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Magnet-superconductor hybrid (MSH) systems are a key platform for custom-designed topological supercon-
ductors. Ideally, the ends of a one-dimensional MSH structure will host Majorana zero-modes (MZMs), the
fundamental unit of topological quantum computing. However, some experiments with ferromagnetic (FM)
chains show a more complicated picture. Due to tiny gap sizes and hence long coherence lengths, MZMs
might hybridize and lose their topological protection. Recent experiments on a niobium surface have shown
that both FM and antiferromagnetic (AFM) chains may be engineered, with the magnetic order depending on
the crystallographic direction of the chain. While FM chains are well understood, AFM chains are less so. Here,
we study two models inspired by the niobium surface: A minimal model to elucidate the general topological
properties of AFM chains and an extended model to more closely simulate a real system by mimicking the
proximity effect. We find that, in general, for AFM chains, the topological gap is larger than for FM ones, and
thus, coherence lengths are shorter for AFM chains, yielding more pronounced localization of MZMs in these
chains. While for some parameters AFM chains may be topologically trivial, we find in these cases that adding

an adjacent chain can result in a nontrivial system, with a single MZM at each chain end.
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I. INTRODUCTION

One-dimensional (1D) topological superconductors are
candidates for hosting Majorana zero-modes (MZMs) [1-3].
These quasiparticles obey non-Abelian statistics and may
be used for topological (i.e., fault-tolerant) quantum com-
puting [4,5]. 1D topological superconductors can be
engineered—there are a myriad of proposals [6-14]—
although to date there has been no completely unambigu-
ous experimental realization. Magnet-superconductor hybrid
(MSH) structures constitute a particularly promising platform
for MZMs, which involve depositing chains or islands of
magnetic adatoms on the surface of a superconductor by
self-assembly or single-atom manipulation using a scanning-
tunneling microscope (STM) [9-11,14—-16]. STM techniques
allow for both atomic-scale control of structures and atomic-
resolution measurements such as spectroscopy [17,18], re-
construction of density of states [19], and spin-polarized
maps [20]. A rapidly growing number of MSH systems has
been studied in recent years [15-33].

A MSH experiment [15] involved Fe chains on Pb(110),
with the chains grown via self-assembly. The authors ob-
served signature zero-energy end states, demonstrating the
viability of the platform. Subsequent experiments replicated
these results [23] while reducing disorder [19] and increasing
spectral resolution [17,22]. The state of the art progressed by
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transitioning from self-assembled chains to artificially con-
structed Fe chains on Re(0001) using a STM tip [16]; because
these chains are constructed atom-by-atom, they are crys-
talline and disorder free. Alongside these developments, there
have also been attempts to engineer two-dimensional (2D)
structures involving a Pb/Co/Si(111) heterostructure [34] and
Fe islands on Re(0001)-O(2 x 1) [18] which showed com-
pelling signatures of chiral Majorana modes.

Because Nb is the elemental superconductor with the
highest transition temperature at ambient pressure and has a
relatively large spectral gap of 1.51 meV, it should be an ideal
MSH substrate. Only recently has it been possible to prepare
a sufficiently clean Nb(110) surface. Some Nb(110) exper-
iments studied single Fe adatoms [26], which was rapidly
followed by Mn chains [27]. In the latter experiment, there
was sufficient spectral resolution to observe in-gap Yu-Shiba-
Rusinov bands [35] and to identify a signature topological
band inversion. Pointlike zero-energy end states are not ob-
served in these Mn/Nb(110) systems but instead a periodic
accumulation of spectral weight along the sides of the chain,
dubbed side features; similar features were also observed in
Fe/Nb(110) systems [28]. These are identified as hybridized
Majorana modes and have been proposed to have the same ori-
gin [28] as the previously observed double -eye feature [22].
Cr chains on Nb(110) have also been studied, with no signs of
MZMs [29-32].

Thus far, most theoretical and experimental work has
focused on chains with ferromagnetic (FM) order. Most sim-
ulations of 1D MSH systems are also usually based on simple
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models which couple magnetic and superconducting orbitals
and only for 1D structures. Realistic systems, of course, con-
sist of many atoms, involving s, p, and d orbitals, and are
constructed from a large three-dimensional (3D) supercon-
ducting substrate with a (short) chain deposited somewhere on
the surface. Realistic conventional superconductors also have
small spectral gaps (typically <2 meV), while toy models con-
sider gap sizes of hundreds of meV. Some experiments [15]
appear to be consistent with these very simple models featur-
ing pointlike MZMs, but later experiments revealed a more
complex spatial structure of the low-energy modes [22,27]. It
seems that more realistic models, possibly based on ab initio
methods [28], are necessary to capture all relevant details of
MSH systems.

Ferromagnetism is not essential for realizing MZMs in
MSH chains. Simple single-band models of antiferromag-
netic (AFM) chains show MZMs [36,37], as do AFM
nanowires [38] and superconducting helical magnets [13].
Not only is the presence of MZMs invariant to the specific
magnetic ground state, but for instance, classical Monte Carlo
methods show that FM, AFM, and spin spiral ground states
exist in MSH chains [37,39]. Inspired by these results, we
present density functional theory (DFT) calculations for Mn,
Fe, and Cr chains on Nb(110), oriented along three crys-
talline directions. We find that exchange couplings between
the magnetic moments may be FM or AFM depending on
the type of adatom and the chain direction. Indeed, recent
experiments [20,40,41] have found that Mn atoms deposited
on the surface of Nb(110) are FM along the [001] direction
and AFM along the [111] direction. In these experiments,
spin-polarized STM is used to measure the differential con-
ductance of Mn ultrathin films and chains. Applying a soft
out-of-plane magnetic field to the magnetic sample reveals
FM or AFM order in different directions.

In this paper, we investigate the spectral and topologi-
cal properties of chains of magnetic adatoms on the surface
of a conventional superconductor motivated by the recent
experimental developments in Nb-based MSH structures. De-
pending on the crystalline direction, we simulate either FM or
AFM chains. We typically include the substrate in the simu-
lations and focus on small gaps to account for more realistic
scenarios. In Sec. II, we present magnetic couplings of adatom
chains on Nb(110) derived from DFT. In Sec. III, we introduce
two tight-binding Bogoliubov—de Gennes models inspired by
the Nb(110) surface and, in subsequent sections, diagonalize
them numerically. In Sec. IV, we study their topological phase
diagrams. In Secs. V, VI, and VII, we study different geome-
tries of these models in real space, including searching for side
features. In Sec. VIII, we discuss our results and summarize
the paper in Sec. [X.

II. DFT MODELING

We employ DFT calculations based on the full-potential
local orbital basis set [42] and the generalized gradient
approximation exchange-correlation functional [43] to in-
vestigate the magnetic interactions of transition metal (TM)
chains on the Nb(110) surface. For this purpose, we construct
three different supercells with two symmetry-inequivalent
TM sites for the three directions [111], [001], and [110]

(b) ©

L0 0%
XXX X

FIG. 1. Geometry of magnetic chains (M = Mn, Fe, Cr) on
Nb(110) surfaces. Distances between magnetic ions are determined
by the substrate as (a) di;'}) =2.86 A, (b) dlY)) = 3.30A, and (c)
diV =451A.

on the Nb(110) surface (Fig. 1). These correspond to near-
est, next-nearest, and third-nearest neighbor distances for
the TM adatoms (with exchange couplings J;, J», and J3,
respectively); equivalently, these correspond to TM-TM dis-
tances 2.86, 3.30, and 4.51 A, respectively. This has been
found to be the equilibrium position on the Nb(110) surface
both theoretically and experimentally. We use the projector
augmented-wave basis as implemented in VASP [44,45] to
relax the relevant supercells for each TM considered. We
choose enough Nb layers and sufficient lateral spacing of
magnetic chains to limit finite size effects while keeping the
calculations computationally feasible. We then extract the
Heisenberg exchange interaction by a simple version of DFT
energy mapping which is very successful for insulating quan-
tum magnets [46] but has been shown to work for metallic
systems as well [47]. For this purpose, we calculate the ener-
gies of FM and AFM states with high precision. Note that, due
to the metallic nature of the TM chain on Nb(110) systems, the
energy mapping is not as precise as for insulating magnets.
Metallicity has the consequence that magnetic moments can
differ between FM and AFM spin configurations as well as
for different TM distances. Nevertheless, the approach can
give robust information about the sign of the exchange and
the relative size of the exchanges in chains running along
different directions on the Nb(110) surface. The results of
our calculations are summarized in Table I. While Mn chains
along [001] and [110] are FM, along the [111] direction, they

TABLEI. Magnetic exchange energies (J;M?) and total magnetic
moment per TM adatom (Mry), calculated within the generalized
gradient approximation and at least 6 x 6 x 6 k points (the kX mesh
was not reduced in the slab direction k). Positive (negative) magnetic
exchange energies indicate AFM (FM) order.

™ Direction J:M?* (meV p3) My (Ug)
Mn [111] 27 2.7
Mn [001] —29 2.6
Mn [170] -9 2.0
Fe [111] —10 2.0
Fe [001] —26 1.8
Fe [110] 23 17
Cr [111] 10 2.6
Cr [001] —41 2.7
Cr [110] 10 2.4
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are AFM, in agreement with Refs. [20,27,41]. We predict Fe
chains to have AFM order along [110] and FM order along
[111] and [001], and Cr chains to have AFM order along [110]
and [111], and FM order along [001]. Thus, we can choose
FM- or AFM-coupled chains by choosing an appropriate TM
adatom and crystal direction.

III. MODELS AND METHOD

Having established via DFT that both AFM and FM chains
may be found on a Nb(110) surface, we now consider two
single-particle tight-binding models, inspired by the Nb(110)
surface. We study these models analytically and by using
numerical diagonalization:

(1) The minimal model, in which the unit cell has only
one orbital on a square lattice. Both superconductivity and
magnetic couplings are associated with this orbital. In one
direction, the magnetic couplings are AFM, and in the other,
they are FM. Magnetism is restricted to chains on a subset of
the lattice.

(2) The extended model, in which the unit cell has separate
superconducting and magnetic sites. Because the substrate is
included in the unit cell, we work with this model only in a 1D
geometry. By comparing this model to the minimal model, we
can test for trends in the topological physics of AFM chains.

For both models, we assume a constant order parameter
for simplicity; while we can treat the order parameter self-
consistently, this does not change any of the important physics
[48]. We also only consider disorder-free surfaces because FM
chains are robust against disorder [48].

As seen in Fig. 1, the [001] and [111] directions form a 60°
angle with respect to each other. In the minimal model, we
place the AFM and FM chains at right angles to each other;
this model is concerned only with the essential physics, and
so the choice of the relative angles has been neglected in the
following. The model could be extended to the full bce(110)
surface, but this is left for future work.

The 1D FM Bogoliubov—de Gennes Hamiltonians we con-
sider possess only particle-hole symmetry, so they belong to
the D symmetry class in the periodic table of topological
classes [49-51]. Thus, the relevant topological invariant is a
Z, index, Kitaev’s Majorana number [1]:

M = sign{Pf[iH (0)IPf[iH (7)1}, N
|

where H (k) is the Hamiltonian in the Majorana basis at mo-
mentum k. In contrast, the 1D AFM Bogoliubov—de Gennes
Hamiltonians we consider possess particle-hole, chiral, and
time-reversal symmetries, so they belong to the BDI symme-
try class. In this case, the relevant topological invariant is a Z
index, the winding number [52]:

1 T oy det[Vy]

W= 2mi J_, dk det[V;] @
where V; is the off-diagonal block of the Hamiltonian in
the Majorana basis at momentum k. Only when W is odd
do we get unpaired MZMs at chain ends because pairs of
MZMs annihilate; in fact, we can relate the two invariants
by M = (—=1)" [38]. Nontrivial phases W # 0, M = —1
are only valid when there is a bulk spectral gap, and phase
transitions, i.e., changes of W, M, are associated with a
gap closing. Thus, by computing the spectral gap in periodic
boundary conditions, we can confirm a topological phase
via gap closings, and in open boundary conditions, we can
identify potential topological phases by identifying extended
regions with zero-energy states in parameter space (i.e., via
the bulk-boundary correspondence). When we include the
substrate, we cannot compute the invariant because the system
becomes inhomogeneous. In these cases, we rely on the bulk-
boundary correspondence to identify topological phases.

A. Minimal model

We start with the prototypical FM Shiba lattice
model [21,53,54]. There is a single orbital per unit cell
(with a spin degree of freedom) which captures both
superconductivity and magnetism. The superconductor is
modeled as a 2D square lattice A spanned by €; and &, with
magnetic adatoms occupying a subset A* C A. We extend
this model to support AFM order by doubling the unit cell
such that there is AFM order in the x direction and FM order
in the y direction (i.e., row-wise AFM order on a square
lattice). We emphasize that, though the magnetic unit cell
is doubled, all other parameters remain identical on both
sublattices. For simplicity, we work in terms of unit cells, so
N, = 16 indicates 32 atoms in the x direction, while N, = 32
indicates 32 atoms in the y direction.

The tight-binding Bogoliubov—de Gennes Hamiltonian is
defined as

" n .
H = Z {t(ar‘br + biawrél + a:rfawréz + bIbHéZ) + E(azar + blb,) + lia(aloyb, + b:cryapré1 - aiaxaHéZ - b:fcrxbwréz )]

reA

+ Aal,al | + b1 )+ H.c.} +17 ) (ajo.a, — blob,). 3)

reA*

Here, af = (aI’ " a; ,) is a spinor of the creation opera-
tors for electrons at site r for sublattice a with spin 1, |
(and similarly for sublattice b). Also, oy, . are the three
Pauli matrices, ¢ is the nearest-neighbor hopping amplitude,
u the chemical potential, o the Rashba spin-orbit coupling
strength, and J the Zeeman strength resulting from the mag-

(

netic moments of the adatoms. Superconductivity is induced
by the proximity effect and has magnitude A. In Sec. IV, we
study this model in a 1D AFM (FM) variant by dropping
all terms with hopping in the y (x) direction. In Sec. V—
VII we study various setups with A # A*, as sketched in
Fig. 2.
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FIG. 2. Schematics of magnetic adatoms on an Nb-inspired
superconducting substrate. We investigate the following setups:
(a) Shiba chain with ferromagnetic (FM) order, (b) Shiba chain with
antiferromagnetic (AFM) order, (c) T-junction comprised of an AFM
chain and a FM chain, and (d) AFM two-leg ladder.

B. Extended models

The extended model was introduced as the four-site model
in Ref. [28]. Although it was introduced to mimic the
Mn/Nb(110) surface along the [001] direction (i.e., with
FM couplings), here, we study a variant with a doubled
unit cell and AFM Zeeman couplings. Hence, the FM ex-
tended model contains three superconducting atoms and one
magnetic adatom per unit cell, while the AFM extended
model contains six superconducting atoms and two magnetic
adatoms per unit cell (Fig. 3). The tight-binding Hamiltonian
of the normal state is

_ ab fa b . ab fa b
H; = E tjjc; c; +iagc; ooc;
ijab

— Z c}”c;‘ +J Z S“Cj“agc?. 4)

i,a=0,4

Here, i, j enumerates unit cells; a,b labels the eight
atoms, with a = 0, 4 indicating the magnetic adatoms; cf“ =
(ci”T, cz‘i) is a spinor of the creation operators at site i for
atom a; and tfib are the hopping amplitudes between atoms
a, b at sites i, j. Also, af‘j” are the Rashba spin-orbit coupling
amplitudes between atoms a, b and sites i, j. The elements of
ti“jb are given in Appendix B; ai”jb is the same as ti“jb, except
with the elements replaced by a single value «. Further, J
is the magnetic exchange coupling of atoms a = 0, 4, with

6% =+1 for a=0 and 6% = —1 for a = 4. We add onsite

| c@ c® |
‘o c) @ cO o c6 o cH E
; e c® e cM
N o o am e mm Em mm mm mm mm mm mm mm mm mm mm mm o "

FIG. 3. Unit cell for the extended model. ¢®* are magnetic
adatoms, and the others superconducting surface atoms. Note that
the unit cell is doubled compared with the ferromagnetic four-site
model [28].
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FIG. 4. Topological phase diagrams as a function of J and u
for (a)-(c) minimal antiferromagnetic (AFM) model and (d)—(f)
AFM extended model. Colored regions indicate nontrivial )V # 0)
phases for the AFM variants, and gray regions indicate nontrivial
(M = —1) phases for the FM variants. (g)—(i) Topological phase
diagrams of the minimal AFM model in the purely one-dimensional
(1D) variant as a function of « and w. Parameters used in (a) and (d):
(A, @) = (1.2,0.8)t; in (b) and (e): (A, ) = (0.3, 0.2)¢; in (c) and
®): (A, o) =(0.1,0.01)¢t; in (g): (A, J) = (1.2,2.5)t; in (h): (A, J)
=(0.3,2.5)t; and in (i): (A, J) = (0.1, 2.5)z.

s-wave superconductivity on the substrate sites:

a#0,4
Hy=A ) ¢/l +He. (5)
ia

Hence, the total Hamiltonian is H = H, + Ha. After perform-
ing a Bogoliubov transformation, we calculate the relevant
topological and spectral properties. We emphasize that the
magnetic adatoms (a = 0, 4) are not directly coupled to the
superconducting pairing term. Since all the other sites within
the unit cell are superconducting, we simulate here the prox-
imity effect: If A is sufficiently large, also the 0 and 4 sites
become effectively superconducting due to their proximity to
the other superconducting atoms, to which they are coupled
through hopping amplitudes 7.

IV. BULK TOPOLOGICAL PROPERTIES

We start by studying the topological phase of 1D AFM
chains in dependence on J and p and compare them with
1D FM chains. Complementary to prior work, we find that,
for both minimal and extended models, AFM chains exhibit
topologically nontrivial phases (Fig. 4). In panels (a)—(f), we
see that, for AFM chains, the nontrivial phase shrinks—that
is, it takes up a smaller proportion of parameter space—as A
and o shrink. For FM chains, this trend does not exist (the
FM phase diagram is shown in gray in the same panels for
comparison). In panels (g)—(i), we show topological phase di-
agrams for the minimal 1D AFM model as a function of o and
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FIG. 5. Spin-polarization asymmetry Agp in the minimal model
for odd (top row) and even chain lengths L (bottom row), with
no substrate, in the topological phase. Chains are centered around
x = 64. For odd chain lengths, there is greater spectral weight for
the spin-| component, and the spectral weight is symmetric around
the center of the chain, like ferromagnetic (FM) chains [20,55]. For
even chain lengths, the chain ends are spin polarized. Parameters:
Ao, u,J)=(1.2,0.8,4.5,4.5).

. In agreement with Ref. [37], we find strong dependence on
« and only very weak dependence on A.

A. Minimal model

For the minimal model, we can find the phase boundaries
analytically (see the Appendixes for details; the extended
model is not amenable to the same analytic treatment). These
are given by the hyperbola J> = (2« & 1)*> + AZ. In contrast,
for the 1D FM variant, the phase boundaries are J 2= (42t —
w)?> + A?. Equivalently, one can understand the dependence
on « as a consequence of the reduced Brillouin zone [37].
For FM chains, the phase transition is due to gap closings at
k = 0, m points, whereas for AFM chains, the gap closings are
at k = 0 in the reduced Brillouin zone. This corresponds to
k = 1 /2a in the original Brillouin zone, where a is the lattice
spacing. To summarize, while for both FM and AFM models
Rashba spin-orbit coupling is required to realize a topological
phase, for AFM models, there is a critical dependence on the
Rashba magnitude «.

In FM chains, the MZMs are in general spin-
polarized [20,55]. We check for a similar effect here by
comparing the asymmetry Agp in the spin-resolved E = 0
local density of states (LDOS) for odd and even chain lengths
(Fig. 5), with Agp = p;(x) — p4(x) and ps(x) the E =0
LDOS resolved for spin ¢ and position x. Figure 5 presents
increasing chain lengths from L =8 to 127 (top row, odd
chains only) and L = 128 (bottom row, even chains only),
with all chains centered around x = 64; the increased LDOS
stemming from the MZMs corresponds to the ends of the
chains. For odd chain lengths, both ends of the chain are
spin-|, terminated. The top row shows greater spectral weight
for the spin-| component of the LDOS than spin-1, i.e., the
polarization is aligned with the terminating sites. Because
the local Zeeman term points in the same direction as the
terminating sites, the spectral weight is symmetric around

10~ 1072 10°

ly|?
LM
e
— U 1 1 - 1 1 1
25 0 25 25 0 25
wit wit

FIG. 6. (a) First and (b) second positive eigenenergies for the
minimal antiferromagnetic (AFM) model. Blue dashed lines in (a) in-
dicate the phase boundaries under the one-dimensional (1D) AFM
variant (Fig. 4). (c) Zero-energy state corresponding to the param-
eters as indicated by the white x in the gap diagram (a). White
dashed box in (c) indicates the substrate boundaries, and the gray
dashed lines the chain extent. Parameters used for (c): (J, u) =
(2.7,3.3)t. Parameters used for all panels: (A, «, Ny, N,, L) =
(0.37,0.2¢,25,7, 16).

the center of the chain. In contrast, for even chain lengths,
the chain ends become spin polarized, with one end being
dominantly spin-1 and the other being spin-|, in accordance
with the termination of the local Zeeman field.

In the next section, we investigate how the topological
phase changes when the chain is embedded in an extended
substrate and analyze whether the trend of increased local-
ization of MZMs persists. In Sec. VI, we show a simple
geometry which greatly expands the proportion of parameter
space which is topologically nontrivial.

V. CHAINS ON AN EXTENDED SUBSTRATE

We now consider AFM chains on an extended, 2D sub-
strate. This is accomplished by including all x, y terms in
Eq. (3) and setting A* to be a 1D region of some length
L < N, in the middle of the lattice. While extending the
substrate in this fashion cannot entirely destroy the nontrivial
phase, there may be some changes to the phase diagram.
Unfortunately, the winding number is not defined when the
substrate is extended in this fashion, and so we rely on the
presence of zero-energy end states protected by a gap to indi-
cate a nontrivial phase. Figure 6 shows two energy diagrams
and a representative zero-energy state for the minimal model
with a small gap. Panel (a) corresponds to the first positive
eigenenergy, and panel (b) corresponds to the second positive
eigenenergy. In panel (a), we see dark regions corresponding
to zero-energy states with a similar shape and extent as that
of the 1D AFM phase diagram. In panel (b), we see these
zero-energy states are protected by a gap. Indeed, there are
even signs of gap closing at borders corresponding to the
dark regions in (a), i.e., a phase boundary. Clearly, the most
stable regions are the diagonal stripes where the energy gap
between the zero-energy states and the next-higher energy
state is largest. In panel (c), we show a representative example
where the spectral weight of a zero-energy states is mostly
concentrated at chain ends. Hence, we identify these regions
as nontrivial topological phases and these states as MZMs.
The effect of the substrate then is to shift and distort the
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FIG. 7. Coherence length & = vp/Ag, in the minimal model
for the (a) ferromagnetic (FM) and (b) antiferromagnetic (AFM)
variants, and in the extended model for the (¢) FM and (d) AFM
variants. Blue regions have undefined coherence length, i.e., a gapped
normal state. In general, AFM chains have shorter coherence lengths
than FM ones. Parameters: (A, o) = (0.3, 0.2)z.

topological phase in parameter space. Notably, around y = 0,
the phase boundaries are unclear, and the lowest energy state
is not well gapped, so we identify this region as topologically
trivial.

Previously, we have found that MZMs along [001] in
Mn/Nb(110) systems appear on the sides of the chain rather
than at chain ends, in contrast to predictions from simpli-
fied models [28]. We argue that this occurs due to three
complementary factors: (1) a nontrivial hopping structure
as realized in multiorbital systems, (2) hybridization of the
MZMs, and (3) interplay of ferromagnetism and supercon-
ductivity. Hybridization occurs when MZMs overlap, which
is possible when chains are short and coherence lengths are
long (for small gap sizes Agyp < ¢, the coherence length can
be hundreds of lattice spacings). This hybridization reveals
itself by the absence of end states and instead an oscillating
wave function [28]. Because ferromagnetism is antagonistic
to superconductivity, under certain conditions MZMs can be
pushed off the chain onto the substrate beside it. Taken to-
gether, these two factors produce side features. We see this
in experiments [27,28] and generically in our FM models. In
the following, we test whether our AFM models might reveal
similar features.

First, we compute the coherence length & = vp/Ag,, in
1D for the AFM and FM variants of minimal and extended
models for A <t (Fig. 7). Where there are multiple bands
crossing the Fermi surface, yielding multiple Fermi velocities
vr, we choose the largest vr. Here, Ay, indicates the topo-
logical gap, i.e., the effective gap size in the topological phase.
Note that this definition is necessarily approximate; the exact
definition of £ contains additional factors which we neglect
because we are interested in overall trends in the coherence
length, not the precise value. For the minimal model, we find
that, in the nontrivial phase, the mean coherence length for

FIG. 8. Side features in the antiferromagnetic (AFM) extended
model. (a) Majorana zero-modes (MZMs) are found at the ends
of the chains and on the adatoms, with some decay into the bulk.
Parameters: (u, J) = (5, 3.5)t. (b) For a few fine-tuned situations,
MZMs are more local to the sides at chain ends, reminiscent of the
side features [28] and the double-eye feature [22]. Parameters: (i,
J) = (1, 3.5)t. Parameters for both panels: (A, «, L) = (0.3¢, 0.2,
24).

the AFM variant is about seven times smaller than for the FM
variant (where all other parameters are identical). Similarly,
for the extended model, the mean coherence length in the non-
trivial phase for the AFM variant is about four times smaller
than for the FM variant. For both models, this is due to both
a larger gap size and smaller Fermi velocity. This implies that
MZMs in AFM chains should be much more localized than
for FM chains; indeed, we find this to be the case.

We now look for side features. First, we consider the mini-
mal model, with either FM or AFM chains on an extended 2D
substrate. For FM chains, hybridized MZMs are easily found
due to the long coherence lengths, but their spectral weight
is usually distributed along the chain. In some cases, the
spectral weight of the hybridized MZMs is found distributed
across both chain and substrate. For AFM chains, we can find
hybridized MZMs for only a few fine-tuned parameters; in
these cases, the spectral weight is like that of FM chains.
The absence of side features in the minimal model is not
unexpected because the single-orbital site is coupled to both
the magnetic Zeeman field and superconducting pairing term,
and the hopping structure between these single-orbital sites is
too simple. For the AFM variant of the extended model, the
spectral weight is always found at chain ends, and only for a
small range of parameters do we find the spectral weight on
the substrate beside the chain (see Fig. 8). This is reminiscent
of features found in the FM variant [28] and of the double-eye
feature in Ref. [22]. In the latter, the authors fabricate Fe
chains on Pb via self-assembly. They observe a zero-bias con-
ductance peak at the ends of a chain, with most of the spectral
weight at the sides of the chain. They dub this distinctive
spatial pattern a double-eye feature. We emphasize that the
Fe/Pb(110) system described in the latter reference of course
involves a different unit cell with FM couplings and so does
not directly correspond to our results presented here.

We conclude that, in general, the spectral gap is larger and
the Fermi velocity smaller for AFM chains than FM, all other
factors equal. This means that coherence lengths are shorter,
and hybridization is suppressed; we do not find side features
in our AFM models. Thus, AFM chains are a candidate for
more localized and stable MZMs.

VI. N-LEG LADDERS

A natural experimental extension from single chains (i.e.,
a single row of adatoms) is to deposit two or more rows of
adatoms on the superconducting surface, each row alongside
each other. In reference to extensions of spin chains, we call
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FIG. 9. (a)-(c) Topological phase diagrams and (d)—(f) coher-
ence length diagrams for (a) and (d) two-leg, (b) and (e) three-leg,
and (c) and (f) four-leg ladders, in the minimal model. Blue regions
have undefined coherence length, i.e., a gapped normal state. (g)
Spectra for a two-leg ladder with interchain couplings scaled by s.
At s &~ (.3, there is a phase transition; to the left of this, there are
four Majorana zero-modes (MZMs; VW = 2), and to the right, there
are two MZMs (W = 1). (a)—(f) Parameters: (A, @) = (0.3,0.2)¢;
(g) parameters: (A, o, u, J, L) = (1.2¢, 0.8¢, 3.5¢, 2.5¢, 128).

these N-leg ladders, with N the number of rows. We study
two-, three-, and four-leg ladders using the minimal model and
without a substrate; this is sufficient to elucidate the essential
physics. We find that the topological phase is larger for N-
leg ladders than for single AFM chains [Figs. 9(a)-9(c)], and
the size of the topological phase increases with the number
of legs; we stress that this trend only holds for a few rows of
adatoms, before the system becomes too close to the 2D limit.
In 2D, with adatoms covering the entire surface, the system
is known to be gapless due to nodal points in the spectrum
(see Appendix A3 for details). We find that MZMs in these
topological phases look essentially identical to those found in
single chains, including an exponential decay into the ladders.
Thus, hybridization is a potential issue, and so we compute
coherence lengths [Figs. 9(d)-9(f)]. We find (a) the spectral
gap for these ladders is comparable with single chains, and
(b) the mean coherence length in all cases is like that of single
chains in the previous section. Note that the phase boundaries
are visible in these coherence length plots because, at the gap
closing points, Ag,, becomes vanishingly small, leading to a
diverging coherence length & ~ A;aL.

A closer inspection of the phase diagrams in Figs. 9(a)-9(c)
reveals that, after fixing parameters, adding a second chain to
a single-chain system (and similarly, adding additional chains
to an N-leg ladder) may change the topological phase. This
might open up the exciting opportunity for experimentalists to
convert a topologically trivial single chain into a topologically
nontrivial two-leg ladder. This is feasible for experimental
systems built with single-atom manipulation techniques. We
investigate how the transition from a single chain to a two-leg

ladder occurs by modifying the interchain couplings (i.e., the
hoppings and Rashba spin-orbit coupling) by a global scale
factor s € [0, 1]. In Fig. 9(g), we show the spectrum as a
function of s, where s = 0 corresponds to the two decoupled
chains and s = 1 corresponds to a normal two-leg ladder. At
s =0, we find a W = 2 phase with four MZMs localized
to the ends of the two decoupled chains, while at s = 1, we
find a W = 1 phase with only two MZMs, localized at the
ends of the ladder. In between, there is a topological phase
transition (revealed by a gap closing) at s* ~ 0.3. In fact,
for N decoupled chains, we find for the total system W = N
(i.e., N pairs of MZMs). These MZMs hybridize when s is
small (and thus the coupling weak). At some finite value s*,
the topological phase transition occurs, and for s > s*, one
finds either a topological phase with W = 1 and one pair of
MZMs, or a YW =0 mod 2 phase with an even number of
MZM pairs, depending on the system parameters.

Naturally, one can imagine a zoo of N-leg ladders, depend-
ing on if the surface is purely FM, row-wise AFM, Néel AFM,
and so on. In these cases, the nature of the topological phases
depends on the details. For example, a purely FM two-leg
ladder behaves essentially the same as discussed previously,
while a two-leg ladder on a Néel surface has only |[W| = 0, 2
phases and so has no MZMs. On the other hand, a three-leg
ladder on a Néel surface has |VW| = 1 phases, and we see a
transition from six MZMs to two MZMs, like that shown in
Fig. 9(g).

We conclude that N-leg ladders offer a way to convert
topologically trivial single AFM chains into nontrivial sys-
tems, simply by adding an extra row of adatoms. This is
experimentally tractable and overcomes the small topological
phases in single AFM chains due to the dependence on Rashba
spin-orbit coupling magnitude. MZMs in N-leg ladders have
similar coherence lengths to single AFM chains, and so there
is no cost to the stability of MZMs using this technique.

VII. T-JUNCTIONS ON AN EXTENDED SUBSTRATE

A single MSH chain, which can host at most one MZM per
chain end, is insufficient to implement a topological qubit—
which requires either 3 or 4 MZMs [5,56,57]—or to perform
braiding. When MZMs are constrained to move in 1D, such as
on a chain, then obviously, they cannot be exchanged without
passing through (and hybridizing or fusing with) each other.
Hence, a realistic topological quantum computer based on
MSH chains must involve networks of coupled chains. The
fundamental unit of such networks is the tri-junction [57]. A
tri-junction is comprised of three chains connected at a single
point. The system is arranged so that there are MZMs at the
ends of two chains, and the third is an auxiliary where one of
the MZMs can be parked while the other MZM changes its
position. On a square lattice, two of the chains are in the same
direction, and so the geometry is called a T-junction. We note
that, on a hexagonal lattice, one would consider a Y-junction
instead.

Because the tri-junction was introduced in the context of
Rashba nanowires with an applied uniform external field,
it is important to verify that the principle similarly works
with MSH networks involving a mixture of FM and AFM
couplings. We show an example of this in Fig. 10, computed
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FIG. 10. Braiding of two Majorana zero-modes (MZMs) in a
T-junction (for the minimal model). Each panel shows the zero-
energy local density of states (LDOS). MZMs are moved by varying
a local chemical potential and tuning the system from topological to
trivial. Dashed lines indicate magnetic adatoms, with gray regions
corresponding to the trivial phase. By applying the sequence of
local potentials shown, MZMs at initial positions 1 and 3 can be
exchanged. Parameters: (A, o, [giobal> Miocals J» Ly, Ly) = (1.2, 0.8¢,
3.75t, 5t,3.5¢, 11, 24).

statically (i.e., no quantum dynamics is involved). We include
in the Supplemental Material [58] a short animation showing
snapshots of the full braiding process. Depending on param-
eters, MZMs may be found at any of the locations 1-4, as
marked in Fig. 10(a). For clarity, we study the minimal model
with a large gap; the calculations can be repeated for a small
gap, but this requires long chains to overcome hybridization.
We apply a global chemical potential {tgiopa1 €verywhere, and
also a local potential ft1oca; On chain sites. As described in
Ref. [57], by applying a keyboard of gates along a chain, a
tunable domain wall can be engineered to move MZMs and
hence braid them. The chain between 1 and 3 is AFM, and
the chain between 2 and 4 is FM: We emphasize not only
the significance of the mixed magnetic orders but also that
these calculations include the full substrate. In the example
[Fig. 10(a)], we start with MZMs at 1 and 3. We change the
local chemical potential and move the MZM from 3 to 4.
Applying a local chemical potential between 1 and 2 moves
the MZM from 1 to 3, and then reapplying the initial local
chemical potential moves the MZM from 4 (initially at 3) to
1. This completes the braid. In principle, we can include other
effects such as disorder but leave that for future work. Note
that we choose large gap parameters for Fig. 10, which min-
imizes hybridization, for clarity. The same procedure works
for small gaps but requires much longer chains.

We can exploit the fact that an AFM chain is only in a
topological phase for a small range of parameters compared

FIG. 11. State initialization by tuning the global chemical poten-
tial. All panels show the zero-energy local density of states (LDOS)
for the same ( = figiopar as indicated on the left. (a) w is chosen such
that the ferromagnetic (FM) part of the T-junction is in the nontrivial
phase and the antiferromagnetic (AFM) part is in the trivial phase.
Hence, Majorana zero-modes (MZMs) are found at positions 2 and
4. (b) u is chosen such that the phases are the opposite way around,
and the MZMs are found at positions 1 and 3. Parameters: (A, «, J)
=(0.3,0.2,3.25)t.

with the FM chain to select which position in a T-junction
MZMs may be found. Figure 11 shows two different MZM
configurations, corresponding to two different global chem-
ical potentials. In (a), MZMs can be initialized at positions
2 and 4 by combining an FM chain in the nontrivial phase
with an AFM chain in the trivial. In (b), the MZMs are found
at positions 1 and 3 by flipping the FM chain into a trivial
phase and the AFM chain into a nontrivial phase. This may be
useful for state initialization: Consider a network of chains
consisting of discrete T-junction units, with some coupling
between these units. By gating each T-junction individually,
MZMs can be initialized in pairs at well-defined positions.
Local gates can then be used to move the MZMs, as described
above.

VIII. DISCUSSION

Magnetic chains on the surface of a superconductor may
have FM or AFM coupling (or more exotic magnetic ordering
tendencies) depending on the crystal direction. We know from
simplified models that these chains may be topological super-
conductors with MZMs localized at the ends. Experiments are
often ambiguous, so it is essential to develop robust theory
for more realistic systems, i.e., models involving several su-
perconducting atoms and orbitals, separate from the magnetic
adatom, with small (A < ¢ or atleast A < t) superconducting
gap. Ideally, this involves constructing a tight-binding model
from ab initio methods on a slab, although this remains com-
putationally expensive.

Unlike FM chains, it turns out, for our models of AFM
chains, that the topological phase is closely related to the
magnitude of Rashba spin-orbit coupling; this occurs for both
the minimal and extended models. By the usual energy scales,
a < A < t, and so in realistic systems, the topological phase
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may only be found for a very small range of parameters. We
conjecture that this is true in general for all AFM chains.

MZMs at AFM chain ends may have some advantages
over the FM case. For both models, we find that, in general,
AFM chains have a (much) larger topological gap than the
FM chains, while keeping all other parameters equal. This
means that coherence lengths are shorter for AFM chains,
and so hybridization is suppressed. Although we find that the
minimal model is too simple to show side features, we can
compare the AFM variant of the extended model to the FM
variant and find that there are no side features (Fig. 8) due to
the suppressed hybridization, except for very few fine-tuned
parameter points.

We propose that topological phases may be found over a
greater range of parameters by depositing two or more rows
of adatoms alongside each other, forming two- and three-leg
ladders. If these systems are sufficiently 1D, we find topologi-
cal phases and MZMs, as in the previous cases. There appears
to be no advantage in localization: These N-leg ladders have
much the same gap sizes as chains. Constructing an N-leg
ladder on a superconducting substrate using single-atom ma-
nipulation should be experimentally feasible.

Because a topological qubit may be constructed from a
network of chains, it is important to test if anything unex-
pected occurs when AFM chains couple with FM chains. We
examine a fundamental unit of 1D topological superconductor
networks, the T-junction. If each chain is gated in a key-
boardlike fashion, then MZMs can be moved by engineering
a domain wall in different parts of the junction. We find that
the mixed magnetic ordering has no obvious disadvantage,
and a combined AFM/FM T-junction can be used to braid
two MZMs. Of course, hybridization can be an issue for MSH
chains, and so any experimental realization of this unit must
be sufficiently large and sufficiently adiabatic to yield good re-
sults. We also propose that qubits can be initialized by tuning
the global chemical potential. Because AFM chains are only
in a nontrivial phase for a smaller range of parameters than
FM chains, then by tuning the global chemical potential, we
can choose to have the AFM part of a T-junction in the trivial
phase and the FM part in the nontrivial phase, or vice versa.
In this fashion, we can initialize MZMs in different parts of a
T-junction.

IX. CONCLUSIONS

MSH chains are a promising platform for engineering 1D
topological superconductors; much experimental and theoret-
ical progress has been made toward realizing MZMs on this
platform. Most work has focused on chains with FM order,
while other magnetic orders are largely unexplored. The re-
cent demonstration of AFM Mn chains on Nb(110) motivates
us to investigate the topological properties of AFM chains.
We have studied two models inspired by the Nb(110) surface:
a minimal model on a square lattice with AFM order in one
direction and FM in the other and an extended model with
a unit cell containing separate superconducting and magnetic
sites, with AFM coupling between magnetic sites. We focus
on small gaps and explicitly include the superconducting sub-
strate. We find topological phases for both models, with robust
MZM end states. We find, for minimal and extended models,

that the topological gap is larger for AFM models than for FM
models, and MZMs are less likely to hybridize when chains
are short, compatible with recent experimental results. We find
that the topological phase is closely related to the size of the
Rashba amplitude, and for realistic systems, the topological
phase is only a small part of parameter space. This could be
improved by engineering N-leg ladders, comprised of several
adjacent chains of adatoms. We finally consider T-junctions
comprised of an AFM and a FM chain, as naturally occurs on
the Nb(110) surface for Mn adatoms. We show that braiding
is possible, and states can be initialized via tuning the global
chemical potential to flip the AFM chain in and out of the
topological phase.
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APPENDIX A: MINIMAL MODEL SPECTRA
AND GAP CLOSING

In the main text, we analyze the bulk topological properties
of an AFM (FM) chain by taking the 1D variant of the minimal
model, i.e., by dropping y (x) terms and setting A = A*.
We present here the spectra and gap closing conditions for
these cases. We also consider the minimal model in 2D under
the dense limit A* = A and show spectra and gap closing
conditions. This coincides with the case of an N-leg ladder
where N ~ L, L being the chain length.

For all variants, t,,. are the Pauli matrices acting on
particle-hole space; v, , . are Pauli matrices acting on sub-
lattice space; and o, , . are the Pauli matrices acting on spin
space. Here, oy, 19, and vy are the identity matrices. Tensor
products are implicit between each Pauli matrix and multiply
right to left.

1. 1D AFM variant

By imposing periodic boundary conditions, the momentum
space Hamiltonian is

1
H= 3 Xk: v Hi,

with the Bloch matrix

Hi = &, V<00 + LT, V000

+ axTovr0oy + JT V.0, + AT V00, (A1)
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where

k
& = 2t cos (—),
2
— 2 si k
oy = 20 sin 5 )

+ + F +
¢k = (ak,Tv g, s bk,Ts bk,,[,y aLk,T’ aLk,l,’ b*k,T’ b*k,l)'

We use the basis

The energy dispersion is given by

Ep =% (o +8:p0)* + &f + A*+J?

+ 2\/(ozk 4 8u)2e? + I + B + A2

(A2)

Here, 8. = %1. This gives the gap closing condition J> =
(2a £ 11)* + A2, Note here how the overall scale of the topo-
logical phase depends on «. Hence, when « is small due to the
energy scale @ < A, the topological phase will be small.

2. 1D FM variant

By imposing periodic boundary conditions, the momentum
space Hamiltonian is

Hzégﬁmm, (A3)
with the Bloch matrix
Hi = k1,00 + ax 190, + JT.0; + Aty0y, (A4)
where
& = 2t cos(k) — u,
oy = 2« sin(k).
We use the basis
Vi = (arp, axy,aly poal, ).
The energy dispersion is given by
Ep=£[7+ A+ 5+ o
+2,/12(a2 +e2) + e2a?]". (AS)

This gives the gap closing condition J? = (2¢)% + AZ.
Hence, for FM chains, only the presence of Rashba spin-orbit
coupling is required to give a topological phase; the magni-
tude is not important.

3. Dense variant

Here, we study the minimal model in 2D with magnetic
atoms at every site, i.e., the dense impurity limit. This corre-
sponds to a row-wise AFM structure plus superconductivity.
By imposing periodic boundary conditions, the momentum
space Hamiltonian is

1
H=§;ﬁmm, (A6)

TABLE II. Hopping parameters for the extended model. ¢ in-
dicates the hopping amplitude. a and b indicate which atoms the
hopping is between. |i — j| = 0 indicates the hopping is within the
unit cell, and |i — j| = 1 indicates the hopping is to the first neighbor.
oef’jb is identical to this table, except that the # row is constant.

t 333322111111111102020202
a 1054261511235567 2 3 6 7
b 05413751235567116 7 2 3
i-jl0001000100000011 0 0 1 1

with the Bloch matrix
Hi = &, T:v200 + €k, T;V000 + Qk, ToVxOx

+ ag, Tovooy + J 110, + Atyvg0,y,

ky

&k, = 2t cos (E)’
ky

. = 2a sin (—),
2

e, = 2t cos(ky) — u,

(AT)

where

o

>~

ay, = 2a sin(ky).
We use the basis
Vi = (it Gy beys by, aly oal, bl b ).

The energy dispersion is too complicated to write down here,
but there are several useful limits:

k=0.0) k=0.7) k=(r.0 k=(r.7)
Eky 2t 2t 0 0
€k, 2t —p =2t —pu 2t — 1 2 —pu
A, 0 0 2a 2w
A, 0 0 0 0
These imply the spectra E IfX:O and Elic.x:n:
E]fx=0 — :I:[SI%X + 8]%‘, +]2 + AZ
= Jet (62 +2) +287] 7 (@a8)
E;T" =t £7 4 m (A9)

There is no gap closing associated with E,f‘zo. Here, E,f*zﬂ

implies the gap closing condition J? = (fay, £ Vi + A?)%,
evaluated at k = (7, 0), (;r, ¥). Hence, N-leg ladders are
only valid for small enough N to avoid these k points,
which close the gap and hence destroy the topological
phase.

APPENDIX B: EXTENDED MODEL DEFINITION

Here, we define the hopping parameters used in the ex-
tended model. Table II lists the elements of the tensor ti“jb used
in Eq. (4), with ¢ the hopping amplitude between atoms a and
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b. Here, |i — j| = 0 indicates that the hopping is onsite, and
|i — j| = 1 indicates that the hopping is to the first neighbor.

Also, oc?jb is identical, except that each entry in the ¢ row is

replaced with the variable «.
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