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Theory for doping trends in titanium oxypnictide superconductors
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A family of titanium oxypnictide materials BaTi2Pn2O (Pn = pnictogen) becomes superconducting when a
charge and/or spin-density wave is suppressed. With hole doping, isovalent doping and pressure, a whole range
of tuning parameters is available. We investigate how charge doping controls the superconducting transition
temperature Tc. To this end, we use experimental crystal structure data to determine the electronic structure and
Fermi surface evolution along the doping path. We show that a naive approach to calculating Tc via the density
of states at the Fermi level and the McMillan formula systematically fails to yield the observed Tc variation. On
the other hand, spin-fluctuation theory pairing calculations allow us to consistently explain the Tc increase with
doping. All alkali-doped materials Ba1−xAxTi2Sb2O (A = Na, K, and Rb) are described by a sign-changing
s-wave order parameter. Susceptibilities also reveal that the physics of the materials is controlled by a single Ti
3d orbital.
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I. INTRODUCTION

The first layered titanium oxypnictides Na2Ti2As2O and
Na2Ti2Sb2O were synthesized three decades ago [1] and dis-
cussed in terms of spin-density wave (SDW) or charge-density
wave (CDW) behavior [2,3]. Nine years ago, superconduc-
tivity was discovered in BaTi2Sb2O [4] and BaTi2Bi2O [5].
By analysis of the BaTi2(As1−xSbx )2O solid solutions it
quickly became apparent that superconductivity is favored by
a suppression of the CDW/SDW phase [6,7]. An extensive
discussion of the phase transition observed in resistivity and
magnetic susceptibility [2,4,8,9] as well as thermoelectric
power and Hall coefficient [10] concerns the question whether
it should be characterized as a CDW transition or if it is, in
fact, a SDW transition. Experimental evidence from NMR
[11] and muon spin relaxation (μSR) [12,13] does not com-
pletely resolve the question.

Shortly after the discovery of superconductivity, it was re-
alized that both charge doping on the barium site and isovalent
doping on the pnictogen site provide opportunities to control
the superconductivity of BaTi2Sb2O in a significant range.
Hole doping via alkali metals increases Tc from 1.2 to 5.5 K in
Ba1−xNaxTi2Sb2O [9,12], to 6.1 K in Ba1−xKxTi2Sb2O [14],
to 5.4 K in Ba1−xRbxTi2Sb2O [15], and to 4.4 K in
Ba1−xCsxTi2Sb2O [16]. The maximum Tc is reached near an
alkali content of x = 0.2–0.3. Isovalent doping via Sb/Bi
mixing yields an intriguing two-dome Tc evolution with a
nonsuperconducting or low Tc phase in between [6,17]. More
recently, pressure has been demonstrated to be an effective
control parameter for superconductivity [18].

The nature of superconductivity in the titanium oxypnic-
tides has been discussed since its discovery [19]. Exper-
imentally, an s-wave gap has been inferred from nuclear
quadrupole resonance (NQR) measurements [11], and spe-
cific heat is partially consistent with BCS expectations [20].

However, μSR measurements have been taken to indicate
an unconventional pairing mechanism [21]. An NMR/NQR
study points to significant differences in the superconductivity
of BaTi2Sb2O and BaTi2Bi2O [22].

Theoretically, calculations of electron-phonon coupling
have shown that the low transition temperature of BaTi2Sb2O
can be explained by an electron-phonon mechanism [23]. On
the other hand, based on the Fermi surfaces a sign-changing
s-wave state has been predicted within spin-fluctuation theory
[24]. Although the presence of magnetism has not been fully
established in the titanium oxypnictides, an extensive density
functional theory (DFT) study and symmetry analysis of the
nematicity and charge order in BaTi2Sb2O have provided
strong evidence that these materials cannot be understood
without taking spin fluctuations into account [25].

Whereas the electronic structure of individual titanium
oxypnictide metals [26,27] and superconductors [24,28,29]
has been studied repeatedly, there is no theory for the evolu-
tion of properties with doping. Our study is intended to fill this
gap. In this paper, we show that we can consistently explain
the evolution of the superconducting Tc with alkali doping
using spin-fluctuation theory and that the superconducting gap
function has a sign-changing s-wave symmetry.

II. METHODS

We perform electronic structure calculations using the full
potential local orbital (FPLO) basis set [30] and the gener-
alized gradient approximation (GGA) to the exchange and
correlation potential [31]. We use smooth interpolations of
lattice parameters of the P4/mmm space group (see Ap-
pendix A, Fig. 7) and optimize the antimony positions within
the GGA. The charge doping is modeled via the virtual
crystal approximation on the barium site. We use projective

2469-9950/2021/104(18)/184519(9) 184519-1 ©2021 American Physical Society

https://orcid.org/0000-0003-3958-8801
https://orcid.org/0000-0002-8091-7024
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.104.184519&domain=pdf&date_stamp=2021-11-30
https://doi.org/10.1103/PhysRevB.104.184519


XU, GUTERDING, AND JESCHKE PHYSICAL REVIEW B 104, 184519 (2021)

Wannier functions as implemented in FPLO [32] to obtain
26 band tight-binding models including Ti 3d and 4s, Ba
5d , Sb 5p, and O 2p orbital characters. The models follow
DFT bands and Fermi surfaces to a high degree of accu-
racy (see Appendix B, Fig. 8). Based on the tight-binding
model, we calculate noninteracting susceptibilities χ

pq
st (q).

We apply the random-phase approximation (RPA) and inves-
tigate the pairing instabilities within spin-fluctuation theory
by solving the gap equation on the Fermi surface [33–36]
(for details, see Appendix D). Interaction parameters of U =
2 eV (intraorbital Coulomb repulsion), U ′ = 1 eV (interor-
bital Coulomb repulsion), J = 0.5 eV (Hund’s rule coupling),
and J ′ = 0.5 eV (pair hopping), applied to Ti 3d orbitals, were
used for the RPA and pairing calculations. Note that a lim-
itation of the RPA-based fluctuation theory is the restriction
to zero energy, and application of the fluctuation exchange
approximation (FLEX) which takes the energy dependence
into account is an interesting future extension of our paper.

III. RESULTS

The titanium oxypnictide superconductors have been
treated as simple BCS-type superconductors in various ex-
perimental [4,11,15,20,37] and theoretical [23] studies. As
a straightforward attempt to understand the Tc tendencies,
we extract the density of states at the Fermi level N (EF)
as a function of doping and try to apply the BCS formula
Tc = 1.134 TD exp(− 1

V N (EF ) ) (with Debye temperature TD and
electron-phonon coupling potential V ). Assuming constant
TD and V , this formula and its more sophisticated variants
yield Tc trends that essentially follow N (EF). Note that our
use of the virtual crystal approximation is justified by good
comparison of our Fermi surfaces to angle-resolved photoe-
mission (see Appendix C, Fig. 10). Nevertheless, conducting a
similar study based on a more elaborate approach for treating
alkali doping and Ba/alkali site disorder, such as the coherent
potential approximation will be an interesting future endeavor.

Unfortunately, as Fig. 1 shows, there is very little similarity
between N (EF) and Tc evolution with doping. In the case of
alkali doping of BaTi2Sb2O , Tc quickly increases from Tc =
1.2 K to a maximum that is reached between doping levels
of x = 0.1 to 0.3. Meanwhile, N (EF) remains constant until
x = 0.1 before going through a minimum at x = 0.23 (Fig. 1).
Based on this analysis, superconductivity in these materials
could only be explained by an electron-phonon mechanism
if the strength of electron-phonon coupling was extremely
doping dependent so that it counteracts the unhelpful trends
in N (EF). However, this seems very far fetched because in the
small doping range considered, neither TD nor V are expected
to vary strongly. Therefore, we now turn to the possibility that
the detailed evolution of the Fermi-surface nesting provides
doping dependencies strong enough to explain the evolution
of Tc within spin-fluctuation pairing theory. So far, the charge-
density wave state has been studied with spin-fluctuation
theory including Aslamazov-Larkin vertex corrections [38] or
within dynamical mean-field theory [39] but only a limited
study of superconductivity exists [28].

First, we identify the most relevant orbitals at the Fermi
level. In Fig. 2(a), we show the band structure and density
of states of BaTi2Sb2O with Ti 3d and Sb 5p orbital
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FIG. 1. Density of states at the Fermi level N (EF ) shown together
with experimental superconducting transition temperatures Tc for
doping with three different alkali ions. Tc data are from Refs. [15,20]
for Na doping, Ref. [14] for K doping, and Ref. [15] for Rb doping.

characters highlighted. The system is, in general, quite
strongly hybridized and many orbitals contribute to the states
close to the Fermi level. Taking a closer look, we find that the
most relevant Ti 3d orbital for the low-energy physics is 3dxy

followed by 3dxz,yz. To visualize the Ti 3dxy orbital, we choose
a local coordinate system for Ti where the z axis points along
the Ti-O bond and x and y axes point along the Ti-Sb bonds.
This is the natural local system to choose within the TiO2Sb4

octahedron [27] [Fig. 2(b)] since it makes 3dxz and 3dyz

degenerate. Figure 2(c) shows the 3dxy Wannier functions at
both titanium sites (Ti1 and Ti2) based on this coordinate
choice.

We now analyze the Fermi-surface evolution with alkali
doping (Fig. 3). Only Ti 3dxy and Sb 5p weights are high-
lighted (see Appendix C, Fig. 9 for the other 3d weights).
Note that focusing on Ti and Sb is justified because relative
contributions to the density of states at the Fermi-level N (EF)
are 74%, 20%, 4%, and 1% for Ti, Sb, Ba, and O, respectively.
The BaTi2Sb2O Fermi surface is in excellent agreement with
angle-resolved photoemission (ARPES) experiments [40,41]
(see Appendix C, Fig. 10). We see that the hole Fermi surfaces
at X and Y grow with doping whereas the electron Fermi
surface at M shrinks slightly. The Fermi surface at �, which is
dominated by Sb 5p, shows a rather complicated reconstruc-
tion as a function of doping. This can be understood by tracing
which orbital fillings are depleted by the holes introduced
as a function of alkali-doping level x. In fact, the majority
of doped holes are in Sb orbitals whereas Ti 3d orbitals are
nearly unaffected. The changes seen in Fermi surfaces with Ti
3d character (Fig. 3) are due to stronger Sb-Ti bonding upon
hole doping rather than due to a Fermi-level shift.

In order to measure the relative importance of the Fermi-
surface changes, we turn to noninteracting susceptibilities
calculated with the 26 band tight-binding models on 50 ×
50 × 50 integration meshes. Figure 4 shows that the total
susceptibility χ0 is clearly peaked at q = (π, 0, 0) (labeled X )
and q = (0, π, 0) (labeled Y ). Previously, this has been noted
based on the Lindhard function calculated without matrix
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FIG. 2. (a) GGA band structure and density of states of BaTi2Sb2O. (b) Crystal structure of BaTi2Sb2O with shaded TiO2Sb4 octahedra.
(c) Ti 3dxy Wannier functions within the Ti2Sb2O layer of BaTi2Sb2O.

elements [24,28]. With alkali doping, the peaks at X and Y
decrease, and they also move away from the high-symmetry
point towards �. At the same time, χ0 at q = (0, 0, 0) de-
creases. Interestingly, the doping trends of the total χ0 and
χ

xy
0 differ: Although the ratio between X and � values of χ0

hardly changes with doping, this ratio sharply increases for
χ

xy
0 due to increases at X combined with decreases at �. This

improved nesting is shown in Fig. 4(b) for Ti1 but equally
applies to Ti2 where the Y to � ratio increases sharply. Fur-
thermore, even though the Fermi surface shows substantial kz

dispersion, we can find the improved nesting also in the R to Z
ratio. Meanwhile, the other orbitals, which are of some signif-
icance at the Fermi level (3dxz and 3dyz), have a comparatively

FIG. 3. Fermi surfaces of Ba1−xNaxTi2Sb2O at kz = 0 as func-
tion of doping level x, calculated within the GGA.

featureless susceptibility [Fig. 4(c)] which uniformly de-
creases with doping. It is justified to focus on Ti 3d
susceptibilities here because the Sb susceptibilities are small,
almost flat with respect to q and they grow even more fea-
tureless with doping (see Fig. 11). Note that calculations
without matrix elements, i.e., solely based on the Lindhard
function, do not contain the orbital-resolved information we
just discussed. Since alkali doping seems to lead to an overall
decrease in susceptibility but strongly enhances the suscep-
tibility of the Ti 3dxy orbitals, we can expect them to be the
main actor in Tc changes with doping.

Since the similarity of susceptibilities along the kz = 0
and kz = π paths in Fig. 4(a) indicates a high degree of
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FIG. 4. Noninteracting susceptibility of Ba1−xNaxTi2Sb2O for
eight doping levels x. (a) Total, (b) 3dxy contribution from Ti1,
(c) 3dxz and 3dxz contributions from Ti1. q = (π, 0, 0) is labeled as
X, q = (0, π, 0) as Y, q = (π, π, 0) as M, q = (0, 0, π ) as Z, q =
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FIG. 5. Two-dimensional susceptibility and gap functions of Ba1−xNaxTi2Sb2O. (a) Spin susceptibility χs calculated within the RPA for
x = 0, showing enhanced maxima at q = (0, π ) and q = (π, 0). (b) and (c) Eigenfunctions for the leading eigenvalue of the gap equation at
zero doping and at maximal doping. The sign-changing s-wave persists at all doping levels.

two dimensionality, we now focus on the kz = 0 cuts of
susceptibility and pairing in Fig. 5. It is clear that fea-
tures of the noninteracting susceptibility χ0 (see Appendix E,
Fig. 12), especially peaks at q = (π, 0) and q = (0, π ), are
enhanced in the interacting susceptibility obtained by random-
phase approximation [Fig. 5(a)], reminiscent of single orbital
system behavior. These instabilities would now favor stripe-
type magnetism which, however, has not been observed for
BaTi2Sb2O [11–13].

Here, the (π, 0) and (0, π ) instabilities favor a sign-
changing s-wave superconducting order parameter: The gap
functions corresponding to the leading eigenvalue λ, obtained
using spin-fluctuation theory, are shown in Figs. 5(b) and 5(c)
for for two different doping levels. Subleading dxy- and dx2−y2 -
type solutions have far smaller eigenvalues and are, therefore,
irrelevant in Ba1−xNaxTi2Sb2O. The eigenvalue λ increases
as a function of alkali doping (Fig. 6), and follows the doping
trend of the maxima in the susceptibility [Fig. 4(a)]. Thus, the
increase in Tc with alkali doping (Fig. 1) is clearly explained
by the susceptibility trends rather than the density of states
at the Fermi level. By performing the pairing calculations on
three-dimensional (3D) Fermi surfaces, we have verified that
the sign-changing s-wave is indeed the dominating solution
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FIG. 6. Leading eigenvalues λ of the gap equation as a function
of doping level x. Tc data are from Refs. [9,20].

for all alkali-doped materials Ba1−xAxTi2Sb2O (A = Na, K,
and Rb).

At low alkali-doping levels we have found an order
parameter, which contains nodes on the Fermi-surface
sheets around M and a relatively large gap on the central
Fermi-surface sheets around �. With increasing doping, the
Fermi-surface sheets around M become nodeless, but the
reconstructed sheets around �, which are almost exclusively
of Sb 5p character, are hardly gapped at all. Those strongly
nonuniform order parameters need to be taken into account
when interpreting thermodynamic and other experiments
trying to determine the symmetry of the superconducting
state in titanium oxypnictides.

IV. CONCLUSIONS

We have investigated the electronic and superconduct-
ing properties of Ba1−xNaxTi2Sb2O using density functional
and spin-fluctuation theory. We modeled the crystal structure
evolution using an interpolation of experimental lattice pa-
rameters and a DFT predicted antimony position. The density
of states at the Fermi-level N (EF) shows a trend which is
in sharp contrast to the evolution of the superconducting Tc,
indicating that transition temperatures may not be accounted
for by an electron-phonon mechanism.

Although the band structure and density of states show
that constituents of Ba1−xAxTi2Sb2O (A = Na, K, and Rb) are
strongly hybridized and many orbitals lie close to the Fermi
level, we have found that the susceptibility is completely
dominated by the Ti 3dxy orbitals.

Proceeding on the assumption of a magnetic pairing mech-
anism, which has been suggested by an investigation into
the nematicity of BaTi2Sb2O in Ref. [25], we find that we
can satisfactorily explain the Tc trend with a spin-fluctuation
pairing mechanism. We find that a sign-changing s-wave order
parameter with nonuniform gap size on the various Fermi-
surface sheets clearly dominates in Ba1−xNaxTi2Sb2O at all
doping levels. Explaining the nontrivial transition temperature
trends of titanium based superconductors with isoelectronic
doping and pressure are interesting future fields of study.
Methodologically, it may be important to consider also the
energy dependence within the FLEX.
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FIG. 7. Interpolation of experimental lattice constants.
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APPENDIX A: CRYSTAL STRUCTURES

We use experimental lattice parameters for
Ba1−xNaxTi2Sb2O from Ref. [9], for Ba1−xKxTi2Sb2O from
Ref. [14], and for Ba1−xRbxTi2Sb2O from Ref. [15]. They
are shown as symbols in Fig. 7. We smoothly interpolate
the lattice parameters in order to sample the doped crystal
structures at regular intervals. Note that in the case of
the c-lattice parameter of Ba1−xNaxTi2Sb2O where the
experimental lattice constants are rather nonmonotonous,
the overall scale of the variation is small; as there is little
justification for a dramatic doping dependence, we expect
that the slight smoothing due to the interpolation is reducing
errors rather than losing detail. The antimony positions are
the only free positions in the P4/mmm crystal structures,
and we obtain them by relaxation using the FPLO basis [30]
and the GGA exchange-correlation functional. Note that for
the experimentally known BaTi2Sb2O structure the deviation
in the Ti-Sb distance and the Sb-Ti-Sb angle is only 0.2%
for the relaxed structure; this gives us confidence that the
relaxation is reliable also for the doping series for which
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FIG. 8. Comparison between the density functional theory and
the tight-binding model for BaTi2Sb2O. (a) Band structure, (b) den-
sity of states, (c) Fermi surface at kz = 0, and (d) Fermi surface at
kz = π . The agreement is excellent.

no experimental Sb position is available, in contrast to the
well-known difficulties of the DFT structure prediction for
iron-based superconductors [42]. We model the alkali-doping

FIG. 9. Two-dimensional Fermi surface of BaTi2Sb2O with Ti
3d orbital character. All weights are shown with the same scale.
The 3dxy character clearly dominates, followed in importance by
3dyz/3dxz. The 3dz2 character is very faint, and the 3dx2−y2 character
is negligible. Weights of the second Ti site are 90◦ rotated with
respect to the first so that the sum has the C4 symmetry of the space
group.
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x by using the virtual crystal approximation for Ba using a
nuclear charge between Z = 55 and 56.

APPENDIX B: TIGHT-BINDING MODEL

We use projective Wannier functions as implemented in
FPLO [32] to construct faithful tight-binding models t sp

i j of
BaTi2Sb2O and the alkali-doping series,

H0 = −
∑
i, j

t sp
i j c†

isσ c j pσ , (B1)

where the ti js are transfer integrals between sites i and j, s
and p are orbital indices, and σ is the spin. Figure 8 shows the
quality of fit for band structure, density of states, and Fermi
surface of BaTi2Sb2O ; the agreement is nearly perfect. To
achieve this, we need to include 26 orbitals: Ten Ti 3d orbitals,

two Ti 4s orbitals, six Sb 5p orbitals, five Ba 5d orbitals, and
three O 2p orbitals.

APPENDIX C: ELECTRONIC STRUCTURE

Figure 9 shows the weight of all 3d orbitals of Ti1 for
BaTi2Sb2O. The Ti2 3d orbitals have weights which are 90◦
rotated with respect to Ti1 (not shown). The dominating or-
bital is Ti 3dxy, and 3dxz, 3dyz orbitals have some weight at the
Fermi level as well. The 3dz2 and 3dx2−y2 orbital contributions
are negligibly small.

Figure 10 shows the Fermi surface of Ba1−xNaxTi2Sb2O at
x = 0.05 and compares favorably with the ARPES experiment
of Ref. [40].

APPENDIX D: SPIN-FLUCTUATION FORMALISM

We consider the multiorbital Hubbard Hamiltonian [43],

H = H0 + U
∑

i,l

nil↑nil↓ + U ′

2

∑
i,s,p�=s

nisnip

− J

2

∑
i,s,p�=s

Sis · Sip + J ′

2

∑
i,s,p�=s,σ

c†
isσ c†

isσ̄ cipσ̄ cipσ , (D1)

with fermionic creation (annihilation) operators c†
isσ (cisσ ),

spin operator Sis, density operator nisσ = c†
isσ cisσ , and inter-

action parameters U, U ′, J , and J ′ (the intraorbital Coulomb
repulsion, the interorbital Coulomb repulsion, the Hund’s rule
coupling, and the pair-hopping term). The tight-binding part
H0 is given by Eq. (B1). Diagonalization of H0 provides band
energies El (k) and matrix elements as

m and allows calculation
of the static noninteracting susceptibility,

χ
pq
st (q) = −

∑
k,l,m

ap∗
l (k)at

l (k)as∗
m (k + q)aq

m(k + q)

×nF [El (k)] − nF [Em(k + q)]

El (k) − Em(k + q)
, (D2)

nF (E ) is the Fermi distribution function. The observable static
susceptibility can be calculated as

χ0(q) = 1

2

∑
ab

χbb
aa (q). (D3)
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Applying the RPA, the charge and spin susceptibilities are
calculated from the noninteracting susceptibility as

[(
χRPA

c

)pq

st

]−1 = [
χ

pq
st

]−1 + (Uc)pq
st ,

[(
χRPA

s

)pq

st

]−1 = [
χ

pq
st

]−1 − (Us)pq
st , (D4)

where nonzero components of the multiorbital Hubbard
model interaction tensors are [43]

(Uc)aa
aa = U, (Uc)aa

bb = 2U ′,

(Uc)ab
ab = 3

4 J − U ′, (Uc)ba
ab = J ′ (D5)

(Us)aa
aa = U, (Us)aa

bb = 1
2 J,

(Us)ab
ab = 1

4 J + U ′, (Us)ba
ab = J ′.

Then, the superconducting pairing vertex in the singlet chan-
nel is

�
pq
st (k, k′) = [

3
2Usχ

RPA
s (k − k′)Us + 1

2Us

− 1
2Ucχ

RPA
c (k − k′)Uc + 1

2Uc
]tq

ps
. (D6)

This vertex in orbital space is projected onto band space using
the eigenvectors of H0,

�i j (k, k′) =
∑

s,t,p,q

at∗
i (−k)as∗

i (k)

× Re
[
�

pq
st (k, k′)

]
ap

j (k′)aq
j (−k′), (D7)

and the gap equation,

−
∑

j

∮
Cj

dk′
‖

2π

1

4πvF (k′)
[�i j (k, k′) + �i j (k,−k′)]g j (k′)

= λigi(k) (D8)

is solved for the pairing eigenvalue λi and the gap function
gi(k).

APPENDIX E: SUSCEPTIBILITY

The evolution of the Sb 5px, 5py, and 5pz contributions
to the noninteracting susceptibility of Ba1−xNaxTi2Sb2O with
doping level x is shown in Fig. 11. The values of the suscep-
tibilities compared to Ti 3d orbitals are small (see the scale

qy

qx
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FIG. 12. Noninteracting susceptibility χ0 and RPA interacting
spin susceptibility χs for Ba1−xNaxTi2Sb2O.

of Fig. 4), and their variation with the q value is tiny. With
doping, the three susceptibilities grow even more featureless.

The noninteracting susceptibility χ0 and and RPA interact-
ing spin susceptibility χs is shown in Fig. 12. This is based
on a 3D calculation of χ0 on a 25 × 25 × 9 grid using a
25 × 25 × 9 integration grid. The qz = 0 cut shown in Fig. 12
is extracted using a 100 × 100 interpolation grid. The same
interpolation grid was used for the interacting susceptibility
χs shown in the main text, Fig. 5(a).
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