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Scanning tunneling spectroscopy measurements on the high-temperature superconductor Bi2Sr2CaCu2O8+�

have reported an enhanced spectral gap in the neighborhood of O dopant atoms. We calculate, within density
functional theory �DFT�, the change in electronic structure due to such a dopant. We then construct and discuss
the validity of several tight-binding �TB� fits to the DFT bands with and without an O dopant. With the
doping-modulated TB parameters, we finally evaluate the spin susceptibility and pairing interaction within
spin-fluctuation theory. The d-wave pairing eigenvalues are enhanced above the pure system without O dopant,
supporting the picture of enhanced local pairing around such a defect.
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I. INTRODUCTION

With the observation in scanning tunneling spectroscopy
�STS� measurements on high-Tc Bi-based cuprate
superconductors1 that the oxygen dopant position and the
size of the superconducting gap are correlated, it has become
evident that dopant atoms may influence superconductivity
beyond their roles as sources of mobile charge and scattering
centers. Subsequently, Nunner et al.2 showed that many STS
observations can be explained if one assumes that dopants
locally enhance the pairing interaction. It is clearly desirable
to further justify the proposal of Ref. 2 by identifying the
microscopic mechanism responsible for the local pairing in-
teraction enhancement. Such a step would fulfill a longstand-
ing goal of allowing the systematic study of the pairing in-
teraction itself by the measurement and modeling of the
effects which modulate it.

If we accept the dominance of a magnetically driven pair-
ing mechanism in the cuprates, the pairing enhancement is a
result of the local increase in the spin-fluctuation exchange
interaction in the vicinity of a dopant, which can occur due
to the dopant-induced local structural modifications. Whether
the structural and the corresponding local electronic-
structure modifications can indeed enhance the local super-
exchange coupling has been a subject of several recent
studies.3–5 The problem is typically treated by calculating the
local exchange coupling constants of the t-J model, the
large-U limit of the Hubbard model, with the assumption that
the local parameters of the latter �the on-site energy � and
the hopping integrals t� are modified due to the presence of a
dopant. In Ref. 5, by means of the Rayleigh-Schrödinger
perturbation expansion it was shown for the three-band Hub-
bard model that the exchange coupling is enhanced only in a
certain region of the Hubbard model parameters phase dia-
gram. Unfortunately, recent numerical estimates of the pa-
rameter values of the Hubbard model with an impurity based
on electrostatic calculations4 place the dopant-induced varia-
tion in the region of the phase diagram where exchange gets

suppressed. Though discouraging at first glance, it is clear
that this general approach contains many oversimplifications
of the true electronic structure. In addition, the full pairing
interaction, while related to the exchange coupling J, can be
influenced also by dynamical spin-fluctuation processes.6 We
have therefore been stimulated to investigate further the
dopant-induced effects on the local pairing with the goal of
improving the model by a refinement of the approximations.
For instance, besides considering the variation in the atomic
on-site energies �which was assumed in Refs. 3 and 5 to be
the only effect due to a dopant� one can allow for the varia-
tion in hopping integrals near the dopant as well. One can
furthermore go beyond the electrostatic considerations in cal-
culating the inhomogeneous Hubbard model parameters in
order to place more accurately the exchange coupling varia-
tions in the parameter phase diagram by employing ab initio
calculations. Finally, one can directly calculate the dynami-
cal pairing interaction within weak coupling spin-fluctuation
theory. These are the aims of the present work.

In this paper, we perform density functional theory �DFT�
calculations for Bi2Sr2CaCu2O8+� and explore the possibility
of extracting out of the electronic-structure reliable effective
Cu-Cu hopping integrals t and on-site energies � as a func-
tion of oxygen doping. In general, DFT calculations of the
electronic structure near the Fermi surface of cuprate mate-
rials are not considered reliable due to strong correlation ef-
fects but it has been argued that changes in electronic struc-
ture induced by high-energy impurity states are much less
sensitive. These effective parameters are further considered
in the Hubbard model calculations of the spin susceptibility
and superconducting gap function, and key changes in these
functions are observed which support the importance of the
effect of the oxygen dopants on the pair correlations in these
materials.

The evaluation of the hopping integrals and on-site ener-
gies of the Hubbard model is performed by mapping the
eigenvalues of the corresponding noninteracting tight-
binding �TB� Hamiltonian to the valence bands of
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Bi2Sr2CaCu2O8+� as a function of oxygen doping. Although
Bi2Sr2CaCu2O8+� is more accurately described by the three-
band model,5 here we consider a single-band TB Hamil-
tonian, with the single active orbital being the Cu 3dx2−y2

orbital at the Fermi level as the simplest case for the pro-
posed approach. In fact, recent studies showed that the one-
band Hubbard model suffices to describe the important fea-
tures of the low-energy physics in the cuprates.7 We find that
the accuracy of the dopant-induced TB Hamiltonian param-
etrization suffers from two sources of uncertainty, which are
�i� the presence of effective far Cu neighbor interactions in
the homogeneous model �undoped case� allowing for many
alternative parameter sets and �ii� the need to reduce the
enormous number of adjustable parameters of the dopant-
induced TB model in order to perform the numerical optimi-
zation. In view of these considerations we present two alter-
native TB models and discuss their validity in terms of
physical arguments.

II. ELECTRONIC-STRUCTURE CALCULATIONS

The electronic-structure calculations for the parent com-
pound Bi2Sr2CaCu2O8 were performed with the reference
crystal structure reported in Ref. 8. Bi2Sr2CaCu2O8 crystal-
lizes in the space group I4 /mmm, with a unit cell which we
consider in the tetragonal symmetry �see Ref. 9 for the
discussion on the structural supermodulation in
Bi2Sr2CaCu2O8�, consisting of two identical slabs of atoms,
one shifted with respect to the other by a vector
�a /2,a /2,c /2�, where a and c are the lattice parameters of a
tetragonal unit cell. Oxygen doping of this system was mod-
eled by introducing one extra interstitial oxygen atom into a
surface supercell consisting of eight primitive unit cells in
the xy plane. We consider the surface supercell in order to
reproduce the conditions of a typical STM experiment on an
O-doped Bi2Sr2CaCu2O8+� surface. The electronic-structure
calculations in the present work were performed with the
linearized-augmented-plane-wave basis, as implemented in
WIEN2K.10 The exchange and correlation effects were treated
within the generalized gradient approximation as imple-
mented by Perdew, Burke, and Ernzerhof.11 Additional de-

tails of the electronic structure calculations are given in
Appendix A

In Fig. 1�a� we present the electronic band structure
of Bi2Sr2CaCu2O8 in the energy window between
�−8 eV,3 eV�. The two Cu 3dx2−y2 bands of the parent com-
pound are marked by circles with sizes proportional to the
3dx2−y2 weight. They are rather dispersive, which is a typical
feature of the cuprate family.12 The two Cu bands crossing
the Fermi level are the antibonding bands in the chemical
bonding between Cu atoms and the O atoms in the supercon-
ducting layer. The bonding bands lie in the region between
�−8 eV,−5 eV�. In the following we concentrate on the en-
ergy window �−2.5 eV,3 eV� near the Fermi level EF as
indicated in Fig. 1�b�. At the X= �� ,0 ,0� point the Cu 3dx2−y2

bands show a strong overlap with the Bi-O bands near the
Fermi level, and at the �= �0,0 ,0� point there is strong hy-
bridization between the Cu 3dx2−y2 and some of the lower
lying O 2p and Cu 3d bands.

Figure 1�c� presents the band structure of the O-doped
Bi2Sr2CaCu2O8+� supercell in the same energy range. The
band structure of the supercell is plotted along the same high
symmetry points in the Brillouin zone as those of the parent
compound. However, since the doped systems’ unit cell is
eight times larger than the parent compound unit cell, its
Brillouin zone shrinks and the bands fold on top of each
other so that effectively there are 16 Cu 3dx2−y2 bands cross-
ing the Fermi level, where 16 is the number of Cu atoms in
the supercell slab.

Because the Brillouin zones of the parent compound and
of the doped supercell are defined differently, it is not
straightforward to compare their band structures. In order to
make such a comparison, we recalculate the electronic struc-
ture of the parent compound in the folded Brillouin zone.
Once this is done, small but traceable changes in the shape of
the Cu 3dx2−y2 bands as a function of oxygen doping become
apparent as will be shown in the next sections. We will dedi-
cate the rest of the paper to the quantitative evaluation of
these changes in terms of hopping integrals of a single-band
tight-binding Hamiltonian as well as calculations of the spin
susceptibility and superconducting pairing function.

(a) (b) (c)

FIG. 1. �Color online� ��a� and �b�� DFT electronic band structure of Bi2Sr2CaCu2O8 shown for different energy ranges. �c� Band
structure of the O-doped Bi2Sr2CaCu2O8+� supercell in the same energy window as �b�. The weight of the Cu 3dx2−y2 character in the
eigenvalues is proportional to the circles’ size.
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III. SINGLE-BAND TIGHT-BINDING MODEL

A. Parent compound

A standard procedure to analyze the low-energy band
structure features of solid state systems is the TB
parametrization.13,14 Since the symmetry of the parent com-
pound Bi2Sr2CaCu2O8 unit cell is I4 /mmm and the number
of distinct hopping integrals �adjustable parameters� is small,
the TB parametrization in this case is straightforward and has
been already performed in previous studies.12,15 The com-
plexity of the problem is dramatically increased when trying
to obtain the TB parameters for the doped supercell bands
shown in Fig. 1�c�: first, because the number of bands to be
mapped increases by a factor of 8, which means that, in order
to optimize the TB parameters, a global minimum of a com-
plex mathematical function expressed by a 16�16 matrix
needs to be found; second, because the number of distinct
hopping integrals is expected to rise considerably as we in-
crease the size of the unit cell and lower its symmetry. Our
strategy to overcome these complications is to use the hop-
ping integrals obtained for the parent compound Cu 3dx2−y2

bands as starting values for parametrizing the doped super-
cell bands.

An important point to consider is that the differences be-
tween the Cu 3dx2−y2 bands of the parent and doped com-
pounds are small, which is reasonable since we do not expect

the interstitial oxygen to have a drastic effect on the orbital
overlap of its neighboring Cu atoms. Therefore, the TB pa-
rameters for the Cu 3dx2−y2 bands in the parent and doped
compounds must be obtained with a fitting error smaller than
the dopant-induced differences in the band structure, i.e., the
quality of both TB mappings must be particularly high. For
this reason we consider the antibonding Cu 3dx2−y2 bands
over the entire energy range over which they disperse. We
find that, in order to accurately reproduce the DFT
Cu 3dx2−y2 bands of the parent compound �Fig. 1�a��, up to
13 Cu-Cu neighbors have to be included in the model TB
Hamiltonian. We should note, however, that among these
various hopping integrals, those representing hybridizations
between the far neighbors are only effective parameters; we
are forced to include them in the single-band model in order
to describe those features of the Cu 3dx2−y2 bands that stem
from the interaction of the Cu 3dx2−y2 orbital with other
Cu 3d orbitals and the O 2p orbitals. For example, near �
= �0,0 ,0� the Cu 3dx2−y2 bands are anomalously flat and
show an �k�k4 behavior,15 where k is the momentum in the
Brillouin zone. In order to reproduce this feature, inclusion
of higher harmonics is required in the model equations.

The long range effective hoppings which arise from the
mapping of the complex band structure over a �5 eV range
onto a single band model are found to be much smaller than
the short range hoppings, e.g., t100 and t110. This strongly
suggests that it will be difficult to identify a unique param-

TABLE I. TB1undoped results: optimized values of the on-site energy � and the hopping integrals tl
between 12 Cu nearest neighbors in eV. These parameters reproduce the Cu 3dx2−y2 bands in Figs. 2�a� and
2�b�. The vector l= �n ,m ,z� is given by integers n ,m; z can take values of 0 or z=0.099 as 0.099c is the
distance between two CuO2 layers.

� t00z t100 t10z t110 t11z

0.4212 0.0543 −0.5196 0.0056 0.1115 −0.0221

t200 t20z t210 t21z t220 t22z t300

−0.0859 0.0117 −0.0078 −0.0064 0.0025 −0.0103 −0.0238

TABLE II. TB2undoped results: optimized values of the on-site energy � and hopping integrals tl for the
parent compound where only the closest nearest neighbors are considered. Also shown are the TB results
obtained by mapping the doped supercell bands to a homogeneous Hamiltonian �TB2hom. doped�. The meaning
of the three subindices is the same as in Table I.

� t100 t110 t200 t00z

TB2undoped 0.4464 −0.5174 0.1085 −0.0805 0.0818

TB2hom. doped 0.4900 −0.5150 0.1158 −0.0800 0.0700

t11z t210 t300 t400 t21z

TB2undoped −0.0264 −0.0073 −0.0182 −0.0122 −0.0044

TB2hom. doped −0.0229 −0.0075 −0.0177 −0.0046 −0.0062

t220 t330 t500 t33z

TB2undoped 0.0068 −0.0052 −0.0049 −0.0047

TB2hom. doped 0.0045 −0.0015 −0.0012 −0.0003
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eter set. Alternative single-band models can exist corre-
sponding to different choices of effective hopping paths. We
therefore discuss two possible sets of single-band TB Hamil-
tonian parameters �presented in Tables I and II � to give a
sense of how robust the TB models can be. Details of the
construction of these models are found in the Appendix B.
Both sets are indeed found to describe the Cu 3dx2−y2 bands
in the parent compound equally well. In the following we
will adopt the notation: �1� TB1: 12 hopping parameters, six

effective interlayer hoppings; �a� TB1undoped: undoped parent
compound; �b� TB1loc. doped: TB parameters are taken to vary
in the vicinity of O dopant; �2� TB2: 13 hopping parameters,
four effective interlayer hoppings; �a� TB2undoped: undoped
parent compound; �b� TB2hom. doped: fit is obtained with ho-
mogeneous TB parameters over the entire supercell. A dis-
cussion of the tight-binding parameters describing the
O-doped system will be the subject of the next section.

In Fig. 2�a� the TB1undoped Hamiltonian spectrum in the
full Brillouin zone is compared to the DFT bands of the

FIG. 2. �Color online� Plot of the DFT calculated Cu 3dx2−y2

bands �dots� and the TB1 Hamiltonian spectrum �lines� for
Bi2Sr2CaCu2O8 and Bi2Sr2CaCu2O8+�: �a� comparison of the
Bi2Sr2CaCu2O8 electronic structure to the TB1undoped model; �b�
comparison of the Bi2Sr2CaCu2O8+� electronic structure to the
TB1undoped model plotted in the folded Brillouin zone; and �c� com-
parison of the Bi2Sr2CaCu2O8+� electronic structure to the
TB1loc. doped model �see Fig. 4�. High symmetry points are given by
�kx ,ky� only, kz=0; thus �0,0�=�, �� ,0�=X, and �� ,��=T.

FIG. 3. �Color online� Plot of DFT calculated Cu 3dx2−y2 bands
�dots� and the TB2 Hamiltonian spectrum �line� for Bi2Sr2CaCu2O8

and Bi2Sr2CaCu2O8+�: �a� comparison of the Bi2Sr2CaCu2O8 elec-
tronic structure to the TB2undoped model; �b� comparison of the
Bi2Sr2CaCu2O8+� electronic structure to the TB2undoped model plot-
ted in the folded Brillouin zone; and �c� comparison of the
Bi2Sr2CaCu2O8+� electronic structure to the homogeneous
TB2hom. doped model. �Table II second row�.

FOYEVTSOVA et al. PHYSICAL REVIEW B 82, 054514 �2010�

054514-4



parent compound. In Fig. 2�b�, the spectrum of the
TB1undoped Hamiltonian is replotted in the folded Brillouin
zone and compared with the Cu 3dx2−y2 bands of the doped
supercell. The slight differences between the shapes of the
doped supercell DFT bands and of the TB bands of the par-
ent compound are due to the presence of the interstitial oxy-
gen, which displaces the neighboring Cu atoms and thus
modifies their corresponding overlap integrals. It is possible
to quantify these effects by fine tuning the parameters of the
TB Hamiltonian such that the supercell bands are repro-
duced, as we will show below.

In Fig. 3�a�, we now show the corresponding TB2undoped
Hamiltonian spectrum in the full Brillouin zone in compari-
son to the DFT bands of the parent compound. In Fig. 3�b�,
the same TB bands are plotted in the folded Brillouin zone,
together with the DFT bands of the doped supercell. Com-
paring the TB1undoped and TB2undoped model parameters for
the parent compound �Tables I and II�, we observe that the
TB2undoped model has several features that can be considered
an advantage in terms of the physics that the model implies;
this model includes only four hopping integrals between the
CuO2 layers, t00z, t11z, t21z, and t33z, whose relevance can be
justified either by the close proximity of the two Cu atoms
�t00z� or by the presence of a Ca atom along the Cu-Cu con-
nection mediating electron hopping �t11z, t21z, and t33z�. In the
TB1undoped model, on the other hand, the mechanism of some
of its six interlayer interactions is not as clear. Furthermore,
one would rather expect the contribution of interacting far
Cu neighbors within a CuO2 layer to be more important as
considered in the TB2undoped model.

In the next section, we will discuss the results of the deri-
vation of the TB Hamiltonian for the O-doped
Bi2Sr2CaCu2O8+� supercell, obtained when either the param-
eter set in TB1undoped �Table I� or TB2undoped �Table II� are
used as initial values for mapping the supercell DFT bands.

B. O-doped supercell

In order to describe the DFT Cu 3dx2−y2 bands of the
doped supercell �Fig. 1�c�� within a TB model, one has to
construct a Hamiltonian similar to Eq. �B1�, which will be
now represented by a 16�16 matrix, according to the num-
ber of Cu atoms in the supercell �eight atoms in each CuO2
layer�. Since the presence of the interstitial oxygen intro-
duces inhomogeneities in the system, the number of distinct
model parameters for the supercell is not defined by simply
the number of parameters of the corresponding parent unit
cell �which is 12 and 13 for the models of Tables I and II,
respectively, plus the on-site energy ��, but increases consid-
erably. For instance, even by taking into account the mirror
plane symmetry, there are still 238 parameters in the super-
cell TB Hamiltonian based on the TB1undoped ansatz. Techni-
cally, it is impossible to find a unique and unambiguous set
of parameters by performing an optimization of such a huge
number of parameters, especially since our aim is to capture
the slight differences between the bands of the parent com-
pound and the doped compound �see Figs. 2�b� and 3�b��.
One way to proceed would be to approximate the hopping
integrals that become distinct in the supercell due to the in-

homogeneity introduced by the dopant by their average val-
ues. In this “averaged” homogeneous TB model for the su-
percell, there would be as many parameters as in the
corresponding model for the parent compound and their op-
timization would be simple; an example is given in Table II
�TB2hom. doped row�. With such an approach, however, the
most interesting physics concerning local effects due to the
dopant is left out.

The exact knowledge of how the Cu on-site energies and
the most relevant Cu-Cu hopping integrals t100 and t110 are
modified near the dopant is very important for understanding
the dopant-induced effects on the local spin superexchange
coupling,16–18 which is related to the size of the local super-
conducting gap in cuprates.5 Therefore, in order to be able to
study the local variations in the model parameters, we pro-
pose the following approximate treatment of the problem.
We assume that the on-site energies and hopping integrals
most affected by the dopant are those that are nearest to the
dopant, and we concentrate on the largest TB model param-
eters, such as �, t100, and t110. Then, the supercell TB Hamil-
tonian is optimized by adjusting the selected parameters,
while for the rest, i.e., the effective far Cu neighbor interac-
tions, their initial values are preserved. An illustration of the

-0.4967 -0.4967

0.09930.0993

0.1334

-0.0307

-0.0509

-0.0845

-0.5126

-0.5414

m

x
y

FIG. 4. �Color online� The schematic lattice of dopant-displaced
Cu atoms in the oxygen-doped supercell of Bi2Sr2CaCu2O8+�. The
smallest circle represents the interstitial oxygen atom and the larger
circles stand for Cu atoms. Darker color is used for Cu atoms in the
CuO2 layer closest to the interstitial oxygen. The Cu-Cu bonds that
correspond to the hopping integrals of the t100 type are represented
by solid lines, the hopping integrals of the t110 type by dashed lines,
and the hopping integrals of the t200 type by dash-dotted lines. The
numbers over the bonds stand for the optimized values of corre-
sponding hopping integrals of the doped supercell TB model based
upon the nearest-neighbors parent compound model �see text�. The
optimized value of the on-site energy of this model for the Cu in the
next-nearest CuO2 layer �the light Cu atom symbols� is �
=0.4445 eV. The six optimized on-site energy values for Cu in the
nearest CuO2 layer �the dark Cu atom symbols� are �=0.5757,
0.5057, 0.5341, 0.5151, 0.4930, and 0.5186 eV. �=0.5757 eV cor-
responds to the Cu atom which is displaced most by the dopant and
is marked with an arrow. m labels the mirror plane.
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procedure in the case of the TB1undoped model is shown in
Fig. 4 and is worked out in detail in Appendix C. It turns out
that this approach gives sensible results when the TB super-
cell model is built upon the TB1undoped model �Table I� and
gives counterintuitive results when the TB2undoped model for
the parent compound �Table II� is used. In Fig. 2�c� we show
the good agreement between the energy spectrum of this
TB1loc. doped Hamiltonian with the DFT bands of
Bi2Sr2CaCu2O8+�.

To conclude this section, we present the homogeneous TB
model for the doped supercell TB2hom. doped based on the
TB2undoped model �see Table II and Fig. 3�c��. Even though
the homogeneous model does not reflect the local dopant-
induced effects, it can still be useful as it provides the infor-
mation on how the model parameters change on average. For
instance, it is interesting to observe that the average ratio
t110 / t100 increases in the doped supercell compared to that in
the parent compound �from 0.2097 to 0.2249�; this might
suggest a possible increase in the superconducting transition
temperature upon doping, in analogy with the observation
within the cuprate family, that the materials characterized by
a larger t110 / t100 ratio have higher transition temperatures.19

Unlike the situation with the mapping approach previously
discussed, which aimed at capturing local physics, the pa-
rameters of the homogeneous Hamiltonian demonstrate the
same behavior upon doping regardless of the parent com-
pound TB model �TB1undoped and TB2undoped� chosen as a
starting point for mapping the doped supercell electronic
structure.

IV. SPIN FLUCTUATION PAIRING

A. Spin susceptibility

In the following we calculate the magnetic spin suscepti-
bilities for the TB models obtained previously, namely, �i�
the TB1undoped �Table I�, �ii� the TB2undoped �Table II first
row�, �iii� the inhomogeneous doped supercell model
TB1loc. doped �Fig. 4�, and �iv� the homogeneous doped super-
cell model TB2hom. doped �Table II second row�. The spin sus-
ceptibility is derived within the Matsubara Green’s functions
formalism20 from the noninteracting Green’s functions. In a
general formulation, the spin susceptibility is a function of
four orbital indices, �	s�st

pq, which, in the considered case of a
single orbital but multiple atoms in a unit cell, refer to the
orbitals on different atoms. For the noninteracting case, the
spin susceptibility �	s�st

pq is equivalent to the charge suscep-
tibility �	c�st

pq, �	s�st
pq= �	c�st

pq�	st
pq, and is given by14

	st
pq�q,
� = −

1

NkN
�
k,��

�f�E��k + q�� − f�E��k��	

�
a�

s �k�a�
p��k�a�

q�k + q�a�
t��k + q�


 + E��k + q� − E��k� + i0+ . �1�

In this expression, indices s, p, q, and t refer to the N Cu
atoms in the unit cell and run from 1 to N while indices �
and � distinguish the N eigenvalues E�k� of the diagonalized
TB Hamiltonian. The matrix elements a�

s �k� are the compo-
nents of the eigenvectors of the TB Hamiltonian. The inte-

gration over the Brillouin zone has been replaced by a sum
over a sufficiently large number Nk of k points. f�E� is the
Fermi-Dirac distribution function. In the following, we will
focus on the static noninteracting spin susceptibility 	S�q�

	S�q� =
1

2�
sp

	ss
pp�q,
 = 0� �2�

and examine its behavior in the four cases of interest along
the main symmetry directions in the Brillouin zone.

The static spin susceptibilities 	S�q� of the parent com-
pound calculated with the TB1undoped model of Table I �bold
black line� and with the TB2undoped model of Table II �bold
dashed line� are plotted in Fig. 5�a�. The two susceptibilities
show similar features with double peaks along �0,0 ,0�
− �� ,0 ,0� and �� ,� ,0�− �0,0 ,0� directions and a broad pla-
teau at �� ,� ,0�. These similarities can be understood in
terms of the fact that most important parameters in the two
TB models �t100, t110, etc.� have close values. In this respect,
it is not surprising that the spin susceptibility calculated with
the averaged TB parameters of the homogeneous Hamil-
tonian TB2hom. doped for Bi2Sr2CaCu2O8+� �thin dashed line
in Fig. 5�a�� qualitatively reproduces the same behavior as
the TB models for the parent compound.

FIG. 5. �Color online� The static spin susceptibility of �a� the
two parent compound TB models TB1undoped and TB2undoped and the
homogeneous doped supercell model TB2hom. doped, plotted in the
full Brillouin zone, and �b� the two parent compound TB models
TB1undoped and TB2undoped and the inhomogeneous TB1loc. doped and
homogeneous TB2hom. doped doped supercell models, plotted in the
folded Brillouin zone.
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We next calculate the spin susceptibility with the inhomo-
geneous TB Hamiltonian for the doped Bi2Sr2CaCu2O8+� su-
percell TB1loc. doped. Of course in this case the spin suscep-
tibility must be calculated with the full supercell �16�16�
Hamiltonian matrix and accordingly is defined in the folded
Brillouin zone. Figure 5�b� shows the spin susceptibility cal-
culated with the inhomogeneous TB1loc. doped model �thin
black line� and, for comparison, the two parent compound
susceptibilities replotted in the folded Brillouin zone �as in
Fig. 5�a�, bold black and bold dashed lines�. Within the in-
homogeneous model, a pronounced peak in the spin suscep-
tibility evolves at �� ,0 ,0� upon doping whereas in both par-
ent compound susceptibilities this region is featured by a
shallow minimum in between two asymmetrical peaks lo-
cated at some distance from �� ,0 ,0�. A peak in the spin
susceptibility of a noninteracting system can transform into a
divergence indicating magnetic instabilities and possible or-
dering, when the interparticle interactions are switched on.
�� ,0 ,0� corresponds to a commensurate antiferromagnetic
striped order with period 2
2a with stripes along the �110�
direction of the parent compound unit cell.

B. Superconducting gap function

We consider now the models TB1undoped and TB1loc. doped
in order to analyze the superconducting properties of the un-
doped and doped Bi2Sr2CaCu2O8+�, respectively. We calcu-
late the pairing vertex by assuming that superconductivity in
the high-Tc cuprates is driven by the exchange of spin and
charge fluctuations.21 The many-body effects of the Coulomb
interaction are here treated within the random phase approxi-
mation �RPA�.

In order to calculate the pairing vertex, the RPA charge
and spin susceptibilities, 	c

RPA�q ,
� and 	s
RPA�q ,
�, are re-

quired. They can be obtained from the noninteracting suscep-
tibility 	�q ,
� in the form of Dyson-type equations as

�	c
RPA�st

pq = 	st
pq − �

uvwz

�	c
RPA�uv

pq�Uc�wz
uv	st

wz �3�

and

�	s
RPA�st

pq = 	st
pq + �

uvwz

�	s
RPA�uv

pq�Uc�wz
uv	st

wz. �4�

For a single-band model, only the diagonal Uc and Us matri-
ces’ components are nonzero

�Uc�ii
ii = U, �Us�ii

ii = U , �5�

where U is the strength of the on-site intraband Coulomb
repulsion between electrons. The singlet pairing vertex is
then given by

�st
pq�k,k�,
� = �3

2
Us	s

RPA�k − k�,
�Us +
1

2
Us

−
1

2
Uc	c

RPA�k − k�,
�Uc +
1

2
Uc�

ps

tq

. �6�

The scattering of a Cooper pair from the state �k ,−k� to the
state �k� ,−k�� on the Fermi surface is determined by the
projected interaction vertex

��k,k�,
� = �
stpq

a�
t �− k�a�

s�k��st
pq�k,k�,
�a��

p,��k��

�a��
q,��− k�� , �7�

where indices � and �� refer to the eigenvectors of the TB
Hamiltonian with the corresponding energy eigenvalues
close to the Fermi level. As the strength of the pairing inter-
action is defined by a frequency integral of the imaginary
part of ��k ,k� ,
� weighted by 
−1, it is sufficient to con-
sider the real part of ��k ,k� ,
=0� according to the
Kramers-Kronig relation


0

�

d

Im���k,k�,
��

�

= Re���k,k�,
 = 0�� . �8�

If the superconducting gap is decomposed into an ampli-
tude  and a normalized gap function g�k�, the latter can be
evaluated from the following eigenvalue equation:

FIG. 6. �Color online� �a� The pairing strength � for the un-
doped �triangles� and doped �circles� Bi2Sr2CaCu2O8+� TB models
as a function of Coulomb repulsion U. �b� The superconducting gap
function g�k� on the k-point mesh at the Fermi surface of the un-
doped Bi2Sr2CaCu2O8 unit cell for the undoped �triangles� and
doped �circles� models. Positive g�k� values are mostly above the
�0,0�− �� ,�� line �red�, negative values mostly below �blue�. The
intensity of the color is proportional to the absolute value of g�k�.
Half the nesting vector qnest is shown by an arrow.
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−� dk��

2�

1

2�vF�k��
�symm�k,k��g�k�� = �g�k� . �9�

Here

�symm�k,k�� =
1

2
Re���k,k�,0� + ��k,− k�,0�� �10�

is the symmetric part of the full interaction and

vF�k� = ��kE��k�� �11�

is the Fermi velocity at point k on the Fermi surface. The
largest eigenvalue � of Eq. �9� determines the superconduct-
ing transition temperature and its corresponding eigenfunc-
tion g�k� has the symmetry of the gap.

We have solved the eigenvalue problem �9� for the un-
doped and doped Bi2Sr2CaCu2O8+� models in the folded
Brillouin zone of the supercell. The folded Brillouin zone has
been considered in both cases in order to ensure that the
eigenvalue equations are constructed under the same condi-
tions, which is important when the resulting pairing strengths
are compared. The calculations have been performed for the
temperature T=0.01 eV and we considered Coulomb repul-
sion U values that range from 1.00 to 1.66 eV. Note that
these values represent renormalized values of the Hubbard U
appropriate for RPA treatments and are smaller than bare
U’s.22

We find that the doped Bi2Sr2CaCu2O8+� model is char-
acterized by a larger value of the pairing strength � com-
pared to that of the undoped model. The pairing strengths for
the two models are presented in Fig. 6�a� as a function of U.
Below U�1.5 eV the two � values are almost equal but at
larger U values the pairing strength for the doped model
grows faster and diverges at U=1.65 eV.

Figure 6�b� displays the gap functions g�k� of the un-
doped and doped models, corresponding to the leading
eigenproblem solutions � of Fig. 6�a� at U=1.64 eV. The
result from Eq. �9� g�k� is defined on the mesh of k points at
the Fermi surface of the folded Brillouin zone. In Fig. 6�b�,
the k-point mesh was unfolded to the Brillouin zone of the
undoped compound unit cell in order to allow a comparison
of the Fermi surface behavior for the two systems with ex-
periment. One should note that in the case of the doped su-
percell such an unfolding is, strictly speaking, not allowed
and results in a tearing of the Fermi surface. Yet, since the
symmetry lowering effects caused by a dopant are small, the
unfolding in this case is a reasonable approximation. In par-
ticular, the unfolded way of presenting g�k� allows us to
observe that the symmetry of the undoped model g�k� is
dx2−y2 and that upon doping it is roughly preserved, though
slightly distorted. We also note the characteristic reduction of
the norm of the nesting wave vector qnest, associated with the
occurrence of the spin density wave state, in the doped case.
This behavior is in agreement with ARPES results for
Bi2Sr2CaCu2O8+�.23

The gap equation calculations presented here show that
the TB model derived for the O-doped Bi2Sr2CaCu2O8+�,
TB1loc. doped shows an enhanced superconducting pairing
compared to the parent compound model TB1undoped. This

model also demonstrates the appearance of the �� ,0 ,0� peak
in the noninteracting static spin susceptibility. These two fea-
tures of the doped model prove the suggested important role
of local crystal and electronic structure inhomogeneities due
to doping for the local superconducting properties of
Bi2Sr2CaCu2O8+�.

V. CONCLUSIONS

A single-band TB model parametrizing the Cu 3dx2−y2

bands for the high-temperature superconductor
Bi2Sr2CaCu2O8+� was derived from DFT electronic-structure
calculations. In particular, we analyzed the changes in the
TB model parameters induced by the dopant oxygen atom.
We found that an accurate quantitative analysis of the
dopant-induced changes in the electronic structure of
Bi2Sr2CaCu2O8+� requires high-quality TB parametrizations.
The required quality of the modeling was achieved by in-
cluding effective far-neighbor interactions that increased the
number of TB parameters in the parent compound model up
to 14. Two possible models for the parent compound were
proposed and compared, one based on the nearest-neighbors
interactions and the second, based on physically justified hy-
bridization paths with an emphasis on intralayer ones. These
two parent compound TB models were used for constructing
the TB models for the doped supercell. The nontrivial prob-
lem of mapping the doped supercell band structure was
treated by approximating the doped supercell TB Hamil-
tonian either by a homogeneous one, with averaged param-
eters, or by one where only certain selected parameters were
adjusted to map the DFT bands. The more promising latter
approach gave results consistent with physical intuition when
applied to the nearest-neighbors parent compound TB model.

The static spin susceptibility calculated with the doped
supercell TB1loc. doped model possesses qualitatively new fea-
tures, namely, a pronounced peak at the X= �� ,0 ,0� point in
the folded Brillouin zone, compared to the susceptibility of
the parent compound. This change in the susceptibility was
shown to lead to a significant enhancement of d-wave pairing
in the same Bi2Sr2CaCu2O8+� model. Depending on the
value of the interaction parameter U chosen, a modulation of
the coupling constant � of order 30% required to explain the
STS phenomenology2 is easy to obtain. While this is not a
strictly local calculation, it is a strong indication that—within
weak coupling theory—the local electronic structure change
caused by the interstitial O dopant in Bi2Sr2CaCu2O8+� in
fact enhances the pairing locally. A full local calculation of
the inhomogeneous spin-fluctuation pairing interaction is
clearly desirable.

Other extensions of the current calculation would be use-
ful. Since it is known that the three-band model describes the
magnetic properties of cuprates better, it would be worth-
while to try to extend the approach presented in this paper by
performing a parametrization of the three-band TB Hamil-
tonian and studying the effects of doping on this model’s
parameters. In this case, one expects, on the one hand, a
growth of the number of model parameters due to new de-
grees of freedom. On the other hand, the number of effective
far-neighbor interactions should decrease as many effects
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due to hybridization between Cu and O orbitals are now
incorporated in the model itself. One could also consider
other multiband TB models by taking more Cu and O orbit-
als, besides the Cu 3dx2−y2, O 2px, and O 2py orbitals, into
account. The multiband models can be very efficiently pa-
rametrized within the Slater-Koster formalism;24 moreover,
the formalism allows direct calculation of overlap integrals
in the doped compound as a function of relative atomic po-
sitions instead of parametrization by fitting. This will be a
subject of further investigations.
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APPENDIX A: DETAILS OF THE
ELECTRONIC-STRUCTURE CALCULATIONS

The Bi2Sr2CaCu2O8+� supercell is constructed in the fol-
lowing way. It is rotated with respect to the primitive unit
cell by 45° around the z axis and extended along the new x
and y axes such that its xy dimensions are �2
2a
�2
2a�R45°, where a is the x dimension of the pure
Bi2Sr2CaCu2O8 unit cell. Then only one slab of the two
Bi2Sr2CaCu2O8+� slabs is considered. In the z direction, the
slabs are separated by approximately 15 Å of vacuum in
order to exclude any interaction between the marginal Bi
atoms of adjacent slabs. The exact atomic positions inside
the supercell slab were determined by He et al.,25 who per-
formed structural optimization calculations with the Vienna
ab initio simulation program �VASP� within the local density
approximation.

Calculations for the parent compound were carried out
with an energy cutoff for the basis set size given by
RMTKmax=5.50 �RMT is the smallest muffin tin radius and
Kmax is the maximal lattice vector considered�. The muffin
tin radii for the different atoms in the unit cell were the
following: RMT�Bi�=1.88 bohr, RMT�Sr�=2.22 bohr,
RMT�Ca�=2.17 bohr, RMT�Cu�=1.82 bohr, and RMT�O�
=1.61 bohr. We considered a mesh of 240 k points in the
irreducible Brillouin zone �IBZ� corresponding to the space
group I4 /mmm of the parent compound unit cell. Both
RMTKmax and the number of k points in the IBZ were tested
to be sufficient for rendering an accurate electronic band
structure.

The supercell has the symmetry of a centered monoclinic
unit cell in the space group Cm which includes as symmetry
operations the identity and a mirror plane reflection perpen-
dicular to the atomic layers passing through the interstitial
oxygen atom. The atomic displacements caused by the inter-
stitial oxygen are mirror symmetrical about this plane, as

illustrated in Fig. 4 for Cu atoms. For the supercell calcula-
tions, we used the same RMTKmax and RMT values as for the
parent compound and 64 k points in the IBZ of the supercell.

APPENDIX B: DETAILS OF THE TIGHT-BINDING
MODELS AND APPLICATION TO UNDOPED

Bi2Sr2CaCu2O8

The parent compound contains four Cu atoms per unit
cell: two Cu atoms per slab. Since the Bi2Sr2CaCu2O8 lattice
is base-centered and each eigenvalue in the electronic struc-
ture is doubly degenerate due to the presence of two equiva-
lent slabs, there are only two doubly degenerate Cu 3dx2−y2

bands. We therefore construct the TB Hamiltonian by con-
sidering only one pair of Cu atoms in one slab

H = �
k

�d1
†�k� d2

†�k� �� Exy�k� E��k�
E��− k� Exy�k� ��d1�k�

d2�k� � ,

�B1�

where di
†�k� �di�k�� create �annihilate� an electron with a

wave vector k in the Cu 3dx2−y2 orbital of atom i=1,2 �Cu
atoms 1 and 2 belong to different CuO2 layers�. The energy
dispersion Exy�k� is due to interactions between Cu atoms
within a layer and E��k� is due to interlayer electron hop-
pings; both dispersions are given by

Exy,��k� = �
l

exp�ik · l�tl,

where tl is the hopping integral between Cu atoms that are
connected by a vector l. This vector is denoted as l
= �n ,m ,z� and corresponds to a vector �na ,ma ,zc� in abso-
lute coordinates where a and c are the unit-cell parameters,
n ,m denote integers and z=0.099, is the distance between
two CuO2 layers in units of c.

By optimizing the values of the hopping integrals tl, the
eigenvalues of the Hamiltonian Eq. �B1� can be adjusted to
describe the Cu 3dx2−y2 bands of the parent compound. In
order to obtain a description that satisfies our accuracy re-
quirements, we had to include into the model effective hop-
ping integrals between 12 Cu nearest neighbors as listed in
Table I. We denote this tight-binding results TB1undoped.

The in-plane nearest-neighbor hopping integral t100=
−0.5196 eV and second nearest-neighbor hopping integral
t110=0.1115 eV are in agreement with the results of previous
DFT calculations12 and with the analysis of photoemission
measurements of the Bi2Sr2CaCu2O8 electronic structure.26

In Fig. 2�a�, the energy spectrum of the TB Hamiltonian is
compared with the DFT bands. The agreement is overall
good, except for some small deviations around the � point.
This region is particularly difficult to reproduce since here
the shape of the Cu 3dx2−y2 bands is strongly influenced by
the hybridizations between the Cu 3dx2−y2 orbital and other
energetically close Cu d and O p orbitals.

APPENDIX C: DETAILS OF THE TB MODEL
FOR THE O-DOPED SUPERCELL

Here, we present the TB model for the O-doped supercell,
based upon the TB1undoped model for the undoped single cell,
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whose parameters we use as initial. As adjustable parameters,
we choose three hopping integrals of the t100 type, two of the
t110 type, and three of the t200 type that connect the Cu atoms
experiencing the largest displacement due to the interstitial
oxygen and its neighbors �the hopping integrals of the t100,
t110, and t200 types are represented by, respectively, solid,
dashed and dash-dotted lines in Fig. 4�. We also allow for
different on-site energies � for the 3dx2−y2 orbitals of the 8
Cu atoms in the CuO2 layer closest to the dopant. Making
use of the crystal symmetry, the number of � parameters is
reduced to six. We then assign a unique � value to the on-
site energies of the other eight Cu atoms since we expect that
they are less affected by the dopant. These seven on-site
energies together with the eight hopping integrals are varied
during the Hamiltonian optimization. The optimized values
of the hopping integrals are given in Fig. 4 in eV and the
on-site energies are listed in the Figure caption. We denote
this model TB1loc. doped. We observe the largest on-site en-
ergy variation for the most displaced Cu �marked with an
arrow in Fig. 4� while Cu further away from the dopant are
hardly affected. The variations in the hopping integrals are

also consistent. For example, t100 increases when the two Cu
atoms get closer and slightly decreases when they are pushed
apart by the interstitial oxygen. The decrease is even stronger
when the Cu atoms shift with respect to each other parallel to
the mirror plane, what appreciably reduces the orbital over-
lap.

We also considered the same 15 parameters �7 �’s and
8 t’s� to map the DFT Cu 3dx2−y2 bands with a supercell TB
Hamiltonian based upon the TB2undoped for the parent com-
pound, Table II. While a mapping to the doped bands is
almost as good as the one given by the previous model, the
resulting model parameters assumed seemingly chaotic val-
ues not consistent with their expected behavior. One faces
similar inconsistencies also when other trial sets of adjust-
able parameters are used. The failure of the TB2undoped �Table
II� in describing the dopant-induced changes in the band
structure of Bi2Sr2CaCu2O8+� indicates that the results pro-
vided by the approach based on optimizing certain selected
model parameters depend very strongly on the choice of ef-
fective far neighbor interactions that are not optimized.
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