the nature of the singlet ground state
remains a riddle with various speculative scenarios of
either isolated or interacting dimers and trimers having
been discussed in Ref. [2], but none found to be in
complete agreement with observed magnetic features.
In this manuscript, we address this long-standing issue
by first employing ab-initio density functional theory
(DFT) calculations to reliably ascertain the magnetic
interactions, which are shown in Fig. 1a, and found to
be antiferromagnetic on the dimer (J1) and triangular
(J4 and J5) bonds, and ferromagnetic on the hexagons

(J2 and J3). The resulting magnetic Hamiltonian is
analyzed employing state-of-the-art tensor network (TN)
simulations based on infinite projected entangled simplex
states (iPESS) [21] and infinite projected entangled
simplex operators (iPESO) [22] ansätze, to assess both
its ground state as well as finite magnetic field and
finite-temperature behavior.

Our results lend support to a picture of a dimerized
ground state characterized by strong singlet formation on
the dimer bonds (J1 in Fig. 1a), which can be ascribed to
the presence of large antiferromagnetic coupling on these
bonds. Since these singlets are coupled via appreciable
ferromagnetic correlations on the hexagons, they cannot
be viewed as being isolated. The ground state is thus
composed of correlated dimers and can be viewed as a
dressed version of the exact dimer product state [23]. The
behavior of the magnetic susceptibility with temperature
is found to be in qualitative agreement with experiment,
with the caveat that the non-magnetic ground state on-
sets at a comparatively higher temperature. The finding
of a substantially reduced effective magnetic moment at
high temperatures (in agreement with experiment) com-
pared to that expected of six S = 1/2 spins lends support
to a ground state composed of non-trivially correlated
dimers. This is indeed confirmed by the obtained ground
state spin correlation profile, which features significant
spin-spin correlations on the triangular and hexagonal
bonds. We do not see any evidence of the formation
of strongly bound clusters or trimers, which would re-
quire invoking additional orbital moments as speculated
in Ref. [20]. Under the application of a magnetic field, the
resulting magnetization curve displays plateaus at 1/3,
2/3, and 4/9 of the saturation magnetization character-
ized by a translationally invariant pattern of spin-spin
correlations for the former two, and an eighteen site unit
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FIG. 1. Structure and Heisenberg Hamiltonian parameters of spangolite. a Distorted maple-leaf lattice realized in
spangolite. The bonds represent the exchange interactions Ji, with thickness scaled in proportion to their values. b Crystal
structure of spangolite Cu6Al(SO4)(OH)12Cl·3H2O [20] with DFT relaxed hydrogen positions. c Five exchange interaction
constituting the maple-leaf lattice, determined by DFT energy mapping, as function of on-site interaction strength U . The
vertical line indicates the U value for which the couplings match the experimental Curie-Weiss temperature, and for this
U we have antiferromagnetic J1 = 118.4(2)K, J4 = 33.0(2)K and J5 = 47.6(2)K and ferromagnetic J2 = −23.8(1)K and
J3 = −24.2(1)K.

cell for the 4/9 plateau. The temperature evolution of the
magnetization curve shows a relatively faster melting of
the 1/3 compared to the 2/3 plateau.

RESULTS

Heisenberg Hamiltonian
We begin our study of spangolite by determining the pa-
rameters of the Heisenberg Hamiltonian

H =
∑
i<j

JijSi · Sj (1)

using the density functional theory based energy map-
ping technique. This approach has proven instru-
mental for the understanding of various Cu2+ based
minerals like centennialite [26], henmilite [27], bir-
chite [28], kapellasite [29] as well as PbCuTe2O6 (ide-
alized coloalite [30]) [31]. The first step is to establish
the best possible crystal structure, including all hydro-
gen positions. For this purpose, we use the structure
determined by Fennell et al. [20], adding to it the miss-
ing H3 position from Hawthorne et al. [16]. We then

name J1 J2 J3 J4 J5
value (K) 118.4(2) −23.8(1) −24.2(1) 33.0(2) 47.6(2)

dCu−Cu (Å) 3.005 3.107 3.110 3.213 3.216

TABLE I. Exchange interactions of spangolite
Cu6Al(SO4)(OH)12Cl·3H2O obtained by DFT energy
mapping. The couplings are interpolated to U = 7.52 eV so
that they match the experimental Curie-Weiss temperature
θCW = −38K [20]. The Cu-Cu distances are given to identify
the exchange path.

carefully relax all six hydrogen positions using the full po-
tential local orbital (FPLO) code [32] and the generalized
gradient approximation (GGA) [33] exchange correlation
functional. The resulting crystal structure is shown in
Fig. 1b. The structure is characterized by Cu2+ maple-
leaf layers where Al3+ ions fill the centers of the hexagons.
The metal hydroxide layers are well separated by sulfate
groups and water molecules, indicating a high level of
two-dimensionality of the material.

We now proceed to extract the Heisenberg Hamiltonian
parameters of Eq. (1) by calculating 40 out of 364 dis-
tinct energies for the possible spin configurations in the
unit cell, where we lower the symmetry to P 1 in order
to make all twelve Cu2+ sites symmetry inequivalent.
This allows us to resolve the five nearest-neighbour
exchange interactions which make up the distorted
maple-leaf lattice of spangolite. We also resolve seven
longer range couplings which turn out to be less than
one percent of the largest coupling and which we ignore
in our subsequent analysis. The values of the first five
exchange interactions are plotted in Fig. 1 c as function
of the on-site interaction strength U . The relevant value
of U , determined by demanding that the mean-field
estimate of the Curie-Weiss temperature matches the
experimental value of θCW = −38K [20] is marked by
a vertical line. The resulting Hamiltonian parameters,
which are the basis for our further investigation are
given in Table I. Spangolite is found to be characterized
by a unique network of three antiferromagnetic and two
ferromagnetic couplings shown in Fig. 1a. The largest
coupling, antiferromagnetic J1, defines dimers. The two
weaker antiferromagnetic couplings J4 = 0.278J1 and
J5 = 0.402J1 define triangles, and the two ferromagnetic
couplings J2 = −0.201J1 and J3 = −0.204J1 form the



3

a |ψ⟩ /ρ(β) =

b

T = 0 :
tSVD

e−δτH

c

T > 0 :
tSVD

e−δβH

d

⟨ψ|ψ⟩ =
. . . . . .

. . . . . .

. . . . . .

. .
.

. .
.

. .
.

. .
.

. .
.

. .
.

χB χE

FIG. 2. Tensor network setup for the simulations of
spangolite. a Infinite projected entangled simplex state and
operator ansatz for the simulations of spangolite. A coarse-
graining of the two spins on J1 bonds results in a regular
kagome lattice, on which the tensor network is defined. While
quantum states |ψ⟩ have one physical index (represented by
the black vertical lines), thermal states ρ(β) need two physi-
cal indices (both black and gray virtual lines). b & c Simple
update step for the iPESS ground state (T = 0) and iPESO
thermal state (T > 0). The imaginary time evolution gate
is first absorbed into a triangle configuration to evolve the
states. Applying a higher-order singular value decomposition
(SVD) with truncation (tSVD) to the bulk bond dimension
χB recovers the individual tensors. d Coarse-graining the six
spins in the elementary unit cell results in a square lattice
TN, whose contraction is approximated by fixed-point envi-
ronment tensors shown in gray, using a corner transfer matrix
renormalization group procedure. The unavoidable approxi-
mations are controlled by an environment bond dimension
χE .

hexagons of the maple-leaf lattice. In the following, we
will analyze the properties of this Hamiltonian using
state-of-the-art tensor network techniques.

Tensor network ansatz
The study of the spangolite Hamiltonian is based on
numerical tensor network simulations in the thermody-
namic limit. TNs are efficient representations of quantum
many-body systems, that encode the probability ampli-
tudes of a (thermal) quantum state as a contraction of a
network of local tensors. The tensors are interconnected
by auxiliary, virtual indices as shown in Fig. 2a, whose

maximal dimension is called the bond dimension χB of
the TN (bulk bond dimension). It is a control parameter
that can be systematically increased to improve the accu-
racy of the ansatz. Tuning the bond dimension changes
the number of variational parameters in the TN and
thereby the amount of quantum entanglement that can
be captured. Tensor networks offer efficient numerical
simulations with only a polynomial scaling in the number
of particles, thus overcoming the exponential barrier by
targeting the low-entanglement sector of the full Hilbert
space [34, 35]. In our study, we employ infinite projected
entangled simplex states (iPESS) [21] and infinite pro-
jected entangled simplex operators (iPESO) [22] for the
simulation of ground states and thermal states, respec-
tively. In this context, the TN is used as an ansatz for
the full many-body system, consisting of a unit cell of dif-
ferent tensors that generates a translationally invariant
quantum state.

Upon coarse-graining the two spins on the dominant
antiferromagnetic J1 bonds in the maple-leaf lattice,
the system is mapped to a regular kagome lattice.
Due to its corner-sharing triangles, a TN setup on
the dual honeycomb lattice in the form of iPESS and
iPESO is very well suited to capture the multipartite
quantum correlations therein. The general TN setup is
shown in Fig. 2a, where the stretched hexagons denote
coarse-grained lattice sites, each represented by a single
green tensor in b and c. In the chosen TN ansatz,
those tensors reside on the links of the honeycomb
lattice, so that additional three-index simplex tensors
have to be introduced to connect them (gray tensors).
Quantum states, represented by an iPESS, have only
a single physical index per lattice site tensor, while
thermal density matrices, represented by an iPESO,
have two. This is shown in the figure as black, and
both black and gray indices, respectively. A single
unit cell consists of three lattice tensors (capturing six
spins), together with two simplex tensors. Importantly,
tensor networks in the thermodynamic limit offer the
possibility of choosing arbitrary unit cells, that are
repeated periodically to generate the 2D lattice. This
gives us the possibility to determine the actual structure
of the targeted states based on energy comparisons of
different configurations [36]. Each elementary unit cell
of the honeycomb TN can be further coarse-grained into
an effective tensor on a regular square lattice. This is
important to compute accurate expectation values, for
which we use a corner transfer matrix renormalization
group (CTMRG) [37–39] procedure, as shown in Fig. 2d.
The contraction of the infinite square lattice introduces
an additional control parameter, the environment bond
dimension χE . In our simulations we use system sizes of
six, twelve and eighteen spins. Both ground and thermal
state simulations are based on the very efficient simple
update procedure [21, 22, 40, 41]. It is an approximate,
yet reliable algorithm frequently used in TN simulations.
Details about the simple update for iPESS and iPESO,
as well as the calculation of expectation values are
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FIG. 3. Ground state of spangolite. a Ground state energy vs. inverse bond dimension χB for the ground state of the
spangolite Hamiltonian without magnetic field. The inset shows the spatial pattern of nearest-neighbour spin-spin correlations,
revealing the strong dimerization. b The equal-time spin structure factor S(q) for an exact dimer state on J1 bonds [24, 25]
and c for the ground state of the spangolite Hamiltonian at bond dimension χB = 6. The extended Brillouin zone is marked
by a white hexagon.

presented in the appendix.

Ground state without magnetic field
The ground state for the spangolite Hamiltonian can
be represented with a single geometrical unit cell of six
spins. Due to the strong antiferromagnetic interaction
on J1 bonds, it is dominated by a dimerization of the
connected spins. The remaining antiferromagnetic in-
teraction terms contribute only weakly to the structure,
however, there exist nonnegligible ferromagnetic correla-
tions on the hexagonal bonds. Due to the chosen coarse-
graining, the two spins on J1 bonds are treated exactly
as a single tensor site, and entanglement with neighbour-
ing sites is only weak. The chosen TN ansatz is there-
fore ideal and the simple update algorithm leads to ac-
curate results. More sophisticated procedures, such as
variational optimisation [42] are limited to smaller bond
dimensions and not superior here. The ground state en-
ergy vs. the inverse iPESS bond dimension is shown in
Fig. 3a. Quantum correlations are already seen to be well
captured with an ansatz of χB = 8, and a larger bond
dimension does not substantially decrease the energy fur-
ther. A fit of the six largest data points reveals a good
estimate for the infinite bond dimension limit (χB → ∞),
for which we extrapolate to an energy of

E0/J1 = −0.398 83(4). (2)

The energy is found to be lower compared to that of an
exact dimer product state (on J1 bonds), which has an
energy per site of E/J1 = −0.375. The spatial pattern of
nearest-neighbour spin-spin correlations ⟨Si · Sj⟩ reveals
the expected strong dimerization of the ground state on
J1 bonds. It is shown as the inset of Fig. 3a. The spins on
the hexagons show weak ferromagnetic alignment, while
the spins on triangle configurations are nearly uncorre-
lated. Thus, the ground state cannot be characterized by

isolated singlet formations on the dimer bonds alone, but
instead these dimers are correlated (due to ferromagnet-
ically correlated hexagonal bonds) forming a correlated
dimer liquid with a lower energy.
In order to further characterize the ground state, we com-
pute the equal-time spin structure factor

S(q) =
∑
i,j

∑
m,n

eι̇q·(Ri−Rj)eι̇q·(bm−bn)

× ⟨S(Ri + bm) · S(Rj + bn)⟩ .
(3)

Here, (i, j) denotes the summation over unit cells and
(m,n) the additional summation over the six-site basis
of the maple-leaf lattice. By exploiting translational
invariance, one sum over unit cells can be removed, and
the structure factor can be computed by a CTMRG
resummation scheme [43–45], accounting for the appro-
priate phase factors and spin operators while absorbing
tensors into the environment tensors. This scheme
typically needs large environment bond dimensions χE

to reach convergence. However, due to the large gap
in our system (cf. the width of the zero-magnetisation
plateau below), the calculations of the structure factor
can be converged with moderate χE . In order to have a
defined reference, we show the structure factor for the
spangolite ground state in comparison to an exact dimer
state on J1 bonds in Fig. 3b and c. While the exact
dimer state is representable with an iPESS at bond
dimension χB = 1, i.e., a product state of coarse-grained
dimers, the structure factor for spangolite is computed
at χB = 6 to balance accuracy and the computational
cost of the CTMRG routine. The similarity in the
structure factor for the spangolite ground state with
the exact dimer one confirms the strong dimerization,
however, it is slightly smeared compared to the exact
dimer state.
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Thermal state and heat capacity
Before investigating magnetic properties of the spangolite
Hamiltonian, we compute thermal state properties with-
out a magnetic field using iPESO simulations at a large
bulk bond dimension χB = 32 with mean-field environ-
ments [22]. Thermal states are obtained by successively
cooling an infinite-temperature state with infinitesimal
steps δβ = 10−3 down to low temperatures. From the
thermal state energy we can compute the heat capacity
C = ∂U/∂T . Results are shown in Fig. 4a. C/T features
a pronounced peak at T ∼ 30K.
In the inset we show the thermal state energy alongside
the truncation error in the simple update cooling proce-
dure. The thermal state energy converges to the ground
state energy of Fig. 3a for low temperatures, indicating
that the procedure does not get stuck in local minima
during the cooling. The truncation error can be used to
probe the accuracy of the simulations. It stays below
ε ∼ 10−2 down to T = 1K, which is a good indication
that the chosen bond dimension for the thermal state
simulations is sufficiently high.

Magnetic susceptibility
To further characterize the spangolite Hamiltonian, we
computed the variation of the magnetic susceptibility
with temperature using the iPESO thermal state algo-
rithm. To this end, we choose a very accurate infinitesi-
mal temperature step of δβ = 10−4 and a large bulk bond
dimension of χB = 24. Expectation values are again com-
puted using the mean-field environment, which is reason-
able due to the high bond dimension and temperature,
and low entanglement in the system. Fortunately, we can
directly compare our theoretical simulations of the model
Hamiltonian to experimental measurements on spango-
lite. The magnetic susceptibility is computed from the
magnetization along the direction of the field according
to

χM (T ) =
∂mz(T )

∂hz

∣∣∣∣
hz→0

. (4)

Our results, alongside the data extracted from Ref. [20]
are shown in Fig. 4b. The main feature of a sharp
peak and a high-temperature tail is correctly recovered
by our tensor network simulations. A numerical fit of the
high-temperature regime (T > 400K for the simulation,
T > 100K for the experiment) with a Curie-Weiss law

χM (T ) =
C

T − θCW
(5)

is used to extract the Curie-Weiss temperature θCW. The
fit results in parameters given in Table II. The simula-
tions show a quicker decline of the magnetic susceptibil-
ity, indicating a non-magnetic ground state already at
higher temperatures. From the Curie-Weiss constant C
we can compute the effective magnetic moment

µeff =

√
3kBC

NAµ2
B

. (6)
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FIG. 4. Thermodynamic properties of spangolite. a
Specific heat divided by temperature showing a pronounced
peak at T ∼ 30K. The inset shows the thermal state en-
ergy, that converges to the ground state energy for low tem-
peratures, alongside the accumulated truncation error of the
simple update cooling procedure, that stays below ε ∼ 10−2

throughout the full range of temperatures. b Magnetic sus-
ceptibility over temperature. The high-temperature regime
(T > 400K for the simulation, T > 100K for the experi-
ment) is fitted with a Curie–Weiss law to extract the CW
temperature in Table II. The inset shows the effective mag-
netic moment. Details are given in the text.

experiment simulation
C 2.98K 4.25K
θCW −45.2K −46.5K
µeff 4.79(1)µB/f.u. 5.83µB/f.u.

TABLE II. Parameters of the numerical fit of the Curie-Weiss
law of the magnetic susceptibility. Experimental data has
been extracted from Ref. [20]. The effective magnetic moment
µeff is computed according to Eq. (6) in the units of µB per
formula unit.

The extracted value from the TN simulations is slightly
larger compared to the experimentally estimated one,
see Table II. In particular, the substantial reduction in
µeff compared to the expected value for the spangolite
formula unit, which has µeff = 10.39µB/f.u. for the six
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FIG. 5. Magnetization curves of spangolite. Zero temperature magnetization of the spangolite Hamiltonian over the
magnetic field hz at χB = 8, using CTMRG environments. Below hz ∼ 67T the strong antiferromagnetic J1 interaction leads
to a vanishing magnetization. Three plateaus at 1/3, 4/9 and 2/3 of the saturation mS = 1/2 are found. The inset shows the
narrow 4/9 plateau. b-d Nearest-neighbour spin-spin correlations and local Sz expectation values for the 1/3, 4/9 and 2/3
magnetization plateaus, corresponding to values of b hz = 90, c hz = 95 and d hz = 110, respectively. e Magnetisation curve
of spangolite at finite temperatures. The insets show the melting of the mz/mS = 1/3 and 2/3 magnetisation plateaus as an
effect of increasing temperature.

spin-1/2s [20], is reflective of the fact that the ground
state cannot be viewed as either being composed of
isolated dimers or explained by a model of dimers inter-
acting with a mean-field [46–48] – in consonance with
the description of the ground state obtained from TN
simulations. This, alongside the vanishing susceptibility
at a higher temperature indicates an overestimation
of the formation of dimers, which could result from a
slightly too high value for J1 in the model Hamiltonian.
The iPESO ansatz itself is biased towards the formation
of dimers on J1 bonds as well, however, the large
bulk bond dimension χB = 24 should allow sufficient
correlations to neighbouring sites to counteract this bias.
Using C = χMT in Eq. (6), we can plot the effective
magnetic moment over temperature as shown in the
inset of Fig. 4b. While both experiment and simulation
data is not converged for high temperatures, our result
settles in higher and in a similar range as experimental
value, in agreement with the preceding discussion.

Magnetization plateaus
Finally, we study the spangolite Hamiltonian in an ex-
ternal magnetic field. Due to the strong antiferromag-

netic interaction on J1 bonds, the system retains a non-
magnetic ground state up until hz ∼ 65T. In the T = 0K
simulations we have used unit cells of six, twelve and eigh-
teen spins in order to capture more complicated ground
state structures. The magnetization curve is then ob-
tained from the states which minimize the energy. Upon
tuning the magnetic field, we find the emergence of mag-
netisation plateaus at values of mz/mS = 1/3, 4/9 and
2/3 of the saturation value mS = 1/2. The full mag-
netisation curve is shown in Fig. 5a. It is interesting to
note that we do not find the 1/6, 2/9 and 2/7 plateaus
observed in the magnetization curve of the exact dimer
product ground state [49]. This provides further evidence
that the ground state of the spangolite Hamiltonian is
not formed by isolated singlets but more appropriately
viewed as a correlated dimer state due to the presence of
ferromagnetic correlations on the hexagonal bonds con-
necting the dimers.
While the spin-spin correlations in the 1/3 and 2/3
plateaus are translationally invariant and thus repre-
sentable within a six site unit cell, the 4/9 plateau
state is only captured by a unit cell of eighteen spins.
All these three plateaus satisfy the conventional con-
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dition for a magnetization plateau to emerge, namely,
NuS(1−mz/ms) ∈ Z [50, 51], where Nu is the number of
sites in the unit cell for the ground state and S is the spin
quantum number which, in the present case, is S = 1/2.
For the aforementioned quantities, we obtain values of
2, 1, and 5 for the 1/3, 2/3, and 4/9 plateaus, respec-
tively. The spatial pattern of spin-spin correlations and
z-component of the magnetisation is shown in Fig. 5b-d.
Finally, we analyse the stability of the two prominent
plateaus at mz/mS = 1/3 and 2/3 with respect to
temperature. To this end, we simulate the spango-
lite Hamiltonian in a field over a temperature range
T ∈ [0.1K, 1000K] at a fixed bond dimension of χB = 24
using mean-field environments to compute expectation
values. The unit cell is set to six spins, so that the addi-
tional, small 4/9 plateau cannot be captured. While the
infinite-temperature states are fully disordered without
any magnetization, the simple update cooling procedure
recovers the two focused plateaus at low temperatures. A
set of fixed temperature slices is shown in Fig. 5 e. In the
inset we show the melting of both plateaus. Noticeably,
they melt rather symmetrically from the low and high
field limits, respectively. Due to the smaller width, the
1/3 magnetisation plateau is more susceptible to thermal
effects and starts melting sooner than the 2/3 plateau.

DISCUSSION

Employing a combination of density functional the-
ory based energy mapping and tensor network simu-
lations, we investigated the ground and thermal state
properties in the presence of a magnetic field of a
distorted maple-leaf lattice as realized in spangolite
(Cu6Al(SO4)(OH)12Cl·3H2O). The DFT Hamiltonian
features the largest coupling, antiferromagnetic J1 on
the dimer bonds, while the subleading antiferromagnetic
couplings, J4 = 0.278J1 and J5 = 0.402J1 define the
triangles. An noteworthy aspect of the Hamiltonian is
the presence of substantial ferromagnetic interactions,
J2 = −0.201J1 and J3 = −0.204J1 on the hexagons. The
pattern of spin-spin correlations in the ground state con-
sequently features strong singlet formation on the dimer
bonds, and sizeable ferromagnetic correlations on the
hexagonal bonds which connect the dimers. Interestingly,
the spins on the triangles are nearly uncorrelated. Thus,
our picture of a non-trivially correlated dimer ground
state accounts for the appreciable reduction in magnetic
moment at high temperatures observed in experiment,
thereby resolving a long-standing puzzle. It also effec-
tively rules out a scenario of a ground state composed of
either isolated dimers or dimers interacting with a mean-
field, and dispenses with the need of invoking more com-
plicated mechanisms which have been speculated about
earlier. We find an excellent agreement with the experi-
mentally observed behavior of the magnetic susceptibil-
ity. The magnetization curve of spangolite does not show
the presence of 1/6, 2/9, and 2/7 plateaus which are ex-

pected for an exact dimer product configuration. This
lends further evidence of a correlated dimer ground state.
We find that the 1/3 and 2/3 plateau states are trans-
lation invariant, while the 4/9 state is described by an
eighteen site unit cell. With increasing temperature, the
2/3 plateau appears more robust compared to the 1/3
plateau.

Much of the recent theoretical efforts in search of exotic
non-magnetic states on the maple-leaf lattice have fo-
cused on the purely antiferromagnetic model [25, 52, 53].
However, lately the explorations of models with mixed
ferro-antiferro couplings (with antiferromagnetically cou-
pled hexagons and ferromagnetic coupling on triangles
and dimer bonds) have unveiled a variety of dimer orders
encompassing an island of putative quantum spin liquid
behavior [54]. In similar vein, there could be a putative
quantum spin liquid lurking around the corner proximate
to the observed correlated dimer ground state. To this
end, it would be worthwhile to perform a thorough inves-
tigation of the mixed ferro-antiferro parameter space of
the spangolite Hamiltonian, which instead features fer-
romagnetically coupled hexagons and antiferromagnetic
coupling on triangles and dimer bonds. This might also
enable us to ascertain whether the observed dimerized
phase could potentially be viewed as an instability of
proximate quantum spin liquids, which have lately been
classified in Ref. [55].

Our study of spangolite is the second detailed elucidation
of the Hamiltonian of a maple-leaf material, the first be-
ing the recent investigation of bluebellite [24]. Both min-
erals share the distortion pattern of the ideal maple-leaf
lattice with five inequivalent nearest-neighbor bonds and
the fact that the Hamiltonian is dominantly antiferro-
magnetic, but modified by two ferromagnetic exchange
interactions. As the resultant physics, spin singlet for-
mation versus valence bond solid ground state for span-
golite and bluebellite, respectively, vary considerably, it
is a worthwhile endeavor to understand the other known
copper minerals with maple-leaf lattice, mojaveite, fuet-
terite and sabelliite, as well. Their maple-leaf lattices are
also distorted, promising new patterns of antiferromag-
netic and ferromagnetic bonds. The example of bluebel-
lite [17] suggests that synthesis of the minerals is possible
and can lead to a reduction of the lattice distortions. A
next step could be efforts to synthesize material varia-
tions, for example by replacing chlorine by bromine and
thus to further extend the richness of quantum spin sys-
tems with maple-leaf structure.

From a methodological perspective, the tensor network
methods employed make inroads into the extremely chal-
lenging problem of simulating the low-temperature ther-
modynamics of quantum spin models, in particular, mod-
elling real quantum materials. These cross-benchmarking
efforts advance both theory or simulation and condensed
matter experiments, and help to build confidence in the
results. The versatility of the employed framework can
be further extended to include e.g., next-to-nearest neigh-
bour interactions or applied to the study of layered quan-
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tum materials [22, 56, 57], and are therefore readily avail-
able for the study of more elaborate model Hamiltonians.
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Appendix A: Density functional theory based energy
mapping

We use all electron density functional theory calculations
with a full potential local orbital (FPLO) basis set [32].
For the prediction of the hydrogen atom positions, we use
a generalized gradient approximation (GGA) exchange
correlation functional [33]. We determine the Heisenberg
Hamiltonian parameters from total energies where we
correct for the strong electronic correlations on the Cu2+

3d orbitals by a DFT+U functional [59]. For the energy
mapping approach, we classify all 4096 possible spin con-
figurations for the twelve Cu2+ ions in the unit cell after
removing the symmetry. We find that the 364 distinct
classical energies allow us to resolve twelve Heisenberg
Hamiltonian parameters. We fix the Hund’s rule cou-
pling for Cu 3d as JH = 1 eV, in agreement with many
previous studies [26, 31]. We then perform the energy
mapping approach for five values of the onsite interac-
tion value U (see Fig. 1 c). We choose the appropriate
value for spangolite by demanding that the Curie-Weiss
temperature calculated as

θCW =
1

3
S(S + 1)

(
J1 + J2 + J3 + J4 + J5 + J15 + J16

+ J17 + J18 + J19 + J21 + J23
)
(A1)

agree with the experimental value of θCW = −38K [20].
The resulting U = 7.52 eV is rather typical.

Appendix B: Maple-leaf lattice definition

Assuming a Cartesian coordinate system that sets the
reference, the lattice vectors are given by

a⃗1 = −
√
7

2

(
1√
3

)
a⃗2 =

√
7

(
1
0

)
. (B1)

Here, the lattice constant is set to a = 1. Furthermore,
the six-site basis of the maple-leaf lattice is defined in
Fig. 6. A fully translational system therefore consists of
a single unit cell with six spins. The basis is spanned by

1

2

3

4

5

6

FIG. 6. Definition of one unit cell, the six-site basis of the
maple-leaf lattice.

the six basis vectors

b⃗1 =
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)
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2
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2
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(
5

−
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)
.

(B2)

Appendix C: Tensor network details

1. Ground state calculations

In order to represent the wave function of the ground
state, we employ the iPESS ansatz. The tensor coeffi-
cients, that ultimately represent the target wave function
in the thermodynamic limit are determined by a sim-
ple update procedure. It is based on evolving an initial
wave function under imaginary time evolution to project
out the ground state [21, 40]. Due to the chosen coarse-
graining of J1 bonds, a single update steps includes six
lattice sites in triangle configurations at a time. This is
visualized in Fig. 2b. In order to keep the bond dimen-
sion constant, the network has to be truncated back to
χB after each application of the imaginary time evolution
gate e−δτH . Although the simple update is an approx-
imate scheme and treats the environment of a cluster
only in mean-field approximation, it is expected and has
proven to work reliably for frustrated quantum lattice
systems in two dimensions.

2. Thermal state calculations

In contrast to ground state simulations, the local spin
degrees of freedom have to be doubled, such that the sys-
tem is described by a thermal density matrix. The iPESS
ansatz for state vectors has been recently extended to the
realm of operators, enabling the efficient simulation of
thermal states of frustrated systems using iPESO [22].
Here, the algorithm used to obtain a thermal density
matrix ρ(β) at inverse temperature β is again based on

http://dx.doi.org/10.17169/refubium-26754
http://dx.doi.org/10.17169/refubium-26754
http://dx.doi.org/10.17169/refubium-26754
https://doi.org/10.1103/PhysRevB.52.R5467
https://doi.org/10.1103/PhysRevB.52.R5467
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the simple update and Trotterization of the Hamiltonian.
Starting from an infinite-temperature state ρ(β = 0),
where the thermal density matrix is simply a tensor prod-
uct of local identity matrices, the system is cooled down
to the desired final temperature β. This procedure is im-
plemented by successive cooling steps with infinitesimal
temperature δβ to keep the overall errors controllable.
This can be done in a similar fashion as in the simple
update ground state optimization and it is visualized in
Fig. 2 c. Again, after the evolution with the gate e−δβH ,
the resulting iPESO network is truncated to the bulk
bond dimension χB . The accumulated truncation error
ε of the full procedure can be used to probe the accuracy
of the simulations [22].

3. Calculation of expectation values

In order to compute expectation values, the honeycomb
structure of the iPESS/iPESO ansatz can be mapped
to a regular square lattice with lattice vectors as shown
in Fig. 1a. The resulting tensor network on the square
lattice is known as an infinite projected entangled pair

state (iPEPS) or infinite projected entangled pair opera-
tor (iPEPO) respectively, which includes six spins of the
original MLL on every lattice site. This additional step is
required to compute effective fixed-point environments of
the infinite MLL, e.g. by a regular corner transfer matrix
renormalization group (CTMRG) procedure, as shown
in Fig. 2d. Expectation values on the MLL can then
be accurately computed by the evaluation of single-site
and three-site expectation values on the coarse-grained
square lattice, corresponding to the two different types
of simplex configurations in the iPESS/iPESO ansatz.
The approximations in the contraction of the infinite 2D
lattice are controlled by a bond dimension for the effec-
tive environment tensors, denoted by χE . In practise,
this parameter has to be large enough so that expecta-
tion values are well converged. Besides taking the full
CTMRG environment into account for the calculation
of expectation values, it is also possible to only use a
mean-field (MF) environment. This environment is read-
ily available from the simple update for both ground and
thermal states. MF expectation values are computation-
ally much cheaper and have to be used for large bond
dimensions due to the high computational cost of the
CTMRG routine.
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